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1 Abstract

Representation of arbitrary shape for purposesof visual recognition is an unsolved problem. The task of represen-
tation is intimately constrainedby the recognition processand onecannot be solved without somesolution for the
other. We have already done somework on the useof an associative neural network system for hierarchal pattern
recognition of the sort that may be ultimately useful for generic object recognition. The conclusionsfrom this
work were that

� Networks can be constructed which are robust to noisy and missing data.

� The input to the network should preferably be signi�cance measuresof homogenousfeatures.

� The required invariance properties must be explicit in the form of input representation.

We restrict here the recognition task to pre-segmented rigid bodies in the hope that a solution for this casewill
suggestways of solving the more general case. Areas which are relevant to the extension of this work will be
identi�ed where possible.

2 In varian t Represen tations.

The main idea behind generating invariant representations of shape is to obtain a compact set of descriptions
su�cien t to describe all relevant views of an object. It should also be consideredas a way of building principled
generalisationmechanismsinto learning systems. Therefore, a representation which is not compact but givesgood
generalisationproperties for a trained system would still be considereduseful. The invariance properties that we
believe to be important for generalvision are translation, rotation and scale. This would prevent a learning system
from having to discover all of the various manifestations of a rigid object in its vision module. This argument will
be valid even for arbitrary occluding boundaries when there may be no true 3D invariance to rotation except in
the image plane.

There are caveats to these invariance requirements which make the solution of this problem non-trivial. The �rst
of these is descriptive power, the representation must have su�cien t descriptive power to allow discrimination
betweenall dissimilar objects, theoretically up to the di�erences due to the required invariance properties. If we
�nd that such a representation cannot be constructed this doesnot mean that representational object recognition
is impossible. An alternativ e method would be to generateseveral representations with the required invariance
properties and combine them in a composite systemwhich is capableof the discrimination task (in much the same
way that we believe the brain actually solvesthis problem). This approach we will leave for the time being while
we concentrate on the performanceof the fundamental zeroth order system. The representation must be onewhich
can be applied to arbitrary shapesif it is to be considereda useful step towards the goal of genericvision. Finally,
the representation needsto be robust to the typesof noiseexpected from the input vision data. For most machine
vision systemswe are referring here to missing data fragmented representations and extraneousdata from other
objects.

But what do we use as our sourceof data? We could try using the grey level image directly, but remember we
wish to construct homogenousrepresentations which are measuresof evidencefor the existenceof an object, a
grey level image does not have this property. Clearly we should use features we can reconstruct at all rotations
translations and scale. A good representation is expectedto be onebasedon local shape, non-local representations
are not robust to addition and lossof data. A sensiblechoice is oriented line segments, for several reasons.Lines
are reasonablyinvariant to object rotation, they are reliably reconstructedat the sameposition and with the same
relative orientation to the object regardlessof the absolute rotation of the object and details of illumination. This
fact is borne out by the successof feature basedstereo matching algorithms. Secondly, our own visual system is
thought to generateoriented line segments as a fundamental part of image preprocessing,and thirdly (somewhat
conveniently) this is what our computer vision system delivers. We make a distinction here between 2D data
obtained directly from individual imagesand 3D data obtained from a stereovision system. The latter will clearly
have complete invariance to 3D rotation for particular groups of features describing one aspect, while the former
although only coping with rotations in the image plane is perhapscloser to human visual recognition.

A variety of di�eren t algorithms have beendeveloped to perform 2-dimensionalobject recognition, utilizing many
di�eren t types of features and matching methods. For the purpose of this report it has not been practical to
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consider them all in detail but it is hoped that the selection which follows in this section conveys all of the
important principles usedand that any other algorithms are simply variations on a theme.

