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Overview

Determination of three dimensional data from images is of central importance in the field of machine vision. One
of the most direct way of achieving this from image data is stereo vision. Stereo vision has a wide range of potential
application areas including; three dimensional map building data visualisation and robot pick and place. A variety
of constraints may be used to guide the correspondance solution depending upon the properties of the data. This is
reflected in the broad range of algorithms that have been developed. For example, if camera calibration is available
epi-polar constraints can be used. The absence of transparent objects allows the use of disparity gradient limits.
The absence of occlusion can permit strong surface smoothness constraints. If the images are generated under
constrained lighting conditions the images may display photo-metric properties allowing direct pixel matching.
All of these factors can have a strong influence on the quantity and reliability of data recovered by an algorithm.
Consequently, it is not fair to expect any one algorithm to be capable of making the best of an arbitrary set of
data.
In 1988 a survey of 15 institutions [10] observed that, in practice, many researchers were using combinations of
the above constraints for solving a wide variety of stereo matching problems. The conclusions from this survey
were that each of the different approaches had its relative merits and disadvantages dependent on the nature of
the matching problem. This sentiment has also been reiterated by Hannah [13] who suggested that a complete
stereo solution would need to combine the relevant approaches in a cooperative fashion. A practical example of a
combined approach is perhaps best demonstrated by Baker [2] who successfully combined both edge and luminance
based stereo techniques. Bearing this in mind, the following discussion should only be seen as an analysis of the
area of applicability of each approach and not as an attempt to rule in or out particular methods.
Throughout this section, a basic knowledge of the common approaches used by stereo matching algorithms is
assumed. If this is not the case, then the reader is referred to the following work: [20, 23, 3, 4, 13]. The purpose of
this chapter is to analyse the significant pieces of work produced in the area of stereo vision. In order to do this, a
categorisation is introduced which loosely divides the work into area based stereo and feature based stereo. Area
based stereo is used to classify algorithms which utilise image domain similarity metrics in the correspondence
process. Area based algorithms can be further divided in the following categories:
• Cross-correlation based
• Least-squares region growing
• Simulated annealing based
Feature based stereo is defined as algorithms which perform stereo matching with high level parameterisations
called image features, these algorithms can be classified by the type of features used in the matching process as
follows:
• Edge-string based
• Corner based
• Texture region based
In addition to the different categories listed above, other issues exist which can equally well be applied to the above
approaches, namely:
• Human interaction
• Hierarchical processing
• Interpolation of a partial solution
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Epi-Polar Calibration

