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Abstract

Bayesian approachesto data analysis are popular in machine vision, and yet the main advantage of
Bayes theory, the ability to incorporate prior knowledge in the form of the prior probabilities, may
lead to problems in quartitativ e tasks. In this paper we demonstrate examplesof Bayesianand non-
Bayesiantechniqueswith the useof selectedexamplesfrom the areaof magnetic resonanceémage (MRI)

analysis. Issuesraised by theseexamplesare usedto illustrate commondi culties in Bayesianmethods
and to motivate an approach basedon frequertist methods. We believe this approac to be more suited
to quartitativ e data analysis, and provide a general theory for the use of these methods in learning
(Bayesrisk) systemsand for data fusion. Proofs are given for the more novel aspects of the theory.
We conclude with a discussionof the strengths and weaknessesand the fundamertal suitability, of
Bayesianand non-Bayesianapproaciesfor MRI analysisin particular, and for machine vision systems
in general. Overall we advise caution regarding the common assertionthat the best approacesto all
machine vision problems are necessarilyBayesian.

1 Intro duction

This paper discussesthe use of Bayestheorem in decision systemswhich make use of image data. We concern
oursehesonly with the use of the equation

_ P (datajH;)P (H))
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for the interpretation of mutually exclusive hypothesesH;, as the basisfor algorithmic design. We compare such
approaches with alternativ es based on frequertist statistics. In the broadest possible terms, these two scools
of statistical inferencevary in their de nition of a probability. Frequertist statistics demandsthat a probability
should represen a geruine re ection of the frequency of occurrence of some evernt, whereasBayesian statistics
de nes a probability as a degreeof belief, allowing the incorporation of prior knowledgein the form of the prior
probabilities.

Bayestheorem is a cornerstone of modern probabilistic data analysis. It is usedas a way of constructing prob-
abilistic decision systemsso that prior knowledge can be incorporated into the data analysisin order to \bias"

the interpretation of the data in the direction of expectation. The prior probabilities therefore have the great-
est in uence when the data under analysis is unable to adequately support any model hypothesis. Under these
circumstancesdirect application of a purely data driven solution may not be directly possible. The use of Bayes
theorem can appear to provide spectacular improvemens in the interpretation of data. However, despite their
popularity and widespreadacceptance there are often signi cant practical problemsin the application of Bayesian
techniques.

Firstly, Bayesian approades use information regarding the distribution of a whole group of data to in uence
the interpretation of a single data set. Few would countenance modifying the estimate of a random variable by
averaging with someweighted combination of the group mean, asit is well known that such a procedure would
intro duce bias, yet analogous proceduresare accepted as reasonablein Bayesian approachesto data analysis.
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Another aspect of this problem is the suppressionof infrequertly occurring data or \novelty". Clearly, skepticism
concerning the use of Bayesian approaciesin areassuc as medical data analysis, where pathological casesare
often unique, would have somejusti cation. We explain the e ects of bias and novelty in Bayesianestimation
in Section 2, using multi-dimensional MR volumetric measuremem as an example.

Many researters have concerrated on the source of prior probabilities [16, 3]. Ideally this prior information

could be establisheduniquely for a particular task, preferably emergingfrom a mathematical analysis. However,
if Bayestheory is to make predictions regarding the likely ratio of real world events it must be acceptedthat the
data samplesusedin Bayesianapproaches must enforcethe priors i.e. must represen a stratied random sample
of the typesof data under analysis’. Thus, in the absenceof a deterministic physical mecanism giving rise to the
data set there can be no theoretical justi cation for belief in the existenceof a unique prior. If the circumstances
in which the system is used change the expected prior distributions must also change. This situation is often
encourtered in data analysis problems, particularly those involving biological data setswhere data are selectedon
the basisof rules that can vary with time.

In order for Bayestheory to be applied correctly the likelihood distributions (P (datajH;)) of all possibleinterpreta-
tions H; of the data must be known. Unfortunately, in many practical circumstances,particularly in researd, these
distributions are not well known a-priori. Much of the computer vision community acceptsthe needto construct
systemswhich learn in order to tackle di cult sceneinterpretation tasks. It could be regarded as a weaknessif
the computational framework usedin a learning system demandsthat all possibleinterpretations of the data are
available before a useful statistical inferencecan be drawn.