3 Blo ck Matc hing

In block matching schemesthe occurrenceof an object within a sceneis identi�ed by correlating a template image
of the object with the given sceneimage and looking for a signi�can t peak. One possiblecorrelation function is
de�ned in equation 7.1 below.

c(x; y) =
N � 1X

j =0

N � 1X

i =0

[t(i; j ) � s(x + i; y + j )]2 (1)

If a grey level instance of an object is used to form the template then it can be correlated with the sceneimage
directly but the match will be sensitive to variations in lighting. This matching sensitivity can be avoided by
forming templates from silhouetted instancesof objects and correlating thesewith binary threshold imagesalthough
in practise this only transfers the lighting variation problem to the thresholding stage. A more principled method
to improve the robustnessof block matching to lighting variation is to correlate edgeenhancedobject templates
with edgeenhancedsceneimages.

Block matching has no inherent invariancecharacteristics. To recogniseobjects of di�eren t scalesand orientations
a di�eren t template is required for each instance, whilst the problem of positional variabilit y is avoided by the
virtue that the correlation function is applied acrossthe whole image. Another feature of the correlation function
is its robustnessto small levels of random noise. This robustnessprovides sometolerance when matching with
noisy sceneimages.

4 Shape Skeletons

The skeleton of a binary shape is obtained by repeatedly thinning until it becomesa unit pixel width network, see
�gure 7.1.

A
Figure 1: A binary shape and its skeleton

The philosophy behind the skeletonapproach to object recognition is that most of the information about a particular
shape is contained within its topology. Consider the caseof hand-drawn characters where the character is not
identi�ed by the thickness of the pen strokes but by the interconnection of the strokes. Object recognition is
achieved using shape skeletons by extracting shape topologies from an image and �nding a match between this
and any of the set of training set topologies.

Thinning strategies generally work on the principle of stripping away successive layers of shape boundary points
on the condition that the removal of a point doesnot changethe connectednessof the shape. When all allowable
points have been removed the shape skeleton is left. An e�cien t thinning algorithm is presented by Xia [16]. In
this schemethe shape to be thinned is imagined to be an area of grassand the boundary of this area is set alight.
As the �re propagatesacrossthe grass,�re-fron ts begin to meet and the �re at thesepoints becomesextinguished.
This set of points de�nes the shapesskeleton.
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Topological networks possesall of the invariant properties required of a general vision system although for most
applications a purely topological description is too ambiguous and somestructural constraints have to be added.
Thesestructural constraints may well compromisethe invariance properties of the description.

Thinning algorithms are fairly robust to random noisealthough in its presencemay produceshorts spurs,but these
can be removed from the skeleton. By their nature, thinning algorithms are sensitive to occlusion (to a thinning
algorithm an occludedshape looks like a di�eren t shape with di�eren t topology) and in generalrecognition schemes
basedon skeletonscannot cope with occluded schemes.

5 Momen t In varian ts

The useof moments asinvariant binary shaperepresentations was�rst proposedby Hu in 1961[10]. Hu successfully
usedthis technique to classify handwritten characters.

The regular moment of a shape in an M by N binary image is de�ned as:

upq =
N � 1X

j =0

N � 1X

i =0

i p j qf (i; j ) (2)

Where f (x; y) is the intensity of the pixel (either 1 or 0) at the coordinates (x; y) and p+ q is said to be the order
of the moment.

Becausethe calculation is a function of the distance betweenshape pixels and the origin measurements are taken
relative to the shapes centroid (x0; y0) to remove translational variabilit y. The coordinates of the centroid are
determined using the equation above:

i =
u10

u00
and j =

u01

u00
(3)

Relative moments are then calculated using the equation for central moments which is de�ned as:

upq =
N � 1X

j =0

N � 1X

i =0

(i � i )p(j � j )qf (i; j ) (4)

Individual moments valuesdo not have the descriptive power to uniquely represent arbitrary shapes,nor do they
possesthe required invariance characteristics, but, sets of functions basedon these moments can be determined
which do. Hu derived a set of seven rotational invariant moment functions which form a suitable shape represen-
tation (or vector).

