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Abstract

We considerthe relationship betweenthe performancecharacteristics of vision algorithms and algorithm

design. In the rst part we discussthe issuesinvolvedin testing. A description of good practice is given
covering test objectives, test data, test metrics and the test protocol. In the secondpart we discuss
aspects of good algorithmic design including understanding of the statistical properties of data and
common algorithmic operations, and suggesthow somecommon problems may be overcome.
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1 Intro duction

Some30 yearsof researt has produceda rich variety of methods for processingimage data, but little information
on how they perform beyond a few example images. Presening results as imagesrarely conveys any statistically
useful measureof performance,partly becausethe choice of test imagesis not justi ed with any rigour, and partly
becausesudh results are in a qualitativ e and subjective form. It is therefore still very hard to reusethosealgorithms
that are described in the literature, let aloneto build systems.

One of the criteria that appearsto dominate the developmert of new algorithms for publication is novelty and
sophistication. However, as the sophistication of an algorithm increasesit seemslikely that the speci cit y of the
assumptions embedded within it will increase. This givesrise to Bowyer's conjecture [1] that performance will
tail o or even fall as sophistication increasesand suggeststhat consideration of the underlying assumptionsand
testing must be an essetial part of algorithm developmernt.

level of if assumptions match A
performance application characteristies
in real . . .
application L, if assumptions do not match
/_.---~--~--_ application characteristics
N\

number and specificity of assumptions made in the mathematics underlying a vision algorithm
Figure 1: Performanceas a function of mathematical sophistication [1]
Many objections have beenraised against carrying out empirical work in machine vision (see[2] for an extensive

list with counter argumerts). One objection in particular seemsespecially prevalert: that performancedependson
the application and so cannot be studied independertly of it. Whilst the actual choice of which algorithm to use
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can generally only be made in the context of a particular task, the performance characteristics of the algorithm
may be described. If we consider another discipline, such as electrical engineering, we realise that a componert
such as a transistor can be usedin an almost in nite range of circuits. However, transistors are speci ed in terms
of a limited range of agreedmeasuressuch as linearity, stability, sensitivity and power handling ability, aswell as
speed, size, packaging and cost. This allows them to be usedin a range of applications (switching, ampli cation,
detection etc). This is the situation for any engineeringdiscipline. Similarly, vision algorithms can be described
in terms of abstract conditions such a corntrast, noise, object geometry etc. The generalisability of such measures
then becomesan important question for system building and design.

Whilst there has beensomedebate about the relationship betweentheory and empirical work, empirical work is
clearly part of the sciertic method and is required in order to provide a solid experimental and scierti ¢ grounding
to the subject. It is now acceptedby many in the machine vision community that a more rigorous approac to
studying the performance characteristics of vision algorithms is required [3]. This has led in recert yearsto a
number of special workshopsand journal issueson the topic [1, 2].

Somealgorithms lend themselesto direct analytic evaluation techniques such as covariance estimation and error
propagation [4]. Linear approximations around operating points provide an insight into performancecharacteristics.
However, such di erential propagation techniques are inappropriate when the input errors are large comparedto
the range of linearity of the function or when the input distribution is non-Gaussian. Under such conditions
empirical evaluation techniques such as Monte-Carlo simulations may be more appropriate. These take values
from the expected input distribution and accunulate the statistical responseof the output over repeated trials.
There are now many good examplesof both theoretical and empirical studies which highlight otherwise hidden
properties of various algorithms [5, 6, 7, 8].

As vision techniques becomemore widely applied, the needto critically evaluate new methods has also become
recognisedby users. In the area of biometrics, the wide range of ngerprin t, face and hand recognition systems
hasled to an e ort to identify best practice for testing [9] and which may be useful more widely. As we shall see,
there are seweral forms of performance characterisation. All of these methods are inherertly statistical, yet there
is another closelyrelated role that statistics can play in machine vision researd.

Vision algorithms must deliver information allowing practical decisionsregarding interpretation of the data presen
in an image. One can reasonablyassertthat probability is the only self-consistem computational framework for
data analysis, and so probability theory must form the basis of all algorithmic analysis processes. The most
direct form of information regarding a hypothesisis the posterior (often conditional) probability. There are se\eral
commonmodelsfor statistical data analysis,all of which can be related at somestageto the principle of maximum
likelihood. The most e ectiv e and robust algorithms will be thosethat match most closelythe statistical properties
of the data. An algorithm which takescorrect accourt of all of the data will yield an optimal result.

In many practical situations problems cannot be easily formulated to correspond exactly to a particular compu-
tation. Compromiseshave to be made, generally in assumptionsabout the statistical form of the processeddata,
and it is the adequacyof these compromiseswhich will determine the succesr failure of a particular algorithm.
Therefore, understanding these assumptionsand compromisesis an important part of algorithmic developmert.
We can concludethat algorithms which will work best on a particular application will be those which model most
closely the underlying statistics of the measuremen processand correctly propagate the e ects of thesethrough
to the output of the algorithm. Algorithmic robustnessgoeshand in hand with getting this processcorrect.

