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ABSTRACT

This paper discusses the application of a self-
organizing neural network to the problem of construct-
ing adequate, 2D appearence-based models of 3D ob-
jects. The problem of basing recognition on such mod-
els is characterised as that of approximating the mul-
tivariate function mapping shapes of an object to its
identity. The domain of this function is described as
a set of hypersurfaces in the space of possible shape
representations. A novel representational scheme is in-
troduced based on storing values of geometric relation-
ships between pairs of shape features in a histogram.
A network architecture capable of constructing func-
tion approximations based on such shape representa-
tions is presented. Finally, methods for assessing the
accuracy of approximation are detailed.

1 INTRODUCTION

This paper discusses the application of a self-
organizing neural network to the problem of construct-
ing adequate, 2D appearence-based models of 3D ob-
jects. Such models are then used to recognise objects
from the 2D shapes found in single monochrome im-
ages. The difficulty in performing recognition on such
data is in dealing with the variations in shape caused
by object transformations and image noise. This prob-
lem is made more difficult if the models used do not ex-
plicitly represent the 3D structure of an object. Bas-
ing recognition on models composed only of a small
number of 2D shapes requires the system to generalise
its recognition to shapes that do not exactly match
those stored. Given the significant scope for variation,
and the impracticality of storing all possible shapes,
this represents a major problem.

Recent work by Ullman & Basri[l] and Poggio &
Edelman[2] has provided a mathematical basis for
the 2D approach by characterising the generalisation
problem as that of approximating the multivariate
function mapping the appearence of an object to its
identity. Specifically, [2] explores the application of a
self-organizing neural network to the problem of learn-
ing such approximations from small numbers of ex-
ample shapes. While demonstrating the potential of
the approach, both systems make a number of sim-
plifications which limit their application to artificially
generated data. The present work is an attempt to ex-
tend the idea of multivariate function approximation

to deal with real image data, and therefore provide a
practical, 2D view-based recognition system.

2 SHAPE VARIATION

We require an approximation to the function that
maps the appearence of an object to its identity. The
domain of this function is therefore the set of shapes
produced by viewing an object under all possible view-
ing conditions. It will be useful to examine the source
of this variation by considering the process by which
2D shapes are formed. It will then be possible to dis-
cuss representation of shape and the formation of the
function domain in the space of possible shape repre-
sentations.

2.1 Projection

The 2D shape found in an image is the result of the
projection of a set of object points onto the image
plane of the camera. This process can be approx-
imated by the general projective transformation p,
taken here to be a perspective projection. For a given
object o the shape s produced by p depends on two
factors, the viewing parameters A and a noise term 7.

p:(o,An)—s (1)

The vector A describes the position and orientation of
o relative to the viewing camera. If we restrict the
camera to be foveated on the object, then this rela-
tionship can be fully described by 4 parameters; 3 ori-
entation and 1 distance. The noise term 7 describes
variations in s caused by changes in lighting and/or
occlusion by other objects. It will be useful at this
stage to distinguish between the set of shapes Sy, ob-
tained by applying projection p to o for all possible
values of A, and S, the set of shapes produced by
applying the noise model 7 to Sy.

2.2 Shape Representation

We have said that the domain of the required func-
tion is the set of 2D shapes produced by an object.
Actually, given that s € S) is simply a collection of
2D features, we require an encoding of s in the form
of a vector. The construction of such an encoding can
be described in general terms by the representational



function r, which takes a set of 2D features s and re-
turns a vector d, the components of which should be
related to some characteristic of s.

r:s—d )

For example, if s is a set of 2D point features then r
could simply produce an ordered vector of their z — y
coordinates, (z1,y1,22,y2....zn,yn), [1][2). However,
given that this requires full featural correspondences
to be known its application to real imaging situations
is obviously limited.