M 1 = (u20 + u02) (5)

M 2 = (u20 � u02)2 + 4u2
11 (6)

M 3 = (u30 � 3u12)2 + (3u21 � u30)2 (7)

M 4 = (u30 + u12)2 + (u21 + u03)2 (8)

M 5 = (u30 � 3u12)(u30 + u12)
�
(u30 + u12)2 � 3(u21 + u03)2�

+ (3u21 � u03)(u21 + u03)
�
3(u30 + u12)2 � (u21 + u03)2�

(9)

M 6 = (u20 � u02)
�
(u30 + u12)2 � (u21 + u03)2�

+ 4u11(u30 + 3u12)(u21 + u03) (10)
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M 7 = (3u21 � u03)(u30 + u12)
�
(u30 + u12)2 � 3(u21 + u03)2�

� (u30 � 3u12)(u21 + u03)
�
3(u30 + u12)2 � (u21 + u03)2�

(11)

Classi�cation is achieved by matching a shape vector extracted from an image with previously encountered shape
vectors from the training set. The shape representation can be improved to exhibit scaleinvariance by a process
of normalization.

The moments describedabovecanbe calculated either from a segmented binary imageor from a shapes'sboundary.
Jiang and Bunke [11] show that the two di�eren t calculations are mathematically equivalent although Dudani et
al [8] suggestthat the binary image calculation is lesssusceptibleto noise.

Moment invariants do not inherently possesstranslational invariance and this variabilit y is removed by centering
the coordinate system on a shapes centroid. Unfortunately , moment calculations are sensitive to the position of
a shapescentroid and attempts to determine this are marred by random noise,poor segmentation and occlusion.
Hence,moment invariant schemesare not robust to thesetypesof problem.

6 Log-P olar Mapping

An invariant shape representation can be formed using the log-polar mapping. This scheme maps points in the
image spaceto points in the log-polar parameter space. Consider a point z in the image spacewhere z = x + yj .
The log-polar mapping will map to a point w in the parameter space,where:

w = ln(z) (12)

w = ln(jzj) + j � z (13)

The invariant nature of the mapping arisesbecausechangesin scaleand orientation in the imagespaceare mapped
to translations in the parameter space.The mapping of scaleto translation can easily be demonstrated using the
one dimensional case:

a b ca cb

log(b)+log(c)log(a)+log(c)log(a) log(b)

I I

I I

Figure 2: Featureswhen scaledin the image spacebecometranslated in the log space

In the �gure above, the featuresa and b which are scaledby a factor c in image spaceare shifted by a factor ln(c)
in parameter space.

Although strictly speaking the log-polar mapping doesnot intro duce scaleand rotation invariance, by simplifying
these modes of variation to translation the invariance can more easily be achieved. Both Wechsler et al [15] and
Rak et al [12] take the Fourier Transform of the log-polar spaceand use its magnitude as an invariant measure.
This works becausethe magnitude of the Fourier Transform is invariant to translation.

Becausethe representation is not intrinsically translation invariant the shape being analyzed�rst has to be moved
to the centre of view. This is achieved in the literature by determining the centroid of the shape and moving
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the origin to that point. Wechsler et al identify the problem that small variations in located centroid result in
dramatic variations in the resulting log-polar representation. Unfortunately , random noiseand occlusion produce
such variations.

Another problem with the log-polar mapping is that becauseof the singularity at log(0), objects lying on the
origin in practice tend to becomestretched rather than translated as they rotate and scale. Rak et al attempt to
avoid this problem by using edgeenhancedimagesand hoping that no edgeslie on the origin. Wechsler et al edge
enhancethe image after the log-polar mapping which has a similar e�ect.

The nature of the mapping is that many samplesare taken at the centre of the image where the radial lines are
closer together but the resolution falls o� moving out from the centre. This has two consequences.Firstly the
method is really only suitable for objects which are signi�can tly smaller than the image sizeso that the resolution
of the representation is su�cien tly high. Secondly, becauseoutlying objects have only a minor e�ect on the
representation becauseof the low sampling, the object under analysisdoesnot have to be segmented out from the
image (providing that it can be centered correctly).