Beyond simple classi cation, any decisionsbased on Bayesian classi cation results should also be made on the
basis of the Bayesrisk, in order to minimise the cost of the decision. The aim in clinical support systems, for
example, is to provide treatment which improvesthe prognosisof the patient, rather than just to provide the
correct diagnosis. To illustrate the problems of learning, priors and Bayes risk , in Section 3 we give a speci ¢
example of a Bayesian system designedto evaluate the degreeof atrophy in the brain arising from a variety of
demening diseasesand explain somepossiblesolutions. We concludethat Bayesiandecisionsystemscannot form
useful componerts of learning systemswithout modi cations that distance them from the original theory. We
explain how both this and the previous example illustrate the dicult y of using Bayes theory for quartitativ e
analysis, even on relatively simple problems.

If Bayestheory cannot be useddirectly to provide a useful diagnostic classi cation, a more appropriate method
for preserting results for clinical interpretation must be found. We presen one potential solution in the form of
a single-madel statistical decision system which has its origins in the so-called\frequentist" approachesto data
analysis. The use of only one likelihood distribution avoids the needto specify prior probabilities and sidesteps
issuesof complexity. This can result in an approad to data analysis which is more in line with the needto

construct systemswhich can learn incremertally, and yet still be capable of generating useful results at early
stagesof training. In Section 4 we illustrate a single model statistical analysis technique for the problem of
changedetection, under circumstanceswhere the statistical model can be bootstrapped from the image data. This

represens a signi cant step towards learning. We further describe a practical mechanism for data fusion within

this framework and in particular provide a derivation for problems of arbitrary dimensionality. These systems
generatedata which is more quartitativ e than that generatedby Bayesianmethods, yet the data remains suitable
for usein a Bayesrisk analysis. Therefore, we believe that suc systemshave advantagesover Bayesianalgorithms
and have great potential for usein computer vision.

2 Bias and Novelty in Multi-dimensional MR Image Segmentation

Magnetic resonanceimaging represens a very exible way of generatingimagesfrom biological tissues. From the
point of view of conventional computer vision, analysis of theseimagesis relativ ely simple as, for a given protocaol,
particular tissuesgeneratea narrow range of xed valuesin the data. Bayesianprobability theory hasbeenapplied
by sewral groupsin order to devise a frequency-basedrepresenation of dierent tissues [13]. The conditional
probabilities provide an estimate of the probability that a given grey level was generatedby a particular part of the
model. The conditional probability for a particular tissue classgiven the data can be derived using the knowledge
of image intensity probability density distributions for ead classand their assaiated priors.

The data density distributions are often assumedto be Gaussian, but for many clinical scansthere is a high
probability that individual valuesmay be generatedby fractional cortributions from two distinct tissuecomponerts
(partial voluming). In [19] we adopted a multi-dimensional model for the probability density functions which can

3Strong Bayesianswould argue that we can deal with degreesof belief, but then we have to accept that the computed probabilities
do not necessarily correspond to any objectiv e prediction of likely outcome.
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Figure 1: Image SequencesiRTSE (a), VE(PD) (b), VE(T2) (c), and FLAIR (d).

take accourt of this e ect. The conditional probability that a grey level g is due to a certain mechanism k (either
a pure or mixture tissue componert) can be calculated using Bayestheory,

. _ D dk (g)fl:k D
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wheredk(g), di(g), and d; (g) are the multi-dimensional probability density functions for tissue componert k, pure
tissuei, and a mixture of tissuesi and j respectively. The corresponding priors, f, fo, fi and f; , are expressedas
frequencies(i.e. the number of voxels which belongto a particular tissue type) whether pure tissuesor a mixture
of tissues. Note that in the rst departure from a pure (fully justiable) Bayesianmodel a xed extra term f,
(making an arbitrary assumption of uniform distribution) is included to model infrequently occurring outlier data
[12.
The parametersof the model, such as covariance matrices, meanvectors and priors, can be iterativ ely adjusted by
maximising the likelihood of the data distribution using Expectation Maximisation (EM) algorithm [27] (App endix
A). Once the data density models are obtained, the conditional probabilities can be calculated and probability
maps derived for ead tissue type, which estimate the most likely tissue volume fraction within ead voxel.