The epi-polar constraint is one of the most fundamentally useful pieces of information which can be exploited
during stereo matching. It can be shown by elementary geometry [?] that 3D feature points are constrained to
lie along epi-polar lines in each image. Knowledge of the epi-polars reduces the correspondance problem to a 1D
search. This constraint is best utilised by the process of image rectification. The principle is quite simple, any
pair of images can be transformed to a ”paralell camera geometry” so that corresponding point features in 3D
will lie on the same horizontal line in the two images. Unfortunately such a process requires some knowledge
of the left to right camera transformation which will generally require a calibration proceedure [?] The freedom
for camera model specification, cost function definition and numerical implementation is immense. It is perhaps
somewhat unfortunate that the subject must continue to be a drain on research efforts during the development
of new systems. Camera calibration is quite a Pandoras box of publications and methods ( the most commonly
referenced text is probably [?] ) but a few guidelines can be provided as to what constitutes good practice.
The camera model must be specified with a minimum number of parameters which describe the important degrees
of freedom. There are at least three ways of representing the left-to-right camera coordinate rotation matrix. The
quaternion, the screw (Rodriegez method) and polar co-ordinate triple axis rotation, there is probably very little
to distinguish between the performance of these methods. If the cameras display radial distortion effects these may
well not be visible to the casual observer but will weaken the accuracy of the epi-polar constraint and completely
bias any resulting 3D measurement. Image centres and aspect ratios may also need to be free parameters and can
generally not be expected to take default (side of the box) values.
The cost function must be defined in the image plane as the errors between back projected positions for points.
This is the only domain in which measurement errors can be expected to be uniform so that systematic errors are
not introduced during the calibration process. If the data for calibration is to be obtained from any automatic
matching process then the cost function must be in the form of a robust statistic. Any automatic calibration
proceedure which is based on least-squares will be susceptible to calibration matching failiures and must be viewed
with suspiscion.
A practical calibration system must give some indication of resulting calibration accuracy, either in terms of
resulting back projected error or as covariance estimates on the estimated parameters. Ideally any subsequent
stereo algortihm should be capable of interpreting these measures and adjusting output depth accuracy estimates
accordingly.
A recent focus of research has been in the area of ”self-calibration” [?], the rational being that it is possible to
calibrate cameras from the data available during use rather than having to rely on special purpose calibration data.
This is an admirable endevour but all of these techniques must be evaluated on the basis of the above criteria if
they are to form the basis of a reliable automatic system. Unfortunately, numerical robustness is often sacrificed
for mathematical sophistication. In general many optimal solutions to the calibration problem exist [?, ?] and
provided any specific method minimises the correct quantities with the right number of degrees of freedom the
resulting calibration will be as good as any other formulation of the problem. The only thing to be gained from
this point onward is speed of computation.
On this particular topic it only remains to be said that sometimes algorithms are requi red for problems for which no
camera model exists, such as matching features in NMR images taken at two different moments in time. Although
it is correct to refer to the resulting algortihms as correspondance matching they are not strictly a ”true” stereo
algorithm. These problems will clearly require a 2D search and this can only be achieved if the image data has
photometric properties. To conclude, given that automatic camera calibration is a reality, any ”true” stereo ma
tching algorithm which does not make use of the epi-polar geometry will be wasting a very useful constraint on
the possible solution.
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The Principles of Area Based Algorithms

Given any two views of the same scene it can be seen that, at some image scale, a degree of similarity exists between
the two views, and in general, the coarser the scale the more similar the views become. If a view is spatially
quantised into ever smaller subregions, eventually as the number of features decreases, any given subregion will
begin to look more similar to its corresponding subregion in the other view. Thus, by quantising a view into
a number of subregions or blocks, or by changing the scale of the view in question, it is possible to apply an
area based similarity metric to find the most likely correspondence between the same regions from two different
views. If similarity is defined as the dot-product score of two vectors L = (a, b) and R = (c, d) where all bins are
non-negative, then it can be said that their dot-product score will always increase if the vectors are coarsened by
3

integrating bin contents [1]. The dot-product is given by:
L.R = ac + bd
Coarsening L and R, by bin integration, now gives two new terms M = a + b and S = c + d respectively, therefore:
M.S = ac + bd + ad + bc = L.R + ad + bc
Since the coarser dot-product contains extra terms, it will always be larger than the original. The use of an
appropriate similarity metric is fundamental to area based stereo methods as a means for enforcing a local figural
consistency constraint, surface smoothness is also usually assumed. The concept of a cross-correlation function and
a search space is also introduced with the use of area based methods. Similarity metrics derived from probability
density functions do theoretically offer the best solution although in practice, approximations such as Euclidean
distance and dot-product metrics have been used.

4
4.1

Survey of Area Based Stereo Algorithms
Levine M.D. et al. 1973

This work forms the basis for a robot control system capable of exploring its environment [20]. The epipolar
constraint is used to restrict the correspondence search to a search along a single epipolar line. The algorithm uses
the classical correlation measure as shown in eqn 14.1 which is applied within a variable size window.
PN PN

CX,Y,D = qP P
N
N
y

x

(Lef tx,y Rightx+D,y − µL µR )
qP P
N
N
2
2
(Lef t2x,y − µ2L )
y
x (Rightx+D,y − µR )
y

x

(1)

Where X and Y define a block location in the left image and D is the disparity parameter. The model of the
world assumes that the surface consists of an approximately horizontal plane which extends to infinity. Given this
well constrained model the algorithm seeks to build up horizontal contours which describe the ground plane using
points called “tie-points”. In order to achieve computational efficiency a coarse search of the correlation space is
performed to identify candidate areas for the solution. A fine search is then performed at the most likely candidate
areas. This assumes that a data model of the correlation function surface is known, thus enabling a suitably robust
quantisation step to be determined for the coarse search.