7 Geometric Shape Descriptors

Given an arbitrary shape, either in the form of a silhouette or a boundary, there are a variety of simple geometric
measureswhich can be used to construct a representation for that shape. Examples of such measuresinclude
width, height, perimeter, area and so on. The shape descriptor is constructed by concatenating a predetermined
number of these measuresto from a feature vector. Object recognition is achieved by comparing training set
feature vectors with feature vectors extracted from a scene.

Before any measurements can be taken the shape under analysis must be located. This removesany translational
variabilit y but requires a suitable segmentation scheme. Other invariance properties depend upon the types of
measurements used to construct the feature vector, for example perimeter and area measurements are invariant
to rotation, ratios of widths or lengths are invariant to scale. In general, however, a suitably descriptive feature
vector which is constructed from a number of di�eren t measureswill not possessany invariance as a whole and
scenevariabilit y must be dealt with by normalization and shape alignment techniques. Unfortunately , the need
for reliable normalization and alignment considerably weakensthe method's robustnessto noiseand occlusion.

Strachan et al [14] use a simple geometric shape descriptor to automatically classify di�eren t �sh species. Their
descriptor consistsof eleven length measurements taken from �sh pro�les, seeFigure 7.3 below.

Figure 3: A simple geometricshape descriptor for classifying �sh speciesconsisting of eleven length measurements

Thesemeasuresare the �shes total length, its total width and nine other widths taken at equal spacingsalong it
length. Invariance was achieved in this scheme by scaling the �shes area to units and aligning its principle axis
along the x-axis. Using this technique a 90

8 Boundary Pro�les

To simplify the matching processshape boundariescan be extracted from the two dimensional image domain can
described as a one dimensional boundary pro�le [6].
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8.1 (r; � ) Plots

One possible pro�le is obtained by describing a boundary in polar coordinates relative to its centroid. Each
point along the boundary is de�ned by its distance from the centroid, r , and its angular displacement around the
boundary from somearbitrary reference,� .

r( )q

r( )q

2p

q

q
p0

Figure 4: A two dimensional shape and its (r; � ) plot

Recognition is simply achieved by matching model pro�les from the training set with boundary pro�les extracted
from a scene.If the objects within the scenecan be at arbitrary orientations then their pro�les will be arbitrarily
shifted along the theta axis relative to the model pro�les. Matching these objects is achieved by sliding their
pro�les along the model pro�les and �nding a signi�can t �t.

A particular problem with the (r; � ) plot is that for all but the most simple shapes,the pro�le becomesmultiv alued,
that is, for somevaluesof theta their may exist a number of di�eren t values of r. This meansthat the pro�le is
no longer onedimensional and the matching oneagain becomesa two dimensional problem. It has beensuggested
that multiple r valuescan be avoided by discarding all but either the smallest or the largest r valuesat each value
of but this signi�can tly reducesthe descriptive power of the representation and leadsto ambiguities.

Like all representations which rely on centroid measurements (r; � ) plots becomeglobally distorted in the presence
of occlusion and matching the pro�le to its corresponding model becomesimpossible.

8.2 (s;  ) Plots

The (s;  ) plot is an alternativ e boundary pro�le which is not multiv alued and distorts locally in the presenceof
occlusion so that matching can still be achieved. The plot is started at any arbitrary position along the boundary
and the tangential orientation of each boundary point,  , is plotted against the distance travelled along the
boundary, s.

s
j

j

s
P

p

p/2

-p/2

-p

0

Figure 5: A two dimensional shape and its (s;  ) plot. P is the perimeter of the boundary

The e�ect of occlusion on an (s;  ) pro�le is to insert boundary information associated with the occluding object
into the original pro�le at the point wherethe occlusionbeginswhilst leaving the pro�le either sideof the occlusion
untouched. This is demonstrated in �gure 7.6.

Recognition can now be achieved in the presenceof occlusion by matching sections of the model pro�les with
sectionsof the occluded object pro�les.

