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R.A.Lane and N.A.Thacker.

1 Overview

Determination of three dimensional data from imagesis of certral importance in the eld of machine vision. One
of the most direct way of achieving this from image data is stereovision. Stereovision hasa wide range of potential
application areasincluding; three dimensional map building data visualisation and robot pick and place. A variety
of constraints may be usedto guide the correspondancesolution depending upon the properties of the data. This is
re ected in the broad range of algorithms that have beendeweloped. For example,if cameracalibration is available
epi-polar constraints can be used. The absenceof transparent objects allows the use of disparity gradient limits.
The absenceof occlusion can permit strong surface smoothness constraints. If the imagesare generated under
constrained lighting conditions the images may display photo-metric properties allowing direct pixel matching.
All of thesefactors can have a strong in uence on the quantity and reliabilit y of data recovered by an algorithm.
Consequettly, it is not fair to expect any one algorithm to be capable of making the best of an arbitrary set of
data.

In 1988 a survey of 15 institutions [10] obsened that, in practice, many researders were using combinations of
the above constraints for solving a wide variety of stereo matching problems. The conclusionsfrom this survey
were that ead of the di erent approacheshad its relative merits and disadvantages dependert on the nature of
the matching problem. This sertiment has also beenreiterated by Hannah [13] who suggestedthat a complete
stereosolution would needto combine the relevant approachesin a cooperative fashion. A practical example of a
combined approad is perhapsbest demonstrated by Baker [2] who successfullycombined both edgeand luminance
basedstereotechniques. Bearing this in mind, the following discussionshould only be seenas an analysis of the
area of applicability of eat approach and not as an attempt to rule in or out particular methods.

Throughout this section, a basic knowledge of the common approades used by stereo matching algorithms is
assumed.If this is not the case,then the readeris referred to the following work: [20, 23, 3, 4, 13]. The purposeof
this chapter is to analysethe signi cant piecesof work producedin the area of stereovision. In order to do this, a
categorisation is intro duced which loosely divides the work into area basedstereoand feature basedstereo. Area
basedstereois used to classify algorithms which utilise image domain similarity metrics in the correspondence
process.Area basedalgorithms can be further divided in the following categories:

Cross-correlation based
Least-squaresregion growing

Simulated annealing based

Feature based stereois de ned as algorithms which perform stereo matching with high level parameterisations
called image features, these algorithms can be classi ed by the type of features usedin the matching processas
follows:

Edge-string based
Corner based

Texture region based

In addition to the di erent categorieslisted above, other issuesexist which can equally well be applied to the above
approaces,namely:

Human interaction
Hierarchical processing

Interpolation of a partial solution



2 Epi-P olar Calibration

The epi-polar constraint is one of the most fundamentally useful piecesof information which can be exploited
during stereo matching. It can be shown by elemenary geometry [?] that 3D feature points are constrained to
lie along epi-polar lines in ead image. Knowledge of the epi-polars reducesthe correspondanceproblem to a 1D
seard. This constraint is best utilised by the processof image recti cation. The principle is quite simple, any
pair of imagescan be transformed to a "paralell camera geometry" so that corresponding point featuresin 3D
will lie on the same horizontal line in the two images. Unfortunately such a processrequires some knowledge
of the left to right cameratransformation which will generally require a calibration proceedure[?] The freedom
for cameramodel speci cation, cost function de nition and numerical implementation is immense. It is perhaps
somewhat unfortunate that the subject must continue to be a drain on researd e orts during the developmert
of new systems. Camera calibration is quite a Pandorasbox of publications and methods ( the most commonly
referencedtext is probably [?] ) but a few guidelinescan be provided asto what constitutes good practice.

The cameramodel must be speci ed with a minimum number of parameterswhich describe the important degrees
of freedom. There are at least three ways of represerting the left-to-right cameracoordinate rotation matrix. The
guaternion, the screw (Rodriegez method) and polar co-ordinate triple axis rotation, there is probably very little
to distinguish betweenthe performanceof thesemethods. If the camerasdisplay radial distortion e ects thesemay
well not be visible to the casualobsener but will weaken the accuracy of the epi-polar constraint and completely
bias any resulting 3D measuremeh Image certres and aspect ratios may alsoneedto be free parametersand can
generally not be expectedto take default (side of the box) values.

