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1 abstract

A pairwise geometric histogram (PGH) encadesthe probability of geometric co-occurrencesbetweenany line and
the set of lines de ning an object. An object therefore has a set of PGHs assaiated with it, one histogram
for eadh line. We describe here the way in which the probability of geometric co-occurrenceis calculated and
entered in the histograms, the di erent ways these histograms can be de ned and the completenessproperties
of the set of histograms in terms of arbitrary shape represertation. We show that this represenation provides
unambiguous shape represertation by demonstrating an inversereconstruction algorithm. We concludethat the
methods suggestedin a previous paper for object recognition and location provide a complete solution to the
problem of recognition of edgebaseddescriptorsfor xed 2D projected views of rigid objects.

2 Intro duction

The use of pairwise geometric histograms (PGH's) have beendemonstrated in the application of robust, general
purpose, xed scaleobject recognition []. This processcan be summerisedas follows:

Edge extraction.

Polygonal approximation.

Construction of pairwise geometric histograms for ead line segmen.
Correlation matching of individual histogramsto a database

Object location using identi ed matchesusing the generalisedHough transform.

The de nition of the geometric histogramsis donein such a way that they contain reliable (probabilistic) informa-
tion on the edgebasedde nition of the original shape; this incorporatesan estimate of the secondorder deformation
such that the method (although working primarily with linearised approximations) will still work with arbitrary
curves. Empirical evidenceof this and other attractiv e properties, such as robustnessto noise, clutter, occlusion
and suitabilit y for implementation on fast hardware has also beendemonstrated.

Like many of the more recert object recognition and location algorithms citeRothwell the quinitessenceof the algo-
rithm involvestrying to represen the multitude of possibleinstancesof appearanceof a given object in a compact
manner. Unlike a ne invariant measures,which generatedata which is invariant to 3D data transformations for
a limited classesf 3D object, pairwise geometric histograms attempt only to eliminate simpler image plane based
variation but in a manner that placesno restriction on the classof 3D object. This is a dimensional reduction
processwhich aimsto remove the unwanted variations in the data due to illumination and posein order to extract
invariant measures.It is well known that in many casesthe processof constructing invariant represenations can
intro duce ambiguities in represenation which a ect the performance of the recognition system [8]. In order for
an invariant represenation of shape not to be a ected by sud ambiguity problems it must have the property of
completeness. |t is the aim of this paper to show that the set of pairwise geometric histograms that describe a
line basedapproximation to an arbitrary curve is complete. This is done by showing that a simple reconstruction
algorithm exists. In sodoing sowe can concludethat the recognition processoutlined aboveis optimal (ie it cannot
result in shape basedambiguities).

3 Histogram Construction

The processof PGH generation is basedupon a line-basedapproximation to the edgedata in the scene. The set
of lines comprising an object are obtained from an edgestring segmemation algorithm which delivers a polygonal
approximation to the edgespresert in an image. Each line is regardedin turn asa referenceline and its geometric
relationship with all other lines in the sceneis computed. The geometric measuresrelating eadt pair of lines are
stored in a histogram as a probability density distribution. In order to compute the probability of a particular
geometric co-occurrence we need a statistical model of the geometric measuremen process. The probabilistic
encaling should therefore be related to the polygonal approximation algorithm.



The segmemation method that we useis a recursive algorithm which approximates an arbitrary string of individual
edgeelemerts (edgels). The algorithm proceedsas follows:

A straight line is drawn betweenthe endpoints of the string.

The perpendicular distance of closestapproacd to the line is calculated for ead point on the string, and the
maximum identi ed.

If the ratio of the maximum perpendicular distance to the length of the original line is greater than an
approximation threshold, , then the string is split at this point, and both parts are reprocessed

This algorithm continuesuntil all string fragments are represenied to an accuracy speci ed by the threshold. The
algorithm is similar to that proposedby Lowe [5] except that the segmemation criterion is basedon a relative
rather than absolute distance measure. The segmeiation algorithm usedis not particularly important, but the
ertries into the histogram must be shaped in a way that re ects the properties of the segmemation process[1].