7



j

s
P

p

p/2

-p/2

-p

0

Figure 6: The squaresection occluding the cirlcle is shown as a dotted line. Note that the plot of the unoccluded
section of the circle either side of the squaresection has not beendistorted

A signi�can t problem with the (s;  ) pro�le is accurately determining the distance travelled along the boundary
as this measureis sensitive to the way the boundary is quantised in the scene.

Neither of the pro�les consideredabove intrinsically provide scaleinvariancebut this can be achieved, to a degree,
by normalization. For the (r; � ) plot, the valuesof r are not scaleinvariant but can be normalized to the maximum
value of r encountered. For the (s;  ) plot, the arc length s is not scale invariant but this can be normalized to
the total arc length, the perimeter, P. Shape representations based on boundaries are robust to random noise
and lighting variation (becauseedgedetectors are robust to these types of noise) but su�er from the boundary
segmentation problem discussedearlier.

9 Fourier Descriptors

The use of Fourier Descriptors as a representation for closed curves was �rst suggestedby Cosgri� in 1960 [4].
Initially a curve is plotted as tangential orientation against arc length (as described in the last sectionon boundary
pro�les). The resulting one dimensional boundary pro�le is then normalized to a length of 2 and then expanded
as a Fourier Seriesusing the Fourier expansion:

cn =
1
N

NX

s=0

	( s)e� j 2� ns (14)

The boundary is now uniquely represented by the in�nite seriesof Fourier coe�cien ts, cn. The lower order terms
of this seriesdescribe the macroscopicbehavior of the boundary curve while the higher order terms describe the
curves detailed microscopic behavior. In practice this seriescan be truncated to give a �nite shape descriptor
whilst still retaining su�cien t descriptive power. Zahn et al [12] successfullyusethe �rst ten Fourier coe�cien ts to
represent hand-written numerals. Recognition is achievedby �nding matchesbetweenFourier descriptorsextracted
from scenesand training set descriptors.

Like boundary pro�les, Fourier descriptors do not possesstranslational invariance and the respective shapesneed
to be located by segmentation. Although scaleinvariance is inherent in the representation it only arisesbecauseof
the necessity to normalize the boundary length and is not an intrinsic property of the boundary. Fourier descriptors
do, however, possessrotational invariance.

A signi�can t problem with Fourier descriptors is that each Fourier coe�cien t is calculated from, and therefore
sensitive to, every boundary point. The result is that the representations behavesvery poorly in the presenceof
occlusion or any distortion of the boundary. Fortunately, boundary edgedetection is robust in the presenceof
random noiseand lighting variation.

10 Activ e Shape Mo dels

Cootes et al [5] present an active shape representation basedon a point distribution model. The term 'activ e' is
usedas the representation incorporates information about how the shape was seento deform in the training set.

The point distribution model de�nes a two dimensionalshape as a set of labelled points along its boundary or any
other signi�can t edgefeatures. The points are de�ned by their mean positions plus the main modes of variation
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which describe how the points move away from their meansas the shape deforms.

5 10

15

16

2126

31

0

Figure 7: The point distribution model of a resistor de�ned by 32 points

Recognition is achieved by �rst estimating the poseand scaleof an object within a scene,positioning the point
distribution model accordingly and then adjusting the model points until they best �t the underlying scene.If the
�t can be re�ned until it is su�cien tly closethen the object hasbeendetected. By constraining the adjustments of
the model points to the modesof variation encountered in the training set the best �t is found without deforming
the shape beyond a degreethat might be expected.

After the shape model hasbeenpositioned over the scene,adjustments are determined for each point by looking for
and then moving towards the strongestedgealong the boundary normal at each point. After the set of adjustments
has been determined they are resolved into a global poseand scaleadjustment plus residual point adjustments
which result in the shape being deformed. It is this deformation which is constrained by the modes of variation
encountered in the training set. The processis repeated until no signi�can t changesoccur.