The cost function must be de ned in the image plane as the errors betweenbadk projected positions for points.
This is the only domain in which measuremenm errors can be expectedto be uniform sothat systematic errors are
not introduced during the calibration process. If the data for calibration is to be obtained from any automatic
matching processthen the cost function must be in the form of a robust statistic. Any automatic calibration
proceedurewhich is basedon least-squareswill be susceptibleto calibration matching failiures and must be viewed
with suspiscion.

A practical calibration system must give some indication of resulting calibration accuracy either in terms of
resulting back projected error or as covariance estimates on the estimated parameters. Ideally any subsequenh
stereoalgortihm should be capable of interpreting these measuresand adjusting output depth accuracy estimates
accordingly.

A recert focus of researt has beenin the area of "self-calibration" [?], the rational being that it is possibleto
calibrate camerasfrom the data available during userather than having to rely on special purposecalibration data.
This is an admirable endewour but all of thesetechniques must be evaluated on the basis of the above criteria if
they are to form the basis of a reliable automatic system. Unfortunately, numerical robustnessis often sacri ced
for mathematical sophistication. In general many optimal solutions to the calibration problem exist [?, ?] and
provided any speci c method minimises the correct quartities with the right number of degreesof freedom the
resulting calibration will be as good as any other formulation of the problem. The only thing to be gained from
this point onward is speedof computation.

On this particular topic it only remainsto be saidthat sometimesalgorithms are requi red for problemsfor which no
cameramodel exists, such as matching featuresin NMR imagestaken at two di erent momerts in time. Although
it is correct to refer to the resulting algortihms as correspondancematching they are not strictly a "true" stereo
algorithm. These problems will clearly require a 2D seard and this can only be achieved if the image data has
photometric properties. To conclude, given that automatic camera calibration is a reality, any "true" stereoma
tching algorithm which does not make use of the epi-polar geometry will be wasting a very useful constraint on
the possiblesolution.

3 The Principles of Area Based Algorithms

Givenany two views of the samesceneit canbe seenthat, at someimagescale,a degreeof similarit y exists between
the two views, and in general, the coarserthe scalethe more similar the views become. If a view is spatially
quarntised into ever smaller subregions, evertually as the number of features decreasesany given subregion will
begin to look more similar to its corresponding subregion in the other view. Thus, by quantising a view into
a number of subregionsor blocks, or by changing the scale of the view in question, it is possibleto apply an
area basedsimilarity metric to nd the most likely correspondencebetweenthe sameregions from two di erent
views. If similarity is de ned asthe dot-product scoreof two vectorsL = (a;b) and R = (c;d) where all bins are
non-negative, then it can be said that their dot-product scorewill always increaseif the vectors are coarsenedby



integrating bin contents [1]. The dot-product is given by:
L:R = ac+ bd
CoarseningL and R, by bin integration, now givestwo newterms M = a+ band S = c+ d respectively, therefore:
M:S = ac+ bd+ ad+ bc = L:R + ad+ bc
Since the coarser dot-product contains extra terms, it will always be larger than the original. The use of an
appropriate similarity metric is fundamertal to area basedstereo methods as a meansfor enforcing a local gural
consistencyconstraint, surfacesmoothnessis alsousually assumed.The conceptof a cross-correlationfunction and
a seard spaceis alsointroduced with the use of area basedmethods. Similarity metrics derived from probability

density functions do theoretically o er the best solution although in practice, approximations such as Euclidean
distance and dot-product metrics have beenused.

4 Survey of Area Based Stereo Algorithms

41 Levine M.D. et al. 1973

This work forms the basis for a robot cortrol system capable of exploring its ervironment [20]. The epipolar
constraint is usedto restrict the correspondenceseart to a seard along a single epipolar line. The algorithm uses
the classicalcorrelation measureas shown in egn 14.1 which is applied within a variable size window.
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Where X and Y de ne a block location in the left image and D is the disparity parameter. The model of the
world assumeghat the surfaceconsistsof an approximately horizontal plane which extendsto in nit y. Given this
well constrained model the algorithm seeksto build up horizontal contours which describe the ground plane using
points called \tie-p oints". In order to achieve computational e ciency a coarseseart of the correlation spaceis
performedto identify candidate areasfor the solution. A ne seard is then performed at the most likely candidate
areas. This assumeghat a data model of the correlation function surfaceis known, thus enabling a suitably robust
guantisation step to be determined for the coarseseard.