One of the major criticisms of computer vision over the past few yearshasbeendueto a generallack of algorithmic
reliability. In our opinion, this has largely beendue to the neglectof the important role that statistics must play
in algorithm dewelopmert. One could state that computer vision should strictly be regarded as a branch of
applied statistics. This paper describesthe dual role that statistics plays in both the evaluation and the designof
algorithms.

2 Good Practice in Algorithmic Testing

In this section we discussthe issuesinvolved in testing to obtain the performance characteristics. Running algo-
rithms on example data setsis commonplace,and someelemers of good practice may be identi ed.

It is important to understand that there are seweral forms of performance characterisation, ead with its own
particular rationale and bene ts:

technology evaluation concerrates on understanding the behaviour of speci ¢ algorithms designedto do
similar tasks. The testing can be carried out o line using standardised data. The results are therefore
repeatable and depend on the sizeand scope of the test data set. The results are performancecharacteristics



which may be preseried in terms of output parameters,their variations and density functions.

scenario evaluation de nes a particular use application of speci ¢ algorithms within a prototype system
potentially including other componerts which may be more or lesswell characterised. The input data is
basedon a cortrolled real world and is therefore only partly reproducible. The results are cited in terms of
metrics that a system userwould understand such as reliabilit y, accuracy and precision.

operational evaluation concernsthe utilisation of a complete systemfor a speci ¢ task for an end user. It
may be usedasa bendimark to decidewhether or not a systemmeetsa certain requiremert. The evaluation
must belive and on line and is therefore not preciselyrepeatable. Small changesin the conditions and context
of usemay have quite dramatic e ects on the systemperformance,especially when human usersare involved.

2.1 Test Objectiv es

The objective of a technology evaluation is to understand the performance characteristics of an algorithm. This
will consist of a seriesof tests, ead of which will have a speci c objective. It is important to carefully de ne the
objective of eadth task, since even small di erences will make it changethe form of the test and make it hard to
comparesimilar tests.

2.2 Test Data

A typology of test data has beenproposed[10] and includes:

Simulations using data without noise, allowing veri cations of performance. This correspondsto the study
in [7] which revealedthe stability conditions.

Simulations using data with noise: perhapsthe most common form
Empirical testing using real data with full cortrol (technology evaluation)
Empirical testing using partially controlled test data (scenario evaluation)

Empirical testing in an uncortrolled environment (operational evaluation)

Note that these map well onto the typesof evaluation described above.

Testdata consistsof three elemerts (1) the test data, (2) the corresponding ground truth and (3) other information
about the data suc asits origin and conditions of capture. Ground truth is an estimate of what is thought to
be in the test data. It may be determined by an independert method, or it may be manually de ned. Manual
annotation providesa partial ground truth in that it is somewhatsubjective. In fact unlessthe data is synthetically
generated,ground truth will always have someresidual error rate (bias and imprecision) due to administrativ e or
instrumental error.

Clark and Courtney reviewed issuesof data set designand selection[11] for optical character recognition (OCR),
motion estimation and face recognition. They concludedthat the OCR eld is perhapsthe most well developed
in terms of data set collection. It is perhaps no coincidencethat this is also the area for which it is easiestto
obtain ground truth. Even then, a residual error rate of better than 50 parts per million character substitution
error provesvery hard to achieve.

The amount of data is a critical issue and there has been somework in this area [12]. Robust algorithms may
require huge quartities of data. An algorithm with 99% reliabilit y meansan error rate of 1%, which in turn means
that hundreds of test imagesmay be required. It is worth noting that algorithms which provide a covariance matrix

or con dence on the results will require lesstest data than one which just producesa result. In this caseall that

is required is to demonstrate that the prediction of algorithm accuracyis within somemargin (which could be as
large as a factor of two) of the actual estimates. An algorithm which is capable of estimating its own accuracy is
then relatively easilyincorporated into a system. Such an approac should even be capableof identifying situations
whereinsu cien t (or too strongly correlated) data is provided for accurate determination of the required result.

The range of data to be collected is also important. It should neither be too easynor too hard and should be
represerativ e of the range of conditions. One class of conditions is that which is not expected to a ect the
performanceof an algorithm, to ensureinvariance to this change. For example paper deformation for a scanned
documernt [13]. This classof data can often be generatedsynthetically from real data and forms a hybrid in the
typology described earlier. It hasthe potential to vastly increasethe e ectiv e sizeof the test data set. Testdata is



often costly to collect. OCR data was estimated to costbetween$15and $25 per pagewhen the ground truth was
entered 4 ways to minimise the error rate. The high cost of quality data is an argument for sharing data wheneer
possible.