4.2

Mori K. et al. 1973

Most of the earliest work in stereo vision is concerned with the processing of aerial photographs for terrain depth
estimation. The work of Mori et al. [23] involves the development of a system for such problems which incorporates
some basic principles. The use of a normalised dot-product score as in eqn 14.3 with the addition of a gaussian
weighting is used to correlate the registered images.
The dot-product cross-correlation function is a similarity metric used in many applications where the maximum
score is taken to represent the match with the highest probability of being the correct stereo match. A weighting
term w(x, y) consisted of a 2D gaussian kernel used to give priority to (in an ad hoc fashion) components in the
centre of the calculation. In this case the dot-product score is normalised against the auto-correlation score for the
respective regions in the left and right images. The use of the normalised dot-product results in the cosine of the
angle between the two vectors being calculated as in eqn 14.2, the resultant measure is still image scale invariant.
cos(θ) =

A.B
|A||B|

where A and B are N dimensional vectors.

(2)

The Mori et al. algorithm also demonstrates the use of high confidence estimates, variable window sizes and
iterative refinement of an interpolated disparity map. The algorithm assumes that edges within the images represent
surface detail and not depth discontinuities. This assumption allows regions containing edges to be treated as high
confidence estimates, and from these starting points a solution is propagated. Once the solution is propagated the
estimate of depth is used to reconstruct the right image. The new right image is then recorrelated with the original
right image and the process is iterated to refine the solution.
4

4.3

Hannah M.J. 1985,1989

Hannah’s work involving SRI’s stereo system [12, 13] suggests the application of a number of different algorithms
and incorporates the ideas of interest operators, hierarchical processing, area correlation and left-right consistency.
The Moravec Interest Operator is proposed as a means of locating points within the image for which a high level
of confidence about their matchability is assumed. Stereo matching by cross-correlation is applied to a subset of
regions centred on peaks in the interest function. A correlation function used for this process is the normalised
dot-product function as in eqn 14.3.
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Where X and Y define a block location in the left image and D is the disparity parameter. High confidence
matches are evaluated first and used to steer further matching. The interest operator used by Hannah calculates
the product of local intensity variance and a heuristic directional variance quantity. The use of hierarchical
processing is employed by using matching at coarser resolutions to “set the context” for matches at higher image
resolutions. This work is a clear example of how different methods can be applied cooperatively, although at
the core of the algorithm is the reliance on luminance cross-correlation. Additionally, the hierarchical processing
constraint leads to the assumption that the method assumes a surface model which is both locally and globally
smooth. In summary, the algorithm seems more suited to estimating depth from aerial photographs than, for
example, industrial environments.

4.4

Inria 1991

Based on the findings of Guelch [10], this work attempts to address the problem of obtaining dense depth data
using region based similarity metrics and a number of other constraints [15]. The aim of the work is to obtain as
dense a depth map as possible with the initial correlation phase, and to ensure that “no answer” is returned if the
match fails to pass a left-right consistency test. A full depth map is then obtained by interpolating the already
dense data. This work also incorporates implementation issues by developing the algorithm to run on parallel
hardware with a simplistic control flow. The concept of locating regions of the image which are considered worth
matching is also rejected, instead an attempt is made to match the whole image with “invalid” matches being
rejected afterwards in the validation phase. The work discusses two correlation functions, a Euclidean distance
based metric and a Euclidean distance metric normalised by the mean va! ! ! lue of the region. It is suggested
that the extra normalisation provides invariance to linear transformations of the image grey-levels. The normalised
form of the Euclidean distance metric used is shown in eqn 14.4.
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Where X and Y define a block location in the left image and D is the disparity parameter. The work discusses
alternatives for the correlation validation stage and rejects the ideas of thresholding the normalised correlation
score and examining the peak in the correlation surface. The left-right consistency constraint is used whereby the
hypotheses obtained by matching from each image independently must reinforce each other.