If the initial poseand scaleestimate is weak then points may be attracted to edgesof outlying objects within the
sceneand the initial guesswill not be re�ned. An attempt to rectify this has been proposedwhere rather than
moving model points towards the strongest edgealong the boundary normal, the points are moved towards edges
which exhibit intensity pro�les similar to those found in the test data. To achieve this the representation must
incorporate the edgeintensity pro�les encountered at each point in the training set.

X

dX

A

B

(b)(a)

Figure 8: Point X is associated with the edgeintensity pro�le shown in (a). (b) shows the edgeintensity pro�le
along the normal to the boundary at point X in a real scene. Traditionally X would have moved in the wrong
direction to the closerand stronger edgeat A but instead usesthe intensity pro�le to seethat the correct edgeis
infact B

The use of active shape models in object recognition is severely limited by the necessity to initially estimate the
poseand scaleof objects within a sceneaccurately. If this can be done then the recognition problem has already
beensolved. Despite this lack of invariance, active snake models do perform very well in the presenceof random
noise, lighting variation and occlusion becauseof the global constraints. The schemecan be used to hypothesize
whether objects are present at a given location within a sceneand to re�ne the poseand scaleestimatesif they are
present. Consider the inspection of a complex assembly. If the assembly can be aligned at a known position within
the scene,this scheme can be used to look for the di�eren t components of the assembly in order to determine
whether they are in place and correctly oriented.
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11 The Hough Transform

The Hough Transform was �rst devisedin 1962as a meansof detecting the paths of high energy particles [9]. It
has sinceevolved and has beenapplied to many di�eren t image processingapplications.

The Hough Transform technique works by transforming complex patterns of pixels in the image domain into
compact features in a chosenparameter space. The transformation operates such that many points in the image
spacemap to single points in the parameter space. This meansthat searching for complex patterns of pixels is
simpli�ed by working in the parameter spaceand that the technique is robust to somelossof data due to occlusion
and other sourcesof noise.

11.1 The Straigh t Line Hough Transform

Any line in an imagecan be described by the slope-intercept equation and appearsasa singlepoint in (m; c) space:

y = mx + c (15)

By transforming from image spaceto (m; c) spacethe problem of line detection is simpli�ed to a problem of point
detection. In practise the transformation has to be applied to each individual point in the image which transform
into lines in the parameter space,however, collinear points in the imagemap to intersecting lines in the parameter
space. If votes are accumulated for points plotted in the parameter spacethen the intersection will be seenas a
point of local maxima. It follows that lines in the image are found by searching for points of local maxima in the
parameter space.

A modi�cation has to be made to this technique to cope with vertical or near vertical lines for which the size of
the parameter spacebecomesin�nite. This is achieved by using two parameter spaces,one in (m; c) spaceand the
other in (m0; c0) space,where:

m0 =
1
m

(16)

x = m0y + c (17)

Peaksin the �rst spacerepresent lines with gradients lessthan one. Peaksin the secondspacerepresent lines with
gradients greater than or equal to one.

The main problem with this technique is the large amount of computation required. This arisesbecausefor every
point in the imagea whole line hasto be plotted in two parameter spacesand then thesespacesneedto be searched
for points of local maxima.The technique was improved by Duda et al in 1972[7] by replacing the slope-intercept
equation by the normal equation:

P = x cos� + y sin � (18)

Where P is the length of the normal from the line being detected to the origin and � is the angle between the
normal and the positive x-axis.

P

y

x
q

Figure 9: A line in image spacede�ned by the two parametersP and �
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A point in image spacenow appears as a sinusoid in (p; � ) spaceand collinear points in the image appear as
intersecting sinusoids. The advantage of this method is that only one parameter spaceis required so the storage
and computational requirement is reduced.

Further improvements have beenmadeto reducethe computational load. Rather than transforming every point in
image spaceinto a sinusoid in parameter space,the image can be �rst searched for short line segments and these
used instead. Becausethe orientation of the segments can be determined only a single point for each has to be
plotted in parameter space.Also, rather than using a singletwo dimensionalparameter space,two onedimensional
parameter spacescan be used instead. Initially a histogram of line segment orientations is built and signi�can t
peaksidenti�ed. The line segments associated with thesepeaksare then plotted in p spaceand peaksin this space
correspond to lines in the images.