4.2 Mori K. et al. 1973

Most of the earliest work in stereovision is concernedwith the processingof aerial photographs for terrain depth
estimation. The work of Mori et al. [23] involvesthe developmert of a systemfor such problemswhich incorporates
somebasic principles. The use of a nhormalised dot-product scoreas in eqn 14.3 with the addition of a gaussian
weighting is usedto correlate the registeredimages.

The dot-product cross-correlationfunction is a similarity metric usedin many applications where the maximum
scoreis taken to represen the match with the highest probability of being the correct stereomatch. A weighting
term w(x;y) consistedof a 2D gaussiankernel usedto give priority to (in an ad hoc fashion) componerts in the
certre of the calculation. In this casethe dot-product scoreis normalised against the auto-correlation scorefor the
respective regionsin the left and right images. The use of the normalised dot-product results in the cosineof the
angle betweenthe two vectors being calculated asin egn 14.2, the resultant measureis still image scaleinvariant.

co{ ) = J:‘J% where A and B are N dimensional vectors: (2)
The Mori et al. algorithm also demonstrates the use of high con dence estimates, variable window sizesand
iterativ ere nement of aninterpolated disparity map. The algorithm assumeshat edgeswithin the imagesrepresen
surfacedetail and not depth discortin uities. This assumptionallows regionscontaining edgesto be treated as high
con dence estimates, and from thesestarting points a solution is propagated. Once the solution is propagated the
estimate of depth is usedto reconstruct the right image. The newright imageis then recorrelatedwith the original

right image and the processis iterated to re ne the solution.



4.3 Hannah M.J. 1985,1989

Hannah's work involving SRI's stereosystem[12, 13] suggeststhe application of a number of di erent algorithms
and incorporatesthe ideasof interest operators, hierarchical processing,areacorrelation and left-right consistency
The Moravec Interest Operator is proposedas a meansof locating points within the image for which a high level
of con dence about their matchability is assumed. Stereo matching by cross-correlationis applied to a subset of
regions certred on peaksin the interest function. A correlation function used for this processis the normalised
dot-product function asin eqn 14.3.
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Where X and Y de ne a block location in the left image and D is the disparity parameter. High con dence
matchesare evaluated rst and usedto steerfurther matching. The interest operator used by Hannah calculates
the product of local intensity variance and a heuristic directional variance quantity. The use of hierarchical
processingis employed by using matching at coarserresolutionsto \set the context" for matchesat higher image
resolutions. This work is a clear example of how di erent methods can be applied cooperatively, although at
the core of the algorithm is the reliance on luminance cross-correlation. Additionally , the hierarchical processing
constraint leadsto the assumption that the method assumesa surface model which is both locally and globally
smooth. In summary, the algorithm seemsmore suited to estimating depth from aerial photographs than, for
example,industrial ervironments.

4.4 Inria 1991

Based on the ndings of Guelch [10], this work attempts to addressthe problem of obtaining densedepth data
using region basedsimilarity metrics and a number of other constraints [15]. The aim of the work is to obtain as
densea depth map as possiblewith the initial correlation phase,and to ensurethat \no answer" is returned if the

match fails to passa left-right consistencytest. A full depth map is then obtained by interpolating the already
densedata. This work also incorporates implemertation issuesby dewveloping the algorithm to run on parallel

hardware with a simplistic control ow. The concept of locating regions of the image which are consideredworth

matching is also rejected, instead an attempt is made to match the whole image with \in valid" matches being
rejected afterwards in the validation phase. The work discussestwo correlation functions, a Euclidean distance
basedmetric and a Euclidean distance metric normalised by the meanva! ! ! lue of the region. It is suggested
that the extra normalisation providesinvarianceto linear transformations of the image grey-levels. The normalised
form of the Euclidean distance metric usedis showvn in egn 14.4.
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Where X and Y de ne a block location in the left image and D is the disparity parameter. The work discusses
alternativ es for the correlation validation stage and rejects the ideas of thresholding the normalised correlation
scoreand examining the peakin the correlation surface. The left-right consistencyconstraint is usedwhereby the
hypothesesobtained by matching from ead image independerily must reinforce eac other.