4.5

Otto G.P. and Chau T.K.W. 1989

In contrast to the area based approaches discussed so far, the approach used here is to grow the solution outwards
from assumed correct seed points [26]. The algorithm is based on Gruens algorithm which uses an approximate
planar model for the world. This model only allows affine deformation between small regions within the two views,
thus assuming that perspective effects can be ignored at a regional level. The best match is found by optimising
a set of parameters which minimises the least squares error between the two views in terms of the luminance
levels. The Otto et al. algorithm uses Gruens algorithm by iteratively applying it to some initial solutions within
the images, and then using the results to propagate the solution to neighbouring regions. Although a model for
superimposed noise on top of the image luminance is allowed for, this class of algorithm is clearly only suitable
when the photometric invariance between views can be relied upon.
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4.6

Okutomi M. and Kanade T. 1992

This work [25] addresses the issues of window size selection and presents a statistically sound technique which
minimises the uncertainty in the disparity estimate at each pixel of the depth map. The authors make the
observation that larger matching windows provide better disambiguational ability and less accuracy, and attempt
to address this problem by optimally selecting a window size in a dynamic fashion as the matching process proceeds.
This demonstrates the use of a principled technique for determining an otherwise arbitrary parameter. Although,
in practice, it would seem that either a hierarchical matching technique or a deformable surface model would have
the same effect.

5

Summary of Area Based Approaches

In their most simplistic form, area based approaches involve subdividing the whole view into subregions and
applying a photometric similarity measure to all regions [20]. The aim of this type of algorithm is usually to return
a dense depth map, whereby a depth estimate is made at every pixel within the scene. This approach is generally
only applicable to the class of stereo problems where the following criteria are satisfied: The lighting source must
ideally be a point source at infinity; the surfaces in the scene should ideally be Lambertian; the amount of figural
dissimilarity or distortion between the views is small. As is stated in the aims of this work in section ??, in many
situations where stereo has applications, idealised environments and light sources cannot be assumed. The criteria
developed for assessing the location accuracy of stereo algorithms will reveal that local errors can become large in
the absence of a rotational distortion model.
The problem with using a single depth estimate to describe the depth over a finite subregion of the image is that
this quantisation introduces location errors as described above. Area based approaches which attempt to address
this problem are often referred to as window shaping techniques [26]. Whilst the field of application for these
techniques is still for estimating dense depth maps, the location accuracy which can be achieved is not limited by
block quantisation effects. However, the reliance on luminance consistency is, if anything, more important to the
success of this class of relaxation algorithms.
In general, existing area based stereo techniques provide data which is locally inaccurate due to the lack of figural
deformation invariance. Additionally, their lack of photometric invariance restricts their use to problems where
grey-level consistency exists between views, however, if these constraints are satisfied they do deliver a more dense
depth map than feature based approaches.
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The Principles of Feature Based Stereo

Many areas of computer vision, such as stereo, object recognition and object tracking exploit a feature based
approach. The definition of a feature is arbitrary and the only real generalisation which can be made is that
a feature must be in some sense a useful parameterisation of the image. In general, useful features must have
the following properties: uniqueness, repeatability and physical meaning. In the context of stereo the aim of
these properties is to provide unambiguous matches with a degree of noise immunity. Since stereo vision involves
extracting three dimensional data (3D data) from the scene, the features which are useful in the stereo sense are
features which describe the underlying 3D structure of the scene. In the main, and particularly in man-made
environments, the underlying 3D structure is described by the edges and by edge intersections (one definition of a
corner). For this reason much of the feature based stereo work involves the extraction of edgels and ! ! ! corners. In
some cases the extracted edgels, which are obtained using something similar to Canny [5], are linked into high-level
data objects called edge-strings, stereo matching then proceeds at the edge-string level.