It is worth noting that the straight line Hough Transform identi�es the presenceof lines in an image but the
description is that of an in�nitely long line passing through the image. To determine the actual position and
length of a line which has beendetected requires further processingon the image.

11.2 Circle Detection Using The Hough Transform

The Hough Transform can be used to detect circles within an image. In this scheme the parameter space is
congruent with the image space, that is, each point in the image maps to a point in the same position in the
parameter space. To detect a circle of radius R circles of this radius are plotted in parameter spacecentered on
edgesegments found in the image. Peaksin the parameter spaceindicate the centre of detected circles.

Parameter SpaceImage Space

y

x

y

x

Figure 10: The location of a circle in the image spaceis indicated by a peak of votes in the parameter space

This technique is particularly computationally intensive as a whole circle has to be plotted in parameter spacefor
every edgefound in imagespace.A signi�can t saving is madeby determining the orientation of the edgesegments
and plotting a single point in parameter spacea distance R along the normal to the edges.If rather than plotting
a single point, all points between a distance R0 and R1 along the normal are plotted then circles with a radius
between R0 and R1 will be detected, although another stage of computation is then required to determine the
speci�c radius of the detected circles.

11.3 The Generalized Hough Transform

The Hough Transform techniquesfor line and circle detection discussedin the last sectionare very useful in object
recognition but many recognition tasks require a method for detecting arbitrary shapes. The GeneralizedHough
Transform has beendeveloped to do this (Ballard [1]).

The GeneralizedHough Transform is generalization of the Hough circle detection technique. Rather than plotting
a point in parameter spaceat a �xed distance R along the normal to the current edgesegment, a point is plotted
at a variable distance R(� ) along a line which is angularly displaced from the normal by a variable angle a(� ),
where � is the angle betweenthe normal and the positive x-axis. An arbitrary shape is described by de�ning R(� )
and a(� ) for all � in a table (usually referred to as the R-Table).

If the shape described by the R-Table is present in the image then each edgesegment of the shape will contribute
to a point L in parameter spaceand a large vote will be accumulated.

There is a complication with this approach. If the arbitrary shape contains straight edgesor concavities then some
value of � will be associated with several valuesof R(� ) and a(� ).
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q

R(  )q

L

a(  )q

Figure 11: The valuesR and a are recordedfor each value of � , the orientation of the boundary normal. This set
of valuesde�nes the shape boundary relative to the point L

A

A`

L

Figure 12: The orientation of the boundary at points A and A0 are identical but the valuesof R and a which de�ne
the position of L are di�eren t

This problem is overcomeby storing multiple valuesin the R-Table. Although for valuesof � wheremultiple entries
are stored several points will be plotted in the parameter space,the largest accumulation of points will still occur
at L .

A`

A

L

L'

L'

Figure 13: Becausethe boundary points A and A0 have the sameorientation two sets of values for R and a are
recordedin the R-Table. However, when thesevaluesare usedto accumulate votes in parameter spacethe largest
peak still occurs at L

The generalizedhough transform possesstranslational invariance but not scaleor rotational invariance. To detect
shapesat di�eren t orientations and scalean explicit search must be made for each instance by applying a suitably
transformed R-table. The table is transformed for scalevariations by simply scalingthe R valuesaccordingly whilst
it is transformed for orientation variations by shifting the R valuesalong the axis. The result is a four dimensional
parameter spacewith two axis for image position, an axis for orientation and an axis for scale. Signi�cant peaks
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in this four dimensionalspacethen indicate the presenceof an object along with its position, orientation and scale
within a scene.

12 2D Pro jectiv e In varian ts

A shape representation for two dimensional planar objects which is invariant to changesin perspective as well as
changesin poseand scaleis presented by Rothwell et al [13]. This shape representation is then used in a planar
object recognition strategy.