45 Otto G.P. and Chau T.K.W. 1989

In cortrast to the areabasedapproachesdiscussedso far, the approac usedhereis to grow the solution outwards
from assumedcorrect seedpoints [26]. The algorithm is basedon Gruens algorithm which usesan approximate
planar model for the world. This model only allows a ne deformation betweensmall regionswithin the two views,
thus assumingthat perspective e ects can be ignored at a regional level. The best match is found by optimising
a set of parameters which minimises the least squareserror between the two views in terms of the luminance
levels. The Otto et al. algorithm usesGruens algorithm by iterativ ely applying it to someinitial solutions within
the images, and then using the results to propagate the solution to neighbouring regions. Although a model for
superimposednoise on top of the image luminance is allowed for, this classof algorithm is clearly only suitable
when the photometric invariance betweenviews can be relied upon.



46 Okutomi M. and Kanade T. 1992

This work [25] addressesthe issuesof window size selection and preseris a statistically sound technique which

minimises the uncertainty in the disparity estimate at ead pixel of the depth map. The authors make the
obsenation that larger matching windows provide better disambiguational ability and lessaccuracy and attempt

to addressthis problem by optimally selectinga window sizein a dynamic fashionasthe matching processproceeds.
This demonstratesthe use of a principled technique for determining an otherwise arbitrary parameter. Although,

in practice, it would seemthat either a hierarchical matching technique or a deformable surfacemodel would have
the samee ect.

5 Summary of Area Based Approac hes

In their most simplistic form, area based approades involve subdividing the whole view into subregionsand
applying a photometric similarity measureto all regions[20]. The aim of this type of algorithm is usually to return
a densedepth map, whereby a depth estimate is made at every pixel within the scene.This approad is generally
only applicable to the classof stereoproblems where the following criteria are satis ed: The lighting sourcemust
ideally be a point sourceat in nit y; the surfacesin the sceneshould ideally be Lambertian; the amount of gural

dissimilarity or distortion betweenthe viewsis small. As is stated in the aims of this work in section ??, in many
situations where stereohas applications, idealised environments and light sourcescannot be assumed.The criteria
developed for assessinghe location accuracy of stereoalgorithms will reveal that local errors can becomelarge in
the absenceof a rotational distortion model.

The problem with using a single depth estimate to describe the depth over a nite subregion of the image s that
this quantisation intro duceslocation errors as described above. Area basedapproacheswhich attempt to address
this problem are often referred to as window shaping techniques [26]. Whilst the eld of application for these
techniquesis still for estimating densedepth maps, the location accuracy which can be achieved is not limited by
block quantisation e ects. Howewer, the reliance on luminance consistencyis, if anything, more important to the
succesof this classof relaxation algorithms.

In general, existing area basedstereotechniques provide data which is locally inaccurate due to the lack of gural
deformation invariance. Additionally, their lack of photometric invariance restricts their useto problems where
grey-level consistencyexists betweenviews, however, if theseconstraints are satis ed they do deliver a more dense
depth map than feature basedapproaches.

6 The Principles of Feature Based Stereo

Many areas of computer vision, such as stereo, object recognition and object tracking exploit a feature based
approach. The de nition of a feature is arbitrary and the only real generalisation which can be made is that
a feature must be in some sensea useful parameterisation of the image. In general, useful features must have
the following properties: uniqueness,repeatability and physical meaning. In the context of stereothe aim of
these properties is to provide unambiguous matcheswith a degreeof noiseimmunity. Since stereovision involves
extracting three dimensional data (3D data) from the scene,the features which are useful in the stereo senseare
features which describe the underlying 3D structure of the scene. In the main, and particularly in man-made
ernvironments, the underlying 3D structure is described by the edgesand by edgeintersections (one de nition of a
corner). For this reasonmuch of the feature basedstereowork involvesthe extraction of edgelsand! ! | corners. In
somecaseghe extracted edgels,which are obtained using something similar to Canny [5], are linked into high-level
data objects called edge-strings,stereo matching then proceedsat the edge-stringlevel.