7
7.1

Survey of Feature Based Stereo Algorithms
Barnard S.T. and Thompson W.B. 1980

The algorithm discussed in this work [4] initially locates “interesting” points as match primitives independently in
each view, where interesting is defined as those points which have a high value of variance in all four surrounding
directions. In practice, an operator such as the Moravec operator [22] is suggested as being a suitable candidate
feature detector, although more robust techniques for locating interesting points do exist [14]. The choice of
feature is such as to provide match primitives which (a) are distinct from neighbouring points, for uniqueness and
6

(b) remain consistent between views, for identification purposes. Having detected matchable primitives, a mesh
type data structure is created which describes potential correspondences. The initial likelihood estimate for the
hypothesised correspondence is obtained by calculating a local similarity metric between the features in question.
An iterative relaxation technique! ! ! is then applied to the initial likelihoods by applying a local continuity
constraint. This technique provides a sparse depth map and is dependent on the repeatability of the feature
detector, however, the technique is applicable to both stereo and temporal matching.

7.2

Pollard S.B. 1985

In his PhD. Thesis [27] Pollard discusses an edge based stereo algorithm called PMF which relies strongly on local
support provided by a disparity gradient constraint. The algorithm detects edge primitives (edgels) in the left
and right images and in the first instance defines compatible matches as those which are consistent with epipolar
geometry. For each potential match a “goodness” value Cpp0 is calculated. It is suggested that Cpp0 could be
calculated from edgel parameters such as edge orientation and contrast. It is also suggested that C pp0 could be
taken as the contrast of the weaker primitive in order to bias against weak edges. The statistical alternative for C pp0
might be to directly use a characteristic PDF of the edgel parameters to define match compatibility [2], although,
in practice, a usable PDF may not be obtainable. Local consistency is enforced by calculating a match strength
quantity defined in eqn 14.6, which applies a disparity gradient constraint in a circular neighbourhood centred on
the match hypothesis. The use of the disparity gradient is defined in cyclopean space by eqn 14.5.
hr − h l
DG = p
h2c + vc2

(5)

Where hl and hr are the left and right horizontal differences between a pair of points when imaged in a parallel
camera geometry and hc and vc are the horizontal and vertical differences between the same pair of points when
imaged in a virtual cyclopean space.
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Where N (Mpp0 ) is the set of matches in the cyclopean neighbourhood of match Mpp0 , and S(Mpp0 , Mij 0 ) is the
cyclopean separation between match Mpp0 and match Mij 0 . The algorithm also uses an iterative relaxation strategy
to select the final solution set from the possible hypotheses by applying uniqueness and ordering. The surface model
adopted by this version of PMF allows deformation between views but does not attempt to treat edge-strings as
single entities.
A later algorithm developed after the original PMF does treat edge-strings as single matchable entities. An edgestring is obtained by firstly running an edgel extraction algorithm (such as Canny [5]) followed by an edgel linking
phase. The results of this process are sets of list type data structures called edge-strings. Figural support is then
achieved by accumulating a match along the length of the string to give a string match score. This type of approach
is not only extremely flexible but provides perhaps the most appropriate model for stereo matching in industrial
environments. The model adopted by edge-string based matching is simply that the world consists of sets of edges
which are subject to usually minor figural deformations between stereo views.