The probabilistic segmemation algorithm has beenimplemented and tested on co-registeredMRI brain images
of di erent modalities chosenfor their good tissue separation and availabilit y in a clinical environment. The use
of multi-sp ectral data enablesdecorrelation of statistical distributions and better estimation of partial volumes.
The images used were variable echo proton density (VE(PD)), variable echo T2 (VE(T2)), inversion recovery
turb o spin-edho (IRTSE), and uid attenuated inversion recovery (FLAIR) (seeFig. 1). Theseimages provide
good separation betweenair and bone, fat, soft tissue (such as skin and muscle), cerebro-spinal uid (CSF), grey
matter (GM), and white matter (WM). Fig. 2 shows a scatter plot of the IRTSE and VE(PD) images,together
with the model after 10 iterations of the EM algorithm. The nal model agreeswell with the original data. The
partial volume distributions link the otherwise compact pure tissue distributions along the lines betweenthem in
accordancewith the Bloch equations, which describe the signal generation processin MR. The nal segmenmation
result is represeried by probability mapsfor ead tissue classand can be seenin Fig. 3. The probability mapsrange
from 0 to 1 and can be usedfor boundary location extraction (e.g. a probability of 0.5 represens the boundary
location betweentwo tissues)or volume visualisation [15].

Air Soft Fatty Cranial Grey  White
and bone tissue tissue Fluid Matter Matter
Air/b one 16012.2 1032.0 21.9 126.7 371.5 0

Soft Tissue 1032.0 4076.9 1219.3 520.4 46.2 0
Fatty tissue 21.9 1219.3 1517.8 0 0 0
Cranial Fluid 126.7 520.4 0 445.9 759.2 84.1
Grey Matter 3715 46.2 0 759.2 6465.8 4105.6
White Matter 0 0 0 84.1 4105.6 3548.7

Table 1: Typical priors assignedto ead class(pure and mixed tissues). Zero valuesare xed to eliminate biologi-
cally implausible combinations.

Table 1 givesthe priors (i.e. number of voxels) assignhedto ead class (pure and mixture of tissues)to model
di erent tissuetypes. As thesevaluesrepresen geruine frequenciesof tissuesthey will changedepending upon the
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Figure 2: Scatter plots of IRTSE vs. VE(PD): original data (a); model using initial values of parameters (b);
model after 10 iterations of EM algorithm (c); and schematic showing the origins of the data clusters (d).
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Figure 3: Probability mapsfor bone and air (a), fat (b), soft tissue (c), CSF (d), GM (e), and WM (f).

region selected,and so too will any estimates of tissue proportion. For example, if the intention wasto segmen

only the brain tissues(i.e. CSF, WM and GM) a region of interest could be chosenwhich contained only these
tissues.

Fig. 4 illustrates how changein the region chosento generatethe priors may lead to signi cant changein the
subsequehn interpretation of the samedata. Two overlapping regions of interest were de ned, generatingtwo sets
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Figure 4: Regionsof interest (a) which provide di erent prior probabilities for the sameregion (their intersection),
the result (b) of subtracting the grey matter probability maps for this region, and the histogram (c) of this
subtraction result.

of prior probabilities for the sameregion (their intersection). A subtraction of the two grey matter probability
maps produced for this region shows signi cant di erences betweenthem: it can be seenfrom the histogram that
the probabilities di er at approximately the 10% level.

Giventhe arbitrary nature of the processof region selection, it is evidert that the prior information is not unique
for a particular segmemation task. This exempli es the prior selection problem. The common responseto this,
that the results will not change much over a large range of priors, is clearly over-simplistic (and unrealistically
optimistic) as particularly important tissuescan be eliminated altogether by carelessselection of the bootstrap
region. Unexpected data (novelty) will be suppressedin the analysis, and attempts to measure quartitativ e
changesbetween two data sets will be a ected by any bias introduced by inconsistert priors. Practical use of
Bayestheory in such problems therefore requires careful cortrol of prior estimates, particularly for quarti cation
of small di erences betweendata sets [25]. Solutions such as xing the priors to be consistert betweendata sets
represen a secondarbitrary (and unsatisfactory) extensionto the theory.