In order to properly encade the original data in the PGH we needto know the expected distribution of edgel
orientations in the string. On the assumption that the most signi cant variation of the data away from purely
linear behaviour will be secondorder, we can derive a relationship between the segmened line A-C and the
parametersof the circular arc A-B-C. (Figure 8.1).
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Figure 1: Relationship betweenthe segmertted line and the arc

If the approximated edgestring represeried an arc of a circle then the midpoint of the string would have the same
orientation in the image, , asthe approximated line with endpoints of orientation and + where can
be related to the segmemation parameter asfollows.

From Figure 8.1 it can be shown that a=c= (1 coq ))=sin( ), and making the standard approximations to
the trigonometric functions for small anglesgivesa=c=  =2. The de nition of the segmeiation parameter states
that a=2c< ,andthus < 4.

Therefore, to secondorder, the edgeldata will have a uniform probability of distribution of orientations between
upper and lower bounds, with thesebounds being xed by the segmetation parameter

On the basis of this model of shape approximation the appropriate method for making entries in the PGH for
relativ e orientations betweenlinesis in the form of a triangular distribution obtained by convolving the rectangular
expected distributions of orientations found in the approximations to the referenceline and the object line. This
distribution needsto be integrated betweenthe upper and lower limits of any bin in the PGH in order to compute
the weighting vector, Ac, for eac ertry.

Although curvesare not entered directly with this method, an approximation to them is entered, with this entry
encaling the possibledeviation of the approximation from the actual scenedata

The source of correlation between small variations in object line rotation and the estimation of perpendicular
distanceis shown in Figure 8.2. Provided that the perpendicular distanceis encaded on a scalewhich is not a ected
by small (typical) rotations in the referenceline, correlated e ects betweenthe estimation of the perpendicular
distance and the relative orientation are not obsenable in the PGH and therefore do not needto be modelled.
This scaling is achieved by convolving the entries into the PGH with a function which has a scalesimilar to the
maximum expected correlation. Any function could be used which results in a correlation function whose tails
are symmetrical about their midpoint, but we choosethe form of this function to be a top hat, for the easeof
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Figure 2: E ect of small angle variations on perpendicular distance

computation of the resulting trap ezoid. This symmetry is required to give the represenation invariance to line
fragmentation.

The total weighting function required to make entries into the PGH for a particular referenceand object line pair
W, is given by the outer product of the angle probability distribution, Ac, and the trap ezoidal perpendicular
distance probability distribution, L, multiplied by the length of both lines.

Wio = jlrjilojle Ac

The sum of entries is proportional to the line lengths to give equal signi cance to lines at any relative angle (o)
and to accourt for possiblefragmentation (I;).
Construction of the full histogram is then achieved by summing these componerts for all lines in the scene.

X
W, = Wi o

A typical histogram is shown in Figure 8.3.

Figure 3: A typical pairwise geometric histogram

The segmemation algorithm adopted here is especially suited to a simple computation of the probability of ge-
ometric co-occurrences. Comparison of these histograms to determine the best match is then achieved using a
nite approximation to the Bhattacharya distance measureL g, which is the appropriate way of comparing PDFs
[Appendix A]. X X p D
Lg = Wi(d; ) Wa(d; )

d

This hasbeenshaown to have good discrimination properties on data from imagescontaining occlusion clutter and
line fragmentation [1].



4 Constructing Alternativ e Representations

Having established the method for generating the geometric co-occurrence probabilities it is now necessaryto
describe someof the alternativ e de nitions of measuremen axesfor the whole PGH. The information we wish to
encde is the relative angle and range of perpendicular distance betweenany two lines in the object. There are
seweral ways of doing this depending on the information that we wish to use. The possible sourcesof information
are:

Angular handednessof relative orientation (clockwise/anti-clo ckwise)

Direction to intersection of lines.