2.3 Test Metrics

In order to carry out a test, it is necessaryto de ne a metric that can be usedto quantify performance. The
metric should be quantitativ e (to permit comparison between algorithms) and objectiv e (that is unbiasedand
repeatable). Sud performance metrics can usefully be assaiated with the failure modes of an algorithm. The
failure mode will depend on the function of an algorithm. We can begin by considering the caseof a feature
detector, and realising that one failure mode is the inability to detect.

2.3.1 Feature Detection Reliabilit y

Feature detection reliabilit y hastwo elemens: the probability of the detection of a true feature (True Acceptance
Rate or TAR), and the probability of the detector signalling a feature which is in fact absert (False Acceptance
Rate or FAR). Thesemay be represened astwo probability density functions (pdf): the signal and the non-signal
pdfs.
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Figure 2: signal and non-signal detection pdfs

A feature detector generally has a threshold which allows a trade o to be made betweenthe two types of error.
For a given threshold the true acceptancerate will be the area under the curve of the signal pdf and to the right
of the threshold, whereasthe false acceptancerate is the area under the curve of the non-signal pdf and to the
right of the threshold. This givesrise to two extreme situations. If the threshold is setto the far left, the detector
will accept all the signal but also all non-signal, so both TAR and FAR will be high. If the threshold is set to
the far right, the detector will reject all non-signals,but alsoreject all true signals,soboth TAR and FAR will be
low. It is important to appreciate that for detection algorithms there is always a trade o betweentrue and false
detection.

An understanding of the behaviour of a feature detection algorithm asthe threshold is varied can be obtained by
plotting an ROC (Receiver Operating Characteristic) curve.

In the ROC curve !, one axis represens the True Acceptance Rate (TAR) and the other represers the False
AcceptanceRate (FAR) 2. Each runs from 0% to 100%. The performanceof a given detection algorithm may be
described in terms of a line passingthrough various combinations of TAR and FAR. The ideal algorithm would be
onewith aline that passesascloseas possibleto the point TAR=100% and FAR=0%. The preciselocation along
the line is determined by the setting of the threshold parameter described earlier. The setting of the threshold is
made on the basis of the consequenceof eat type of error (Bayesrisk), and this will depend on the use of the
results and thus the application, subject to prior probabilities of the signal and non-signal.

The performance of detection algorithms is sometimesquoted in terms of the equal error rate (EER). This is
the point at which the FAR is equal to the True Reject Rate (TRR=1-T AR). This may be appropriate for some
applications in which the cost of eat type of error is equal. However this is not generally the caseso accesdo the
ertire ROC curve is preferred.

Inote that there appear to be no conventions asto the orientation of the plot
2a number of alternativ e forms are used such as reject rate which is (1 - acceptance rate)
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Figure 3: Receiwer Operator Curve

In contrast to the earlier pdf diagram, the performanceof di erent algorithms may be preserted on the sameplot
and thus compared. For a given application (and thus TAR/F AR trade o ) one algorithm may be superior to
another according to the desired position along the ROC curve. For instance algorithm B may be superior to
algorithm A when a low FAR is required. Converselyalgorithm A will be preferred when a high TAR is required.
Algorithm C on the other hand provides superior performanceto both algorithm A and algorithm B sincefor eact
value of FAR, algorithm C will have a higher level of TAR.

Notice the di erence betweenthe ROC plot that presentsthe performancecharacteristics of a number of algorithms
(the result of a technology evaluation), and the decisionasto which is the best and how it should be tuned, which
is basedon the useof this information (scenarioevaluation). Of coursethe ROC curve is only asgood asthe data
usedto generateit, and a curve produced using unrepresettativ e data will not be applicable to the task.

There are variants of the ROC curve. If the task is to identify the featuresin an image, and it is possible that
there will be more than one, then a fractional ROC (FROC) is more appropriate. This plots the total number of
false detections (since there may be more than one) against the probability of a true detection as before.

The fact that every detection algorithm involvesa trade o betweentrue and false detections hasthe consequence
that falsedetectionsmust be tolerated by the subsequeh processingstagesif any reasonablelevel of true detection
is to be expected. We will pick up on this point again later on.