2.3 Hypersurface Generation

We now define a composite function f = r o p, that
defines a mapping between A%, the space of possible
viewing parameters, and the representational space
D™, If we now consider a fixed object o, viewed under
conditions of zero noise, ie 7 = 0, then f maps each
point in A% to a point in D" Eq. 3. The application
of Eq. 3 to all points in A* generates, via the inter-
mediate set of shapes S, a set of points H in D" that
can be said to lie on a hypersurface, Eq. 4.

fi(o,A)—d 3)
H = f(o,A%) 1)
3 HYPERSURFACE BEHAVIOUR

A hypersurface can be thought of as a model of an
object in the space of possible shape representations.
The form of each hypersurface greatly affects the ease
with which recognition can be performed. Before ad-
dressing the problem of recognition based on such
models it will be useful to expand on our description
of hypersurface generation by considering a number of
hypersurface characteristics, together with the factors
affecting them.

Smoothness. The smoothness of a hypersurface de-
pends on the behaviour of the representational func-
tion r. If r is well-behaved, in the sense that a small
change in s produces a small displacement of d, then
the hypersurface will be locally smooth. This is essen-
tial for accurate approximation.

Dimensionality. Although H exists in the high-
dimensional representation space D, it need not itself
be n-dimensional. Provided that r is well-behaved, H
can be considered as a low-dimensional manifold em-
bedded in the high-dimensional space of possible shape
representations{l]. We can actually be more precise
than this and say that, in general, H will locally have
as many dimensions as there are degrees of freedom in
the viewing parameters A, minus any invariances that
r may have.

Invariances. The use of a function r which is invari-
ant to changes in A along some dimension, eg rotation

about the camera axis, will locally reduce the dimen-
sionality of the hypersurface. An extreme example of
this observation is provided in Forsyth et al.[3]. This
shows that for planar objects there exists a function
r which is invariant to changes in all 4 viewing pa-
rameters. The use of such a function would produce a
“hypersurface” consisting of a zero dimensional point.

Symmetry. The possibility of symmetries within an
object implies that Eq. 1 may represent a many-to-
one mapping. In the projection of a cube, for instance,
all possible shapes can be obtained from a sub-region
of A* corresponding to views from a single octant of
the space surrounding the cube. Additionally, emer-
gent symmetries may be created by the behaviour of
r. For example, if r is invariant to rotations about the
camera axis then certain views of a cube from within
an octant are treated as being symmetric and mapped
to a common point in D™. The effect of these real and
emergent symmetries is to collapse the hypersurface
and cause it to intersect with itself.

Self-Occlusion. If objects are constrained to be
transparent, {2], then all object points are visible for
all values of A. Provided r is well-behaved the hyper-
surfaces of such objects will be continous. The use of
opaque objects on the other hand means that » must
deal with rapid changes in the set of visible object fea-
tures caused by self-occlusion. If r is sensitive to the
presence of shape features in s then the hypersurface
may well be quite disjoint and grouped into regions
corresponding to the notion of an aspect, Koenderink
& van Doorn{4]. Within these regions, where the set
of visible object features is quantitatively unchanging,
the hypersurface should be smooth.

Noise. Our description of hypersurface generation
has thus far been limited to the set Sx. We now ad-
dress the effect of noise on this process by considering
the mapping by r of S, to D". Let s € Sy be mapped
to a point ¢ in D®. Let A C S, be the set of shapes
produced by applying 1 to s. What is the mapping of
A to D*? If r is well-behaved under noise, in the sense
that a small corruption of s produces a small displace-
ment of ¢, then A is mapped to a “cloud” of points C,
centred on c. The variance of C is obviously related
to the degree to which r is well-behaved under noise,
ideally C' = c¢. The expansion of each point ¢ € H into
a cloud of points will therefore cause H to “thicken”.

We can now say that depending on the object and
the behaviour of f, each hypersurface will be a locally
smooth, low-dimensional manifold which may be self-
intersecting, disjoint and possibly thickened by noise.
We now turn to the problem of recognition based on
such hypersurfaces.