7 Survey of Feature Based Stereo Algorithms

7.1 Barnard S.T. and Thompson W.B. 1980

The algorithm discussedin this work [4] initially locates\in teresting" points as match primitiv esindependertly in
ead view, where interesting is de ned as those points which have a high value of variance in all four surrounding
directions. In practice, an operator such as the Moravec operator [22] is suggestedas being a suitable candidate
feature detector, although more robust techniques for locating interesting points do exist [14]. The choice of
feature is such asto provide match primitiv eswhich (a) are distinct from neighbouring points, for uniquenessand



(b) remain consistert betweenviews, for identi cation purposes. Having detected matchable primitiv es, a mesh
type data structure is created which describes potential correspondences. The initial likelihood estimate for the
hypothesisedcorrespondenceis obtained by calculating a local similarity metric betweenthe featuresin question.
An iterativ e relaxation technique! ! ! is then applied to the initial likelihoods by applying a local cortinuity
constraint. This technique provides a sparse depth map and is dependert on the repeatability of the feature
detector, however, the technique is applicable to both stereoand temporal matching.

7.2 Pollard S.B. 1985

In his PhD. Thesis[27] Pollard discussesan edgebasedstereoalgorithm called PMF which relies strongly on local
support provided by a disparity gradient constraint. The algorithm detects edge primitiv es (edgels) in the left
and right imagesand in the rst instance de nes compatible matchesas those which are consistert with epipolar
geometry. For ead potential match a \goodness" value Cppo is calculated. It is suggestedthat Cpyo could be
calculated from edgel parameters such as edge orientation and cortrast. It is also suggestedthat Cp,o could be
takenasthe cortrast of the weaker primitiv e in order to bias againstweak edges. The statistical alternativ e for Cppo
might be to directly usea characteristic PDF of the edgel parametersto de ne match compatibilit y [2], although,
in practice, a usable PDF may not be obtainable. Local consistencyis enforcedby calculating a match strength
quantity de ned in egn 14.6, which applies a disparity gradient constraint in a circular neighbourhood certred on
the match hypothesis. The useof the disparity gradient is de ned in cyclopean spaceby eqn 14.5.

hZ + v2

Where h; and h, are the left and right horizontal di erences betweena pair of points when imagedin a parallel

camerageometry and h and v are the horizontal and vertical di erences betweenthe samepair of points when
imagedin a virtual cyclopean space.
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Where N (M0) is the set of matchesin the cyclopean neighbourhood of match M ppe, and S(M ppo; Mjj o) is the
cyclopeanseparation betweenmatch M 0 and match Mj; o. The algorithm alsousesan iterativ e relaxation strategy
to selectthe nal solution setfrom the possiblehypothesesby applying uniqguenessand ordering. The surfacemodel
adopted by this version of PMF allows deformation between views but doesnot attempt to treat edge-stringsas
single ertities.

A later algorithm developed after the original PMF doestreat edge-stringsas single matchable ertities. An edge-
string is obtained by rstly running an edgelextraction algorithm (such as Canny [5]) followed by an edgellinking

phase. The results of this processare setsof list type data structures called edge-strings. Figural support is then

achieved by accurrulating a match along the length of the string to give a string match score. This type of approac

is not only extremely exible but provides perhapsthe most appropriate model for stereo matching in industrial

ernvironments. The model adopted by edge-stringbasedmatching is simply that the world consistsof setsof edges
which are subject to usually minor gural deformations between stereoviews.

7.3 Ohta Y. and Kanade T. 1985

This work usesdynamic programming; rstly at the image raster level and then on the whole imageto nd a
global solution. Imagerecti cation is usedto align epipolar lines with image rasters[24]. The technique usesedgel
primitiv esasthe basic match delimiters and computesa matching cost for a given edgedelimited interval basedon
the combined variance measureof the luminance valueswithin the two intervals. Given that this cost function is
evaluated for all potential interval correspondencesdn all of the scanlines,the problem then becomesone of picking
the best set of interval matcheswhich enforcedboth horizontal and vertical consistency Dynamic programming
provides an optimal solution for this global consistency problem. This work de nes dynamic programming as
follows.