2.3.2 Other Metrics

Other typesof algorithms have their own appropriate performancemetrics accordingto the function they perform.
Although a de nitiv e list hasyet to appear, it might include the following:

feature localisation may bedescribedin terms of the parametersof that feature, including location accuracy
and bias. In the caseof edgesthis might include orientation [14].

matc hing algorithms sud asthose employed in stereoor motion estimation may be speci ed in terms of
true and false matches[15]. The lack of a gold standard can be nessed by appealing to reproducibilit y [16].

parameter estimation problemssud asmotion estimation, registration and calibration estimation, should
presert results together with a covariance on the parameters|3].

supervised classication performance, for example object recognition, can be speci ed in terms of the
confusionmatrix. This is table that describesthe probabilities that an item of classi will be misclassi ed as
an item of classj for ead of a set of classes.The sum of eat of the rows and columns should add up to 1:0.



class1 | class2 | class3 | class4
class1 1.0 0.0 0.0 0.0
class2 0.0 0.8 0.15 0.05
class3 0.0 0.15 0.35 0.5
class4 0.0 0.05 0.5 0.45

Table 1: Confusion Matrix

A perfect classi er would have a value of 1:0 along the diagonal wherei = j and zero elsewhere.Howeer, a
real classi er would have someo -diagonal elemerts, asin this example. Note that the table is not necessarily
symmetrical. The classi cation algorithm might also specify a rejection rate at which it will refuseto produce
a valid classoutput.

A technology evaluation would provide an unweighted table, but a scenario evaluation would weight the
ertries to take accourt of the prior probabilities of the various objects, accordingto a particular application
and the cost of various typesof error, to produce an overall number for ranking.

A problem arisesif the task involvesboth recognition and localisation , or involvesmultiple or param-
eterised objects. This is the situation in documert image analysis, where graphical symbols and regions
must be recognisedand where there exists potential ambiguity in for example the classi cation of a feature
asa long dashedline or a seriesof short colinear lines. Metrics de ned in this area(see[17]) typically involve
somemeasureof overlap and sometradeo in the mis-recognition of simple and complex objects.

segmentation : A review of segmeiation evaluation techniques[18] identied two classesof empirical eval-
uation: goodnessmethods that attempt to quantify the quality of the output image based on measuresof
region shape, uniformit y and cortrast; and discrepancy methods that comparethe segmetation results with
someground truth basedon measuresof pixel misclassi cation (hnumber or location) and number of regions.
Studies in [19] utilise measuresof true and false regions with a speci ed overlap comparedto a manual
segmetation asa way of determining the degreeof over and under segmemation. For unsup ervised clas-
si cation only goodnessmethods seemapplicable, but these are unsatisfactory (biased) if they correspond
to the optimisation criteria usedin the segmemation algorithm being evaluated. Other metrics have been
suggested[20].

closed loop systems: Little work has beencarried out into the performanceof such systems(but see[21])
though systemsof this kind may be able draw upon stability parametersfrom cortrol theory.

2.4 Test Proto cols

The apparent performance of an algorithm in a test will depend on the test data used and, in many cases,the
training data usedto train the algorithm. It is hoped that the training data will be su cien tly large soasto be
fully represerativ e of the test data, but in reality a nite amount of data is available and must be partitioned
into training and testing sets. In order to cortrol generalisationof the training data and to avoid overlearning, the
training data itself may be partitioned into training and validation sets. Seweral test protocols have beenproposed
(see[22] for a recert review):

The leave all in approacd involvesusing all the available data for training and all the data again for testing.
This ensuresthat the training is as complete as possiblewith the available data. However, it will produce
an optimistic view of performance since there is total overlap betweenthe training and test data which is
unrealistic. This technique is not able to detect an algorithm with poor generalisationabilit y.

cross validation methods involve keepingpart of the data for training and using the rest for testing. There
are seweral variants:

{ holdout technigues suggesttesting with a xed fraction of the data. The estimate producedis pes-
simistic in that there is strictly no overlap betweenthe training and test data, which againis unrealistic.

{ The leave one out method suggeststraining with all the data except oneitem, and testing with that
item. This will be more represenativ e than the holdout, but the metric will suer from high variance
due to the chanceof selectingan easyor di cult test item.

{ rotation involvesrepeatedly generating training and test sets by random partitions of the available
data. This allows a picture to be built up of averageperformanceand the con dence intervals for the
metrics used. The problem with this technique is that it canrequire an inordinate amount of time, since
they useall the data and an ertire training cycle for ead test.



resampling methods involve generating a training set and a test set by resampling the ertire data set at
random. This givestraining and test setswhich are of arbitrary sizeand may contain no, one, or more than
oneinstance of a given data item. Variants include the bootstrap and the jack knife [23]. Theseare cheaper
than the leave one out technique with rotation, and appear to provide better error rate estimatesthan the
leave all in and holdout techniques. They are especially useful when only small data setsare available.

It hasbeensuggestedthat for limited amounts of test data, an unbiasedestimate of performancemay be obtained
by taking the averageof the leave all in and leave one out estimates[24] on the basisthat the the error measure
for the two protocols corvergeat in nite data.

2.5 Test Administration

Another important issueis that of how testing is organised. Whilst it is perfectly feasiblefor an individual group
to de ne and perform a test, there are a number of alternativ es:

Testing by an indep endent body: Examples include the testing of optical character recognition
system for usein the US census[25, 26] and the FERET tests of face recognition algorithms by the
US Army [27]. The involvemert of dewvelopers at workshopsand open feedbad played an important role in
encouragingthe improvemert of the technology.