4 RECOGNITION

The application of Eq. 4 to the set of known ob-
jects O : {o1...0m} generates a set of hypersurfaces
H: {H,...Hpn} in D*. We now define a function ¢,



the inverse of f, which maps each vector d € H; to the
identity o; of an object, Eq. 5. The set H therefore
defines the domain of q.

g:d€ H; —o; (5)

An important factor in the ability of ¢ to perform
recognition is the degree to which individual hyper-
surfaces in H are seperated. If two hypersurfaces in-
tersect at a point k € D, ie f(0;,A) = f(oj,/\') =k,
then given an approximation to ¢, recognition based
on shapes whose representations fall in the region of
k must necessarily be ambigous. This implies that ¢
should be revised to provide probabilistic, rather than
absolute, classifications. If we consider recognition as
a 1 from M problem then the distribution of each H;
provides an indicator of the probability density func-
tion of o; in D™. We therefore require, for each object
o0i, the Bayesian a posterior: probability P(o;|d) Eq.
6.
P(oo]d)

gp:d— . (6)

P(opm|d)

The advantage of this probabilistic approach over that
proposed in [2] is that it provides principled behaviour
in the presence of object symmetries, ambiguities be-
tween objects and thickening of hypersurfaces by im-
age noise.

5 SYSTEM ARCHITECTURE

The proposed recognition system requires two compo-
nents: a representational scheme r for robustly rep-
resenting the 2D shapes on which both models and
recognition are based and a neural network classifier
for approximating the probabilistic function gp.

5.1 Pairwise Geometric Histograms

We require a representational scheme r which takes
a set of 2D shape features s and produces a vector
d that encodes some characteristic of s. The pro-
posed scheme is based on recording the geometric re-
lationships between pairs of 2D shape features in a
histogram, Evans et al.[5]. A description of shape in
terms of a set of 2D line segments is obtained by per-
forming a linear approximation of the edge strings de-
tected in the image. The geometric relationship be-
tween line segments can be defined to a chosen degree
of accuracy by a set of local geometric constraints.
Two binary constraints are used, one based on angle
and the other on the distance between line segments.
We now define a function g which returns the angle ¢
and distance 6 between two line segments I; and [;.

g: (i) — 6i5,6; (7

The set of angles formed between all possible pairs
of lines is denoted by ©, Eq. 8. Similarly for the

set of distances A. We now define a function e that
takes the sets © and A and returns a histogram b of
these values, Eq. 9. Since two constraints are used to
define geometric relationships the histogram b must
have two axes. The importance of the lines in forming
the shape is taken into account by setting the value
of an entry equal to |l;|.[l;|. Uncertainty in the exact
position and orientation of lines is encoded by blurring
entries along both axes of the histogram.

© = {6;; : ¥i, j} (8)
e:(0,A)—b (9)

The constraint values used in this scheme are invariant
to rotation of the camera about its axis. This effec-
tively reduces the complexity of the hypersurfaces gen-
erated. The advantage of recording constraint values
in a histogram is that once all entries have been made
it provides statistical evidence for the presence of pair-
wise geometric relationships within a shape. This en-
sures a fair degree of robustness to image noise [5].
Although we have talked of b as being a histogram, it
will be convenient now and in later sections to treat it
as a vector. Accordingly the final stage of the scheme
is to normalise the length of b. This has the effect
of collapsing hypersurfaces onto the unit hypersphere
and ensures that decisions made by the subsequent
network are based purely on shape.

5.2 Network Structure

The network used to perform probabilistic classifica-
tion has two layers, a shape representation layer (V})
and an object recognition layer (O;), Fig 1. The pur-
pose of V; is to distribute units among the domain of
the recognition function gp, ie the hypersurfaces H, in
the space of possible shape representations D". The
object layer O; then encodes the value or height of g,
in the region of D" covered by each unit in V;. We
shall now look at the behaviour of each layer in more
detail.