\Dynamic programming solvesan N-stagedecisionprocessasN single-stageprocesses.This reduces
the computational complexity to the logarithm of the original combinatorial one. In order to apply
dynamic programming, however, the original decision processmust satisfy the following two require-
mernts. First, the decisionstagesmust be ordered sothat all of the stageswhoseresults are neededat a



given stage have been processedbefore then. Second,the decision processshould be Markovian: that
is, at any stagethe behaviour of the processdependssolely on the current state and does not depend
on the previous history."

The selectionof an appropriate cost function for the nodesin the dynamic programming array is perhapsthe only
di cult y with this algorithm. The measureusedin this work assumesgrey-level consistencybetween views, this
is deemedappropriate given that the application areais the estimation of depth from aerial photographs.

7.4 Baker H.H. 1982

Baker [2] adopts the samemodel asthat usedby Ohta et el. [24], in that it is assumedthat the sceneconsists
of matchable edgelswhich are aligned with image rasters after image recti cation. Baker usesmany probabilistic
measureswhich are combined into an overall likelihood of a given match hypothesis, this raw likelihood data
is then fed into a dynamic programming algorithm which attempts to solve for a given raster. Global contour
constraints are then applied to enforceinter-raster edgecontinuity, this di ers from the work of Ohta et el., which
additionally usesdynamic programming for inter-raster consistency The raw likelihood data is based on the
static edgeproperties such asthe contrast and orientation of the edgesbeing matched. The probability valuesare
obtained by integrating a unit portion of an obsened characteristic PDF. For example,to calculate the probability
that an edgein the left image, with edgecontrast CL;, correspo! ! | ndsto an edgein the right image, with edge
contrast CR;j, eqn 14.7 is evaluated.
z x+0:5 X 2#
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Probabilities for interval intensity correspondenceare also calculated. The work of Baker is both comprehensie
and statistically well principled, aswell asbeinghighly applicableto the stereoproblem in man-madeernvironments.

7.5 Mclauc hlan P.F. 1990

In generalfeature basedalgorithms are assumedto be more appropriate when the quartit y of featuresis relatively
small. However, Mclaughlan [21] shows that extracted edgelscan be usedfor stereomatching in situations where
a large amount of texture either exists naturally, or has beenimposedarti cially . This algorithm rstly grids up
the left image into rectangular blocks and then by constructing a disparity histogram from the set of hypothetical
matchesderived from all edgelswithin the block. The edgematch criteria are basedon edgeorientation, contrast
and a disparity gradient limit. Sincethe quartit y of edgelswithin a block is necessarilylarge, peaksin the disparity
histogram cortain su cien t data to be statistically represerativ e of the most likely disparity valuesfor the block.
Having establishedthe most likely disparity value for the block, the data around the histogram peak is usedto
hypothesisea plane using a Hough transform techn! ! ! ique. After this stage extensive smoothing processesre
usedto enforcea local surface smoothnessconstraint and a global surface continuity constraint. This algorithm
demonstratesthe use of voting techniquesand the e ectiv e use of edgeldata in highly textured scenes.

8 Summary of Feature Based Approac hes

In many respects feature based algorithms are established as the most robust way to implement stereo vision
algorithms for the classof problems de ned above as being industrial stereoproblems. The advantageso ered by
using featuresare that feature basedrepresernations contain desirablestatistical properties and provide algorithmic
exibilit y to the programmer. The exibilit y being that algorithmic constraints can be applied explicitly to the
data structures rather than implicitly aswith areabasedcorrelation techniques. In particular the useof edge-string
basedrepreserations leadsto algorithms which are aslocally accurate asthe precisionto which the edgescan be
extracted.

Summarising, in comparisonto area basedstereo algorithms, which attempt to provide densedepth data, edge-
string basedstereoalgorithms provide sparserdepth data which is locally more accurate and globally more reliable
for the following reasons. Firstly, edge-string based algorithms do not use a region based planarity model to
describe the world, they instead model the world as consisting of linked edges,a more exible model for \di cult”

stereo problems where the world model must incorporate some gural deformation invariance. Secondly edge-
string basedalgorithms exploit the properties of edgebaseddata, which can be extracted reliably from the scenein



a way which is immune to noiseand invariant to luminance variations betweenviews causedby non-ideal lighting.
Where ideal lighting is something like a point sourceat in nit y.
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