One possibleapproadc to this problem, suggestedby Laidlaw [17], involvesestimating the priors locally to eath
pixel value. Unfortunately this doesnot extend to the useof partial volume models. Any region of grey-level values
we obsene can be attributed to the partial volume terms without the needfor any pure tissue componens. Suc
problems raise doubts about the validity, or even the need,to incorporate the priors at this stage of the analysis.

3 Learning, Estimation of Priors and Bayes Risk in Diagnostic Clas-
sication of Dementing Diseases.

In the previousexamplethe suitabilit y of Bayestheory for quantitativ e estimation wasconsideredand the di culties
in obtaining quantitativ e measuremelts were discussed. However, a more corvertional use of Bayestheory is in
the classi cation of data. One of the important tasks in medicalimage analysisinvolvesinforming clinicians of the
most likely interpretation of a large or complex data set for the processof decisionsupport. In magnetic resonance
imaging of the brain, for example,we may wish to take the data description (generatedby the previous system)and
perform an analysis of structure to identify abnormality or determine a categorisation. In previous work [22, 23]
we have designeda systemwhich is capableof diagnosingdemerting diseasedasedon the pattern of atrophy in the
brain. This is achievedthrough the analysisof cranial uid volumes(such asmay be achieved using the techniquein
the previous section) within a standardised co-ordinate system. After correction for head sizeand normal ageing®
and care to represen the data in a way which takes correct accourt of the Poissonmeasuremen process [24],
twelve measuremetts of corrected volume were usedin a simple Parzen classi er to estimate the probability of
classassignmei betweenone of four groups: normal; Alzheimers diseasefronto-Temporal demertia; and Vascular
demenia. This classi cation processmakesdirect use of Bayestheory and typical results are given in Table 2.
Given the dicult y of clinically identifying subjects within these groups using psychometric tests, these results
illustrate a separation betweenclasseshat appearssu cien t to provide useful diagnostic information.

The use of Bayestheory once again requires the speci cation of a prior probability, which for this illustration has
simply beenassumedto be proportional to the sampledfrequencywithin the data set. Theseprior terms establish
the relativ e frequency of eadh model hypothesisand without them any classi cation result will be sub-optimal, in

4The normal brain losestissue which results in an increase of cranial uid at a rate of typically 1% per year after the age of 40.



Disease Norm. F.T.D. Vas.D. Alz.

N ormal 7 2 8 1
Fronto Temporal 5 21 3 7
V ascular 3 2 13 4

Al zheimers 1 3 6 28

Table 2: Disease(rows) vs classi cation (columns) for a cross-walidated Parzen classi er.

the sensethat there will not be a minimum number of incorrect classi cations acrossa samplegroup. In a clinical
diagnostic task the prior probabilities are determined by the statistical make-up of the classi ed data sample. This
processis often referred to as caseadjustmernt.

The use of prior probabilities therefore requires a solution to the additional problem of ensuring that the prior
probabilities re ect the true frequency of occurrence of cases. Constructing a systemwith xed priors basedon
a national averagewould be sub-optimal in any location that did not re ect this demographic,and even regional
averagesmay vary over time. If the intention wasto build an optimal, fully automatic classi cation system,then
onewhich attempts to determine prior probabilities from the sampledata asit arrivescould be envisaged. However,
if it is acceptedthat for moral reasonsthis data should be moderated by a medical expert, such a system might
be consideredinappropriate for the reasonsoutlined below.

The aim in any clinical environment must be to deliver treatment which improvesthe prognosisof the patient,
rather than simply to obtain the correct diagnosis. Therefore, any decisionbasedon the results from a diagnostic
classi cation system should be made on the basis of the Bayesrisk. For example, if the diagnosisis ambiguous
betweenthree possibilities, but two outcomescould have the sametreatment, then this should in uence the patient
managemen. This assessmeinmust be carried out by the expert, through a processof weighting decisionsupport
information with the expert's own experienceor other data. However, any systemthat can changeits classi cation
of the samedata setover time (non-stationarit y) dueto the frequencyof occurrenceof other diseasewill complicate
experiertial learning by the expert. E cien t learning therefore requires knowledge of the objective information
content in the data, and expecting the expert to infer the e ects of time-varying prior probabilities, rather then
explicitly providing this information, is inviting dicult y. This exemplies the dicult y of making quantitativ e
useof data from a Bayesianmodule in a larger system.