Collab orativ e testing

{ Atestofimage registration of medicalimagesetswasreported in [28]. Metrics for de ning registration
accuracywere agreed,and 14 pairs of image setwere provided to 12 sitesfor processingoy 16 techniques,
the results of which were collated by a certral site. Whilst somemethods gave lower median errors than
others, the methods were not required to produce covariance matrices and so were not able to predict
their own accuracy The small number of data setsuseddid not make it possibleto determine the most
suitable methods for a given task.

{ A test of range image segmentation techniques[19] was performed on a set of range and re ection
images. Four groups comparedtheir algorithms on a set of 30 training imagesand 10 (manual) ground
truth test imagesfrom two scanners.The data and scoring code have beenmade available [30].

{ A seriesof tests on stereo matc hing wascarried out involving 15 groups[29] and similar typesof tests
have been organisedfor graphics recognition. In eat casethe developers are preseried with a set of
imagesand given a certain amourt of time to processthe data with their algorithms.

Closed comp etitiv e tests are run by dewvelopers demonstrating their own techniques. They may use com-
monly available techniques astheir baseline,or reimplemertations of a state of the art algorithm. The later
may be quite problematic, asit is hard to ensurethat the implementations are correct and this may detract
from the credibility of the tests. One solution is to make available open sourceversionsof code suc asthe
Barron and Fleet optical ow code [31] and the TINA software package[32].

Someother examplesare listed on the ECVNet website [33].

Although performance metrics and protocols can be agreed,they may have a wide range of interpretations which
meansthat it is very easyto generateresults that are not directly comparable. For example accuracy may be
de ned as absolute or relative, precision in terms of the number of standard deviations or percertage con dence
intervals. One solution is to prepare a software padage that automatically and objectively calculate the metrics
and preparesthe required tables and plots. This would include the task speci cation, data set with annotation or
ground truth, the test metric scoring code and baselinealgorithm. Such a padkage can then be made available on
the internet asin [30].

3 Algorithmic Design Principles

We turn our attention now to the role that statistical methodology can play in algorithm design. In this nal
section we discussaspects of good algorithmic designincluding understanding of the statistical properties of data
and common algorithmic operations. We shov how the method of error propagation can be usedto assesghe
stability of image processingalgorithms, and how knowledge of the origins of the method of least squarescan lead
to evaluation techniquesand modi cations which result in better algorithms. Familiarit y with the common forms



of the equationsusedin computer vision often allows the statistical assumptionsregarding the data to be deduced.

Knowledge of the adequacy of these assumptions has a direct and bene cial e ect on algorithmic e ectiv eness.
Successfulassumptionsin one algorithm will generally be of usein other algorithms, allowing rapid algorithmic

developmert for new problems.

3.1 Prop erty of Common Image Arithmetic Op erations

In simple image processing,the requiremerts of an image algorithm may be purely to enhancethe image for
viewing. Howevwer, the aim of image operations for image analysis and computer vision is to produce an image
that make certain information explicit in the resulting image to assistin automated data extraction. Generally,
nal stagesof the algorithm result in high values over features of interest which are then thresholded to de ne a
set of features or regions. Leaving asidethe de nition of the feature, one criteria which determinesa good feature
detection algorithm is its behaviour in the presenceof noise. In particular, that the resulting image givesresults
that really can be interpreted purely on the basis of the output values. This ensuresthat a high value is likely
to be geruine and not just a consequenceof propagated noise. Only stable techniques can form the basis of the
useful building blocks for image analysis algorithms.

It isthereforeusefulto examinethe properties of somecommonimageoperations using error propagation. Following
the general approac for error propagation, which assumeserror distributions which are well characterised by
varianceswhich are small in comparisonto the typical range of linearity of the processingfunctions, we recall that:

f2(X)=rfTCyrf

where Cx is the covariance on the measuredvaluesand r f is a vector of derivatives:

and f?(X) is the variance on the computed measure. If we apply this to image processingoperations, and assume
that imageshave uniform independert random noise, then we can simplify this expressionto:

X
£2.(1) = ﬁm(@xrj] %

nm n

That is, the contribution to the output from ead variance involved in the calculation is added in quadrature and
weighted with the linearised approximation to function stability. Applying this analysisto a set of commonimage
operations for input image |, output image O and output image variance 0?2, we get the following results:

Process Calculation Theoretical Error
Addition O =11+ Iy 0?2 = % + %
L. | 2 2 12 2
Division o= O = 3 + 3
2 2 2
Multiplication O=l1:1l 02 =132+ 122
p- 2
Square-root O =" (ly) 0% = &
Logarithm O = log(l1) 0? = l—i
1
Polynomial Term o= 17 0% = (nI] H2 2

Table 2. Error Propagation in Image ProcessingOperations.