Shape Representation Layer. The input to Vj is a
set of unlabelled shape vectors I taken randomly, but
with equal probability, from the set of hypersurfaces
H. Units in V} are trained in an unsupervised manner
using a winner-takes-all mechanism common to many
systems, Thacker & Mayhew[6]. If the current nor-
malised input vector is b € I then the activation a; of
unit u; in V; is given by Eq. 10.

a; =37y Wij b (10)
AW,'J' = a(bj —W,'j) (11)

The unit with maximum a; is taken to be the winning
unit and is updated according to Eq. 11, where «
is a variable that determines the learning rate of the
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Figure 1: Network Architecture

system. This is gradually reduced throughout presen-
tation of the training data. Weights do not need to be
re-normalised after training as they will tend to con-
verge to the normalised input patterns. A conscience
mechanism is employed to ensure that during train-
ing, units in V; distribute themselves throughout D"
so as to cover the statistical variation in the hypersur-
faces H, as sampled by the examples I. Once trained,
the units in V; divide the projection of H on the unit
hypersphere into a Voronoi tesselation, with each unit
responding to inputs from a fixed region. The size
of each region is inversely proportional to the number
of units in V;. The importance of this relation will
become clear later.

Object Recognition Layer. Given that hypersur-
faces in H are distributed throughout D™, and may
even intersect, there is the possibility that input points
falling within the region of a unit in V; may represent
shapes from more than one object. The purpose of
O is to encode the value or height of the probabilistic
function g, in the regions of D" defined by the weight
vectors of trained units in V;. This can be achieved
by creating a connection z;; between shape unit u;
and object unit z; and setting its strength equal to
the probability that object o; is being viewed, given
that unit u; has fired. These weights are trained by
presenting a second, possibly different, set of example
shapes to V;. In order for the response of units in V; to
be calibrated these shapes must now be labelled with
the identity of the viewed object. This is achieved by
the supervisory vector t, where t; = 1 for object o;
being viewed and t; = 0 for all other objects. On each
trial the output weights of the winning unit in V; are
updated according to Eq. 12.

zij = zij + (12)

Once training is complete the output vector of a shape
unit u; can be thought of as a “freguency of wins”
histogram for each object. From this the estimated
probability P(o;|b) can be encoded in connection z;;
simply by computing the ratio of the number of times
u; responded to a view of object 0, to the total num-

ber of times that u; has won, Eq. 13.
2 = —mi— 13
D DT (%)
Although training is achieved by a winner-takes-all
mechanism, during recognition the output of the net-
work is an interpolated value obtained by taking the
weighted average of the response of the top k respond-
ing units. The combination of these layers therefore
provides a network which is capable of learning the
probabilistic function mapping projected shapes to ob-
jet identity.

6 DISCUSSION

This paper is concerned with the application of self-
organizing neural networks to the problem of con-
structing adequate 2D models of 3D objects. In the
previous section we proposed a network architecture
for estimating the probability of recognition based on
such models. The accuracy of this estimation will de-
pend on the number of units used in V; and the degree
to which the training set I is representative of the true
distribution of shapes on each hypersurface. These is-
sues are now addressed.

6.1 Number of Stored Shapes

Presentation of an unknown shape d to the network
causes a unit u* in V; to fire. This generates the set
of probabilities {P'(01]d)...P'(0,]d)} at the output
layer O;. These values represent the networks esti-
mate of the probabilities defined in Eq. 6. We would
obviously like to know, for a given number of stored
shapes, how accurate this estimate is. Unfortunately,
although the true probability P(o;|d) is defined by the
distribution of shapes in H, we have no way of comput-
ing this value analytically. Consequently it is difficult
to determine, for a given number of units, the accuracy
to which the network is estimating true probabilities.