The representation relies upon the fact that points of tangency on a two dimensional planar object are preserved
under di�eren t projections and also that the mapping of any four points from one plane to another is su�cien t to
determine the transformation matrix T which fully de�nes that transformation. Consequently , by mapping four
points of tangency from a planar object to four �xed but arbitrary points in a secondplane, this secondplane will
possessthe required invariant properties, and by determining the transformation matrix T from the four mappings
all points on the planar object can be mapped onto the invariant plane.

In the literature, planar object concavities are usedto determine four tangency points, referred to asdistinguishing
points. See�gure 3q below.
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D

Figure 14: Two distinguishing points (A and D) are located by the bitangent that marks the entrance to the
concavit y. The other two distinguishing points (B and C) are located by the tangents to the inner curve of the
concavit y which passthrough each of the �rst two distinguishing points

Two distinguishing points (A and D) are located by the bitangent that marks the entrance to the concavit y. The
other two distinguishing points (B and C) are located by the tangents to the inner curve of the concavit y which
passthrough each of the �rst two distinguishing points.

These four points are then mapped to the corners of a unit square on the invariant plane, which is referred to
as the canonical plane, and then the sametransformation is used to map all other boundary points within the
concavit y onto this plane. The mapping of the concavit y shown in �gure 3q to the canonical plane is shown in
�gure 3r below.
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Figure 15: The mapping of the concavit y in Figure 3q onto the canonical plane
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Rothwell et al usethis projective invariant to perform object recognition. They do this by projecting planar objects
onto the invariant plane and then taking a number of area and moment measurements which then constitute
invariant feature vectors. Thesefeaturesvectorsare then usedto build a hashtable during training and to address
the hash table during recognition. Shapes which are addressedduring recognition are used as hypothesis for the
presenceof those shapes,and each hypothesisis veri�ed by projecting each shape back into the imageand looking
for a signi�can t overlap.

Becausethe representation is formed from local concavities, planar shapeswith a number of concavities are placed
in the hash table a number of times. This redundancy gives the representation somerobustnessto occlusion but
the requirement for concavities restricts the representation from being usedon arbitrary shapes. By utilizing shape
edgesthe representation is robust to random noiseand lighting variation. In real applications of object recognition,
shapes are very rarely planar so an extension of this approach into three dimensions is desirable; Rothwell et al
demonstrate that the representation losesits invariance even for small deviations from planararit y. Unfortunately
it has beenproved by Burns et al [3] that no such projective invariants can exist for the three dimensional case.

13 Conclusions.

The above attempts to recogniseobjects can be consideredas typical in machine vision taskss. Often the require-
ments of an application are such that many assumptionscanbe maderegarding the imageunder analysis. However,
in unconstrained environments, recognition systemsmust deal with a variety of factors, and ultimately be capable
of selectingone (or a few candidates) from amongst a large variety of possibleshapes. No local representation of
shape can be completely invariant to lossof data, but what can be done is to ensurethat the small changein input
data results in a small changein representation. Continuous smooth variation in representation is necessaryif we
are to develop systemsthat cope with occlusionsand are robust to the segmentation process.The representation
must also have su�cien t scope to deal with arbitrary shapes,even those which cannot be extracted as continuous
boundaries.

The issueof shapesegmentation is of obvious importance, if weassumethat object shapescometo uspre-segmented
from a scenethen subsequent recognition is almost trivial and the simplest approaches(measuring total length of
lines etc.) will have somecapabilities. If on the other hand we assumethat we do not know which parts of an
image are from a speci�c object the problem is almost impossible. Prior knowledgeof the shape is clearly of some
relevanceto the recognition problem, in the paperswhich follow we explain an approach to shape recogntion which
usesknowledgeof learnedshape in order to simultaneously solve the segmentation and recognition problem. This is
donein the context of an analysisof what characteristics a genericrepresentation shouldposessand considerationof
the statistical matching process.The technique we proposewe call PaiwiseGeometric Histogrammes(PGH). It can
be consideredas a version of \shape context", yet it directly addressesthe issueof representational completeness
and predates theseideasby almost a decade.
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