Notice that for only one of the operators (addition) is the output variance independert of the image data. This
algorithm presenes uniform random noise in the output image. Many of the very common image arithmetic
operations, most notably multiplication and division, produce a result which is data dependent. This means
that ead output pixel will have di erent noise characteristics. Sothe noiselevel in one part of the image will be

Sclearly, good papers will already have identied and validated the underlying assumptions
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dierent from that in another part of the image, according to the image content. This complicatesthe processof
interpretation sinceit makesit much harder to set a threshold which has any statistical meaning.

On the whole, more complicated functions will result in more complicated noise characteristics and this gives
another theoretical motivation for Bowyer's conjecture. However, this is not always the case. For example:
Square-raot of Sum of Squares:

- 2 2
O = If+ I3

N
NN

2 i
o = >
1

This calculation contains seweral arithmetic componerts which we have already showvn to be unstable. Yet in the
caseof equal variances ? = 2 this reducesto the stable form:

02: 2

Sud results give us the motivation to cortinue investigating sophisticated approachesto data analysis.

3.2 Linear Filters

For linear Iters we introduce the spatial subscript for the input and output images!| and O:

X
Oxy = Pnm I'x+ny +m
nm

where h,, are the linear co-e cients. Error propagation gives:
2 — 2
Oxy - (hnm X+ n;y+m)
nm

For uniform errors this can be rewritten as:

X
O)%y = 2 (hm)* =K ?
nm
Sothat for examplea simple Iter with:
h = ( 101)
This would give:
02 = 22

Thus linear Iters produce outputs that have uniform errors. However, whilst these errors have the desirable
property of being uniform, they are no longer independert, unlike those from image arithmetic. This is because
the samedata is used seweral times in the calculation of the output image pixels. So care must be taken when
applying further processing.

If further linear Itering stagesare used,the principle of superposition meansthat all the operations canbe replaced
by a combined linear Iter and the original derivation still holds.

3.3 Combining Image Op erations

Algorithm design has convertionally progressedby developing and applying a number of data manipulation pro-
cesseghat attempt to extract some set of values from an image. The Central Limit Theorem shows that as
multiple noisy processesare combined, they will tend towards a Gaussiandistribution. Whilst this may be so
in the limiting case,one cannot rely on this when dealing with small numbers of poorly behaved distributions.

This is especially soin non-linear processesud as image processingsteps since even very small deviations from
the Gaussiandistribution on the input data can have catastrophic e ects on algorithm performanceand thus on
the output data. As modules are chained together, they produce a set of partial results which may becomemore
and more non-linear and have increasingly non-uniform error properties as one movesdown the chain. The nal

output of such a systemis likely to be data that is fragile, fragmented and unstable. The combined e ects of
data dependert calculations and local correlations can meanthat the results of feature detection algorithms often
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Figure 4: Propagation of errors though an unstable algorithm
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Figure 5: Propagation of errors though a stable algorithm

visually resenble maggotssquirming about on the screen. Saying, that the results have \gone to maggots" would
not be a bad analogy.

An alternativ e approac to algorithmic developmen would be to try to maintain the distribution of errors such
that they are of someknown and manageableform. An example might be uniform errors.

Edge detection is an example of one such processingchain which comprisesa sequenceof processingsteps:

a cornvolution with a linear noise lter: Gaussian
a calculation of spatial derivativesr ;r y with local di erences: (-1, 0, 1)

. p-
a calculation of edgestrength: = (r 2 + r 5)

This is followed by a thresholding and peak nding stage. This nal stagewill be reliable provided that we have
stability after the rst three image processingsteps. From our analysis of the basic elemerts, ltering and sum of
squaresappear to be stable and one can concludethat edgedetection is a stable operation.

The Canny edgedetector [34] follows this sequenceof steps. The successand wide use of this operator is often
thought to be due to the application of optimality criteria in its design. In reality the Gaussiansmoothing used
is sub-optimal and the successof the operator may have more to do with the error preserving properties of the
constituent steps.

However, it should now be clear that sud stability may not be exhibited by other image extraction operations.
Sud arguments may explain why it has provendi cult to designreliable corner detectors.

3.4 Maxim um Lik eliho od

We turn now to the problem of interpretation of data using a model. We start with some basic de nitions of
probabilit y

P (A) probability of evert A.
P (AB) probability of simultaneous events A and B.
P (AjB) probability of event A given event B.
P (AjB; C) probability of event A given events B and C.
The basicfoundation of probability theory follows from the following intuitiv e de nition of conditional probability.
P(A;B) = P(AjB)P(B)
In this de nition events A and B are simultaneous and have no (explicit) temporal order, thus we can write:

P(A;B) = P(B;A) = P(BJA)P(A)
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This leadsus to a common form of Bayes Theorem , the equation:
P(AiB)P(B)
P(A)

which allows us to compute the probability of oneevert in terms of obsenations of another and knowledgeof joint
distributions. We can extend the joint probability equation to three or more events:

P(A;B;C) = P(AjB;C)P(B;C)
P(A;B;C) = P(AjB;C)P(BJC)P(C)
For n events with probabilities computed assuminga particular interpretation of the data (for example a model

):

P(BJA) =

P(Xo;X1;X2::Xnj) P() =
P(XojX1;X2:::Xn; ) P(XqjX2::Xn; ) suiP(Xaj) PO
Maxim um Lik eliho od statistics involvesthe identi cation of the model which maximisessuc a probability.
In the absenceof any other information the prior probability P() is assumedto be constart for all .