Edge contrast orientation.
A subsetof the resulting range of possiblehistogramsis shown in Figure 8.4. In this, eat small rectangle de nes
a region of area dmax - If someof the information is ignored the area of the histogram is reduced and the data

are combined in the smaller area in the manner shonvn by the directions of the coordinate axes. Wrap around
directions are shown at the edgesof the plot.
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Figure 4: The family of pairwise histograms

Figure 8.4(i) showvsthe most generalform of histogram, from which all the other typescanbederived. The reference
line is assignedan arbitrary direction, and the object line is assumedto be directed away from the intersection of
extensionsto the object and referencelines. From this information the relative angle and perpendicular distance
are calculated. If the assumeddirection of the object line agreeswith the direction indicated by the contrast
information, the entry is placedin the rst or third columns of the histogram, otherwise in the secondor fourth
columns. If the direction to the intersection for the referenceline agreeswith the arbitrarily assigneddirection,
the entry is placedin the rst or secondcolumns of the plot, and otherwisein the third or fourth columns. Thus
there are two alternativ esfor the constructed histogram depending on the initial choice of arbitrary direction.

If the assigneddirection of the referenceline is ignored then the histogram area is halved and we obtain Fig-
ure 8.4(ii). This still makesuse of the edgecontrast information, which is generally unreliable in practical situa-
tions. If the edgecontrast information is ignored instead, we obtain Figure 8.4(iii) and if both edgecortrast and
assigneddirection information are ignored we obtain Figure 8.4(iv).

If the edge contrast information is ignored and the assigneddirection rather than the intersection direction of
the referenceline is usedto calculate the angle and distance measures,we obtain Figure 8.4(v). An important



di erence betweenthis type of histogram and type iv in the important fact that all object lines lying to one side
of the referenceline will be entered in the histogram on the sameside of the angle axis.

Finally, if weignorethe handednes®f the relative angleand the edgecortrast information, we obtain Figures 8.4(vi)
and (vii), using and ignoring the assigneddirection respectively.

| type ]| scale] rotation [ translation | extension | mirror | contrast ||

() No Yes Yes Yes No No

(i) No Yes Yes Yes No No

(iii) No Yes Yes Yes No Yes
(iv) No Yes Yes Yes No Yes
(V) No Yes Yes Yes No Yes
(vi) No Yes Yes Yes Yes Yes
(vii) No Yes Yes Yes Yes Yes

Table 1: Invariance properties of the various histogram types

Given a random population of data in these plots for arbitrary objects we would expect the disambiguational
ability of eadh of these alternativ esto increasewith total histogram area. However, as mertioned above, absolute
line orientation obtained from edge contrast information is not reliable in most practical applications, therefore
the most useful represenation must be consideredto be typeiii. In the next sectionwe will develop a theoretical
argumert regarding the completenessof this represeration.

5 Representational Completeness

Work has already beenpublished regarding the smooth variation in PGH with contin uous shape deformation and
the resulting gradual changein similarity measure [2]. Work hasalsobeenpreseried demonstrating the robustness
of the schemeto missing data and added noise [3]. However, for the recognition systemto be fully quantied we
needto assessts discriminabilit y.

Oneapproach would beto test the performanceof the systemon a set of standard test objects. This isimportant for
systemdemonstration but is not usefulfor quantitativ eanalysis. A better approach would beto developa prediction
of performancebasedon a theoretical evaluation of the algorithm which may then be usedto predict the expected
performance of the recognition system for arbitrary data sets. The statistical basis of the PGH represenation
makesthe possibility of such an evaluation much more likely than with other, more ad-hoc recognition systems.

Currently we can show that use of the Bhattacharya similarity measurewill result in optimal recognition per-
formance for individual histograms, but as these histograms are constructed with invariance properties there will
inevitably be somecaseswhere di erent objects could give rise to similar histograms, leading to ambiguity. How-
ever, recognition schemesbasedon data combination in a neural network [7] or a Hough transform [1] make use
of the complete set of pairwise histograms. If we could show that the set of histograms uniquely de nes an object
this would meanthat the represenation schemeis complete and it may then be possibleto show that recognition
is optimal. One way to do this is to shaw that an inversetransformation processexists which will reconstruct the
original data, in this casethe line baseddescription of the object. This processis possiblewith someof the forms
of PGH described above, but in order to explain the processsomeproperties of the PGH needto be discussed.