We can overcome this problem by thinking intuitively
about the way in which the network estimates proba-
bilities. The accuracy of the networks approximation
to Eq. 6 depends on the coarseness of the Voronoi
tiling of D" produced by units in V;. This is, as
we have said, inversely proportional to the number of
units in V;. If insufficient units are used then the area
occupied by each tile will be too large, increasing the
liklihood of it including areas of more than one hyper-
surface. This causes recognition based on each tile to
be falsely ambigous. If sufficient units have been used
then each tile should be small enough to capture the
true ambiguity in the probability distribution. There-
fore, by examining the effect of the number of units
on the amount of ambiguity in the network we can
thereby obtain an idea of how many units must be
used.

This will be made clearer by an example. A good mea-
sure of the ambiguity of a unit u; in V; is the value
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Figure 2: Ppean Relationships

of P*%* defined as the most probable classification
P(o;|d) encoded on the connection zi;. As n is in-
creased the size of each tile should get smaller and so,
on average, the value of Ppq4, for a given unit should
increase. By taking the average value of Pnq4r in
the network we get the value Prpean = ) ;) P /e,
which provides a good measure of the degree of am-
biguity in the network as a whole. We can now
make some predictions about the relationship between
Ppnean and ¢, the number of units in V;.

In the extreme case, where ¢ = 1, Ppean = 1/m must
be true, since the unit represents views of all objects.
As cisincreased the value of Py, .4, should increase un-
til for some value of ¢ the tiles formed in D" are small
enough to capture the frue ambiguity of the proba-
bility distribution. At this point Ppean should stop
increasing as the fundamental limit of the distribution
has been reached. Therefore the point at which Prean
stops rising indicates the number of units that must ke
used to accurately estimate the true probability distri-
bution of H in D". It should be noted that Ppean may
not have reached 1 at this point. In fact this must be
the case if intersections exist between hypersurfaces
in H, as no matter how many units are used, shapes
at the point of intersection are ambigous. The height
of this limit therefore provides an indication as to the
degree of separability of the hypersurfaces in H.

6.2 Number of Training Shapes

We now address the question of how many training
shapes have to be presented to the network in order for
it to accurately estimate probabilities? Given that the
network is to form the basis of a practical recognition
system, the fewer images that have to be captured and
processed the better. We consider two set of training
data; the set of shapes I, used to train layer V, and
the set K, used to calibrate the response of units in ;.
The number of examples in [ is not critical, for as long
as there are sufficient inputs to accurately represent
the distribution of shapes on the hypersurfaces in H
then the network will distribute units adequately. Of
greater importance to the accuracy of approximation
is the number of shapes in K.

The method of approximation in the network relies on
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taking ratios as estimates of true probabilities. The
accuracy of this estimate depends upon the number
of examples involved in the ratio, ie the size of K.
However, since we do not have the true probability
distribution it is not easy to relate number of exam-
ples to accuracy of approximation. We can again over-
come this problem by considering the relationship be-
tween k, the number of shapes in K, and Peqn. If
k = 1 then Ppean = 1 must be true, since the net-
work has only been told about a single object. As k
is increased the artificially high certainty of the net-
work should fall, as the full variation in the identity of
shapes falling within a tile is more accurately sampled.
The value of Py, .4 should therefore stop falling at the
point at which the variation has been sufficiently sam-
pled.

Obviously, the number of units used, ¢ and the size
of the training set, k both play a part in determining
the accuracy of the network approximation to ¢,. By
analysing the relationship between the value of Prean
and those of 7 and k we should able to determine the
point at which the network is accurately approximat-
ing gp.

7 SUMMARY

This paper has detailed an approach to 3D object
recognition based on using a self-organizing neural
network to learn an approximation to the function
mapping 2D projected shape to object identity. The
domain of this function has been characterised as a set
of hypersurfaces in the space of possible shape repre-
sentations. As an extention to previous systems in
this field a representational scheme capable of han-
dling real image data has been proposed together with
a network architecture capable of providing the prob-
abilistic recognition necessary in real imaging situa-
tions. Finally a method for determining the required
number of stored shapes and training examples has
been proposed.
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