In the casewhere each obsened evert is independert of all others we can write:
P(Xj) =P(Xoj) P(X1j) P(X2j) :P(Xa])

Clearly this is a more practical de nition of joint probability. However, it doesassumedata independence.Prob-
ability independenceis such an important conceptit is worth de ning carefully. If knowledgeof the probability of
one variable A allows us to gain knowledge about another evert B then thesevariables are not independert.

If we de ne the variation of the obsened measuremetts X; about the generatingfunction (at Y;) with somerandom
error, the probability:
P(Xo0jX1;X2::2X N5 5 Yo)

will be equivalent to P(Xoj ;Yo). As selectionof data point X, automatically species Yy this latter term can
safely be dropped. Choosing Gaussianrandom errors with a standard deviation of ; gives:
(Xi  f( ;Yi))z)

2 ¢
where A; is a normalization constart. This may be usedasthe basisfor the maximum likelihood which is derived
from the joint probability:

P(Xij) = Ajexp(

P(X;) = (iP(Xij)) P()
We can now construct the maximum lik elihood function:

log(P(Xj)) = ‘ log(P (Xij )
such that: NI TRRVRY
P(Xj) = iAiexp( X, 5 (2 i) )

|
which leadsto the 2 de nition of log likelihood:
: 1X (X; f( ;)2
log(Xj) = 3 i 10 M7 (2 D" 4 const
i i

This expressioncan be maximized as a function of the parameters and this processis generally known as a
least squares t. The importance of this to machine vision is that the majority of all algorithms can be traced
badk to this single estimation technique. In particular, any solution of sets of linear equations by matrix inverse,
many neural network training algorithms, and generally most optimality criteria. However, there are seweral key
failings of such an approac when usedasthe basisfor machine vision algorithms. It is basedon the assumptions
of independert measuremeis and Gaussianerrors. This can break down in a number of ways:

non-Gaussiandata
non-independencein the measurememn parameter space

non-linearity in the measuremen parameter space

Much e ort is directed, sometimesunknowingly, into overcomingtheselimitations. What follows below are simple
suggestiondor investigative plots which can be generatedto test the adequacyof theseassumptionsand suggestions
for modi cations to the basic approac which should enable poorly conforming data to be identi ed.
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3.4.1 Non-Gaussian Errors

Whereasleast squaresimplicitly assumesa Gaussiandistribution in the measuremen variable, machine vision is
full of data for which this cannot be assumed. There are two forms of the problem:

The error distribution may be relatively compact but badly skewed

There may be outliers causedby data \contamination".

(a) skew (b) outliers

Figure 6: data distributions featuring skew and outliers

One technique for coping with the rst problem is to transform the data to remove skewing. This can be done if
we have a relationship betweenthe measuremen and its standard deviation:

x = (%)
we can seeka function g which will give us:
g(x) — const
Using error propagation:
gx) = x dg=dx = f(x) dg=dx = const
That is, integrate the reciprocal of the error dependence:
const
T dx

The technique can be consideredas applying the inverseof error propagation in order to work back to a uniform
distribution.

If we take stereodata asan example, we have depth z related to feature locations in the left x; and right x, images
So:

fl
xi xr)

Errors in position p = (x;y;z) are therefore badly skewed. Attempting a least mean squared solution with these
measuresdirectly (ergjor model location) is unstable due to large errors for large z. Howewer, errors in disparit y
space d = (x;y;1=(" 2z) are uniform and can be usedfor tting.