Someof the typesof PGH for an individual line can be consideredas a projection along the direction of the line
through the area of the object onto a projection axis (the perpendicular distance axis). This is only true for the
histogramsshown in Figure 8.4(i),(ii),(iii) and (iv) asthe construction processegor the other histogramssometimes
place data on the opposite side of the projection axis due to the lack of knowledge regarding absolute orientation

of the referenceline. The histogram construction processensuresthat processesud asthe accurrulation of the
cortents of a particular distance bin for all angle bins (i.e. accumnulation along a line in the histogram that is
parallel to the angle axis) will produce valueswhich can be regarded as edge densities. Thus, if the histogram
includesertries for all the linesin the object, the mean of theseedgedensitiescorrespondsto the projection of the
certroid of the original data onto the distance axis, as shown in Figure 8.5.

If the data are accurrulated along a line parallel to the distance axis instead, a 1D histogram is obtained which is
completely scaleinvariant (the original form of PGH [7]). If the histogram again includes entries for all the lines
in the object, this projection of the PGH must be identical for ead line in the object but for a shift of origin.
The relative orientation betweenlines in the object can thus be determined by determining the shift in the angle
projection histograms.
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Figure 5: Calculation of the certroid location by accurrulation along the angle axis

6 Reconstruction Algorithm

We now have enough information with which to describe a reconstruction algorithm. Each histogram cortains
information regarding the integrated density of edgesthrough the region of the object along a direction in the
original image speci ed by the referenceline. Each projection can be aligned with the certroid of the object using
the distance projection histogram and oriented relative to others using the angle projection histogram. Thus the
set of pairwise histograms provides a complete set of projections through the object analogousto a 2D image
reconstruction processsud as is commonly found in medical image processingapplications. In the examples
shown below we have usedthe exact values of orientation and certroid which are stored when the histograms are
constructed. This hasbeendonefor speed,and doesnot invalidate the technique, asthe matching and segmetation

processeslso have accesso and usethis data. Thus no data is being usedwhich is not used by the recognition
scheme. Similar but slightly lesswell de ned results are obtained if the calculated valuesare used.

Many schemeshave been described for reconstruction of imagesfrom projections, but most require the data to
be of a particular nature, or are extremely computationally intensive [4]. The processrequires the construction
of a large set of linear equations for the known projections in terms of the unknown localised densities (pixels).
Least-squaresmethods are clearly applicable and could be used to estimate the density of data in the image.
For the set of n geometric histograms havin m distance bins, this implies that we have nm constraint equations.
However, the situation is much better than this asa zeroprojection value can specify a whole set of edgedensities
aswill be described below.

As image plane pixels cannot cortain a negative number of edgels,if a projection total is zero then all image
plane pixels that sudh a projection includes must have contained zero edgels. This can be used as the basisof a
reconstruction algorithm when reconstructing an image with pixels whoseside length is lessthan half the size of
the projections, sothat evenin the worst casé a contiguous stream of pixels will remain, as shown in Figure 8.6.
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Figure 6: Elimination of half-size pixels

The reconstruction is performed by eliminating those pixels in the reconstruction plane that could not have con-
tained an edgelin the image plane. The data for lines lying within a small range of absolute anglesis generally
sparse,so reconstruction is performed with this data. Full reconstruction is performed by simple addition of the
results of reconstructionsfor a complete set of small angleranges. In this caseit is natural to usethe extents of the
angle bins from a particular histogram as the angle ranges. The data for these processess obtained by selecting
an angle bin-distance bin entry from a type (v) histogram?.

An example of a reconstruction is shovn below. Figure 8.7 shows the line data that producedthe histograms used

1A vertical or horizontal non-zero projection between two zero projections.
2This type of histogram is easily constructed from types (i), (i) and (iii).



for the reconstruction, i.e. the image that should be reconstructed®.

Figure 7: The original line data usedto construct the histograms, with the certroid indicated by a dot

As the relativ e orientations of the referencelines of the histograms are already known, they may be usedto linearly
interpolate the corresponding angle bins in other histograms, so as to include all the anglesin the range being
considered, but possibly also including other angles. This allows projections for lines with the same range of

absolute orientations, but with the projections parallel to eat histogram's referenceline. Thusthe rst histogram
will give bands acrossthe reconstruction plane as shown in Figure 8.8.

Figure 8: The reconstruction of a single angle range, using a single histogram

Subsequen histograms will crop this band as shown in Figure 8.9. Theseadditional histogramswill also eliminate
points left in the reconstructed image due to erroneouslyincluded anglesintroduced in the interpolation process.