7.3

Ohta Y. and Kanade T. 1985

This work uses dynamic programming; firstly at the image raster level and then on the whole image to find a
global solution. Image rectification is used to align epipolar lines with image rasters [24]. The technique uses edgel
primitives as the basic match delimiters and computes a matching cost for a given edge delimited interval based on
the combined variance measure of the luminance values within the two intervals. Given that this cost function is
evaluated for all potential interval correspondences in all of the scanlines, the problem then becomes one of picking
the best set of interval matches which enforced both horizontal and vertical consistency. Dynamic programming
provides an optimal solution for this global consistency problem. This work defines dynamic programming as
follows.
“Dynamic programming solves an N-stage decision process as N single-stage processes. This reduces
the computational complexity to the logarithm of the original combinatorial one. In order to apply
dynamic programming, however, the original decision process must satisfy the following two requirements. First, the decision stages must be ordered so that all of the stages whose results are needed at a
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given stage have been processed before then. Second, the decision process should be Markovian: that
is, at any stage the behaviour of the process depends solely on the current state and does not depend
on the previous history.”
The selection of an appropriate cost function for the nodes in the dynamic programming array is perhaps the only
difficulty with this algorithm. The measure used in this work assumes grey-level consistency between views, this
is deemed appropriate given that the application area is the estimation of depth from aerial photographs.

7.4

Baker H.H. 1982

Baker [2] adopts the same model as that used by Ohta et el. [24], in that it is assumed that the scene consists
of matchable edgels which are aligned with image rasters after image rectification. Baker uses many probabilistic
measures which are combined into an overall likelihood of a given match hypothesis, this raw likelihood data
is then fed into a dynamic programming algorithm which attempts to solve for a given raster. Global contour
constraints are then applied to enforce inter-raster edge continuity, this differs from the work of Ohta et el., which
additionally uses dynamic programming for inter-raster consistency. The raw likelihood data is based on the
static edge properties such as the contrast and orientation of the edges being matched. The probability values are
obtained by integrating a unit portion of an observed characteristic PDF. For example, to calculate the probability
that an edge in the left image, with edge contrast CLi , correspo! ! ! nds to an edge in the right image, with edge
contrast CRj , eqn 14.7 is evaluated.
Pij (x) =
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(7)

Probabilities for interval intensity correspondence are also calculated. The work of Baker is both comprehensive
and statistically well principled, as well as being highly applicable to the stereo problem in man-made environments.

7.5

Mclauchlan P.F. 1990

In general feature based algorithms are assumed to be more appropriate when the quantity of features is relatively
small. However, Mclaughlan [21] shows that extracted edgels can be used for stereo matching in situations where
a large amount of texture either exists naturally, or has been imposed artificially. This algorithm firstly grids up
the left image into rectangular blocks and then by constructing a disparity histogram from the set of hypothetical
matches derived from all edgels within the block. The edge match criteria are based on edge orientation, contrast
and a disparity gradient limit. Since the quantity of edgels within a block is necessarily large, peaks in the disparity
histogram contain sufficient data to be statistically representative of the most likely disparity values for the block.
Having established the most likely disparity value for the block, the data around the histogram peak is used to
hypothesise a plane using a Hough transform techn! ! ! ique. After this stage extensive smoothing processes are
used to enforce a local surface smoothness constraint and a global surface continuity constraint. This algorithm
demonstrates the use of voting techniques and the effective use of edgel data in highly textured scenes.

8

Summary of Feature Based Approaches

In many respects feature based algorithms are established as the most robust way to implement stereo vision
algorithms for the class of problems defined above as being industrial stereo problems. The advantages offered by
using features are that feature based representations contain desirable statistical properties and provide algorithmic
flexibility to the programmer. The flexibility being that algorithmic constraints can be applied explicitly to the
data structures rather than implicitly as with area based correlation techniques. In particular the use of edge-string
based representations leads to algorithms which are as locally accurate as the precision to which the edges can be
extracted.
Summarising, in comparison to area based stereo algorithms, which attempt to provide dense depth data, edgestring based stereo algorithms provide sparser depth data which is locally more accurate and globally more reliable
for the following reasons. Firstly, edge-string based algorithms do not use a region based planarity model to
describe the world, they instead model the world as consisting of linked edges, a more flexible model for “difficult”
stereo problems where the world model must incorporate some figural deformation invariance. Secondly, edgestring based algorithms exploit the properties of edge based data, which can be extracted reliably from the scene in
8

a way which is immune to noise and invariant to luminance variations between views caused by non-ideal lighting.
Where ideal lighting is something like a point source at infinity.
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