3.4.2 Dealing with Outliers

As discussedearlier under the performance of detection algorithms, there is a trade o between true and false
detection, such that for any reasonablelevel of reliability (true detection rate) there will always be somerate of
false signal. This will manifest itself asoutliers in the data. Soany algorithm processingfeatureswill have to deal
with outliers. This problem can be recognisedin any practical problem by simply producing a histogram of the
residualsfrom tted values. What to do about suc outliers oncethe problem hasbeenidenti ed is a fundamenal
researd issue.
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The areaof Robust Statistics o0 ers a number of techniqueswhich can help [35]. The simplest involveslimiting
the contribution of any data point to the total least mean square:

X Xi f( ;Y)?
log(P) = min (—( ' (2 ) ;9:0)
i i
The choice of 9.0 (3 ) asthe limit on the contribution is approximate and may be adapted to the problem.
This technique is not particularly good for methods which use derivatives during optimisation, as it introduces
discortin uities that may lead to local minima. An alternativ e involvesreplacing the Gaussianwith a continuous
distribution with long tails. The most common of theseis the double sided exponertial which is adequatefor most
applications:
j(Xi f(:Y) j

log(P) =
[
More complextechniqueswhich attempt to model slightly more realistic distributions canbe found in the literature.
One exampleis the Caucy distribution:

1
(Xi  fYin2
1+ I Zaa

P(Xij)
sothat our log probability is now:

X
log(P) = log(1 +

Xi  f(;Y)?
22 )

Theseare contin uous, sowe can usederivative methods for optimisation. However, the price we pay is that, unlike
standard least squares,sud cost functions can rarely (or perhaps never) be optimised by direct solution so we
have to useiterativ e techniqueswhich tend to be slower and can also result in local rather than global optima.
Interestingly, a link between the highly robust technique of the Hough transform and maximum likelihood has
beenshown in [36] and this provides one method of locating global minima using a robust statistic.

3.4.3 Non-Indep endent Measuremen ts

Under practical circumstancesthe data delivered to an algorithm may be correlated. Correlation producessys-
tematic changesin one parameter due to changesin another. This can be visualised by producing a scatter-plot
of the two variablesf (x; y). In generalfor any two variables to be un-correlated knowledge of one must give no
information regarding the other. In terms of the scatter plot this meansthat the structure seenmust be entirely
modelable in terms of the outer-product of the two marginal distributions:

fixy) = f(x) ()

that is, decomposable. We may wish to preprocessthe data to remove these correlations using Principal Com-
ponent Analysis in orderto conformto the assumption of independence.

We can de ne the correlation matrix:

X
R= Xi Xm) (Xj Xm)

i
where X; is an individual measuremen vector from a data set and X, is the mean vector for that set.

It can be shown that orthogonal (linearly independert) axescorrespond to the eigervectors Vi of the matrix R.
Sothe solution of the eigervector equation:
RWk = «W

de nes the axesof a co-ordinate system Vi which decorrelatesthe data. The method known as Singular Value
Decomposition (SVD) approximates a matrix by a set of orthogonal vectors and singular values, and it can be
shown that the singular vectors satisfy the eigervector equation with:

1

k= —5
Wi
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(a) original (b) rotated

Figure 7: original and rotated data distributions

Figure 8: non linear data distribution

3.4.4 ldentifying Non-linear Correlations

Whilst principal componert analysisworks by rotating the axesof the spaceto align alongthe axesof major variance
of the data, this may not necessarilyde-correlatethe data. In particular if there are non-linear relationships within
the data no amount of rotation will achieve this.

There exist techniques for decorrelating non-linear relationships. These include bottleneck neural networks [37],
kernel PCA [38], and support vector machines [39], but these methods are often quite di cult to use.
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4 Conclusions

4.1 Rigorous Testing is Feasible

Unless algorithms are evaluated in a manner that can be usedto predict the capabilities of a technique on an
arbitrary data set, it is unlikely to be successfullyreimplemerted and used. The subject cannot advancewithout a
sciertic methodology, which it will not have without an adknowledgedsystemfor evaluation, characterisation and
the ability to reimplemernt (or at least share) algorithms. We maintain that algorithms which cannot be tested will
never beusedin anger. Rigorous approacesto testing exist, and we have listed here someof the main evaluation
criteria for common groups of algorithm, but the main obstaclemay be largely psycological.

4.2 Algorithmic Design Principles Pro duce Better Algorithms

We have shown that the properties of commonimage operators are not all the sameand that someare more stable
and thus saferto usethan others. The assumptionsunderlying maximum likelihood have been given and some
techniques presernied for ensuring that the data to be processedwill conform to the constraints imposedby these
assumptions. Robust statistics will probably be neededfor all practical problems, though covariancescan still be
computed. Error propagation can be usedto assesghe e ects of noiseand guide the design of stable algorithms.
Monte-Carlo technigues can be usedwhen all other methods are unsuitable.

Design methodologiessudc as these make explicit the assumptionsembeddedin an algorithm and therefore go to
the heart of problems arising due to Bowyer's conjecture. Explicit evaluation of ead algorithmic assumption gives
us at least the possibility of cortrolling thesee ects. On the other hand we have also demonstrated that problems
of algorithmic stability can give rise to additional sourcesof unreliability. In these casesperhaps only simple
techniques or very carefully designedalgorithms will allow us to avoid the undesirable consequence®f Bowyer's
conjecture. If this is the casethen, corntrary to the popular trend, researters should avoid undue sophistication
in algorithms until it is warranted by the characteristics of the data.
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