The limits parallel to ead line will be well de ned, asthere will a projection from a histogram having the line as
its reference.

Finally, the results from the set of angle ranges are combined to give a complete reconstruction, as showvn in
Figure 8.10. This estimate of pixel location may be re ned further by least squaressolution of the remaining
constraint equations but this has not beenattempted here. Figure 8.11 showns how the results changefor coarser
resolutions such as those typically used during recognition. In this casethere are some pixels which have not
been eliminated so that the image provides a superset of the correct pixels. The algorithm illustrates that even
at relatively coarsehistogram resolutions most of the shape information remains*. The reconstruction gives an
indication of the degreeof allowable object deformation that the recognition algorithm will tollerate.

SHistogram size is 200 32 with 1 distance-bin blurring, and = 0.03 radians.
4Histogram size is 64 32 with 1 distance-bin blurring, and = 0.03 radians.



Figure 9: The reconstruction of a single angle range using all the histograms

Figure 10: Combination of all the angle rangesto give the full reconstruction

Figure 11: Coarseresolution reconstruction processresults

7 Discussion and Conclusions

This paper has described the method of generation and properties of a new form of shape represenation: the
Pairwise Geometric Histogram (PGH). This represeration explicitly encades many image plane invariancesin a
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represenation suitable for describing arbitrary shape. The processof entering probability density distributions in
a histogram incorporates a model of both the segmemation processand the processerror in the represerational
scheme. This makesthe subsequen recognition schemevery robust to both of thesefactors.

Reconstruction ability indicates that the set of histograms is a unique and complete represeration of the image
data. This must be a requiremert of any represenational schemethat is to discriminate betweensetsof arbitrary
shapes. In practical use,the PGHs aretypically 32 32in size,resulting in a relaxation of the geometricconstraints.
Even so, the multiple redundancy of the data results in the retention of almost all saliert edgeinformation. If this
histogram "blurring" is arti cially increased,then this schemeis e ectiv ely able to represen deformable shapesas
well asrigid ones. This appearsin the reconstruction processas a thickening of the edges.

A recognition system which makes use of the set of geometric histograms in the appropriate manner can be
consideredas an algorithmic approximation to blurred edgetemplate matching with edgeorientation sensitivity.
To date we have identied two separate ways of combining the recognition of a set of histograms into a single
recognition processthe rst is by setclassi cation using a hierarchal neural network [7] which provided only scene
cortent information and the secondby use of the generalisedhough transform [3] which provided object location.
We are currently extending this later method to use a version of the probabilistic hough transform to improve
robustnessand allow the recognition of scaledobjects. This work will be the subject of future papers.

We have showvn that PGHs are a complete, unique and robust scheme for represerting arbitrary shapesin terms
of their edgeinformation. Their behaviour under object deformation makesthem ideal candidatesfor forming the
basisof a view basedrecognition system.

App endix A. A similarit y metric for frequency coded distributions.
The standard maximum likelihood statistic for comparing two frequency distributions S, and Sy, is given by

2 X 2
= (Sia Sib)“=(Sia + Sib)

Each frequency measurewill be distributed as a Poissonwhich in the limit of large numbers will approximate
Gaussiandistributions with variance S;.

For small variancesthe chi-squared statistic can be approximated in any alternative spacefor which there is a
smooth contin uous mapping function F(S).

2. X (f(Sa) f(Sn)?
i (—@@ﬂsi;a))zsia + (—@@(gsi;b))zsib

In the special caseof f (S) = P S we obtain the Matusta distance measure.

Xp__ p

Siv)?

Mappedto this spaceall probability valueshave the samevariance, the spacehasthus beenlinearised. Notice also
that the possiblein nities in the original de nition are now nite.

We argue that in this spacelarge scaledi erences between the two distributions are more meaningful than the
original 2 de nition. In the limit of probability distributions

giving the Bhattacharyya distance measureas the similarity function. The cornvertional use of this measureis as
an upper bound on the Bayeserror for a two classassignmen problem. Instead, we suggestthe useof this measure
not as a estimate of separability but as an absolute measureof similarit y.
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