Any systemin which the priors are not xed will not meet the requiremert for stationarity which is an essetial

prerequisitefor e cien t learning and data fusion, whether involving a learning systemor a clinician. Onealternativ e
is to construct a Bayesian classi er with equal prior probabilities, and to train the expert in how best to make
useof this data. Howevwer, it is then dicult to believe that the outputs from the system contain any meaningful
information beyond that presen in the likelihoods. We must therefore concludethat the likelihoods provide the

most appropriate way to presert data for clinical interpretation. A clinician would then be in a position to make
use of either their own experience,or a separateestimate of the current expected relative frequenciesof diseases,
in order to recommendtreatment on the basisof risk. In fact, if experiential learning of the clinician is basedupon

likely outcome, speci c calculation of probabilities of diagnostic classi cation may be consideredan unnecessary
diversion, making the speci cation of prior probabilities irrelevant.

4 Single Mo del Statistical Analysis for the Identication of Change
in Magnetic Resonance Brain Images

The previous examplesillustrate the di culties encourtered in determining all of the information neededto use
Bayestheory correctly, and the consequence@ terms of quartitativ e measuremeih One approac to resolve these
di culties would be to attempt to construct statistical questionsregarding expected data distributions that can
be addressedwithout knowledgeof the priors, or with fewer model componerts. Logically the minimum number of
model componerts required would be one, and in that casethe only quantity that can be obtained is the relative
probability that a particular item of data was generatedby the model. Howevwer, this is enoughto identify data
that is unlikely to be generatedby the model (i.e. outlier detection).

There are seweral standard statistical techniques designedto operate using only one model, for example null
hypothesis tests and the chi-squared probability. Although suc techniques have already been applied widely in
MR data analysis [10] thesegenerally assumeparticular data density distributions which will not be applicable to
arbitrary problems. Image analysis tasks frequertly involve large amourts of data, and our recert work [4, 5, 6]
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Figure 5: For any pair of corresponding pixels from the original images (the black point), the integration (the
shadedregion) is performed acrossall valuessmaller than f,, the value at the point de ned by the original image
pixels.

illustrates how we might exploit this to bootstrap a statistical model of data behavior from the data itself. Thusthe
technique doesnot require additional model componerts or prior probabilities, and avoids the needto explicitly
build the single model. In addition, this technique producesoutput with a at probability distribution, which
provides routes to both self-test and data fusion, aswill be discussedin the next section.

The technique discussedhere is designedto construct non-parametric modelsin order to estimate the probability
that a particular item of data wasgeneratedby a particular process.It de nes a probability that re ects how likely
it wasthat the grey level valuesfrom corresponding pixels in an image pair weredrawn from the samedistribution
asthe rest of the data. A scattergram drawn from a sample of image data S(g;; g.) is usedas a statistical model
of data behavior. Taking a vertical cut through the scattergram identi es a set of pixels in the rst image which
all have the same grey-level value g;. The distribution of data along this cut f (g2; 01) givesthe grey levels g,
occurring at the corresponding pixels in the secondimage. If the scattergram is normalised along all vertical cuts,
then thesedistributions becomethe probability distributions for the grey level value in the secondimage given the
grey level value in the rst,
R, f(92;01)
1 (% 0)dg

Then, corresponding pairs of pixels from the original imagesare taken, and their grey levels usedto nd their
coordinatesin the normalised scattergram. An integration is then performed along the vertical cut passingthrough
that point, summing all of the values smaller than the value at that point, f,, as shown in Figure 5. The result
is the probability " of nding a more uncommon pairing of grey levels, given the grey level in the rst image gs,
than that seenat the original pixel pair,

z O2h

1 fn(g2:01)de =1 P(G2 < Oom < Q2n;G1) = 4)
92

= fn(g: ): 3)

where gz, is the mean grey level in the secondimage at pixels on this cut in the scattergram, and g and gz, are
the limits of the integral. This follows directly from the original de nition of a con dence interval, due to Neyman
[18]. In addition, the ordering principle implicit in the technique results in the shortest possiblecon dence interval
[9 °.

The result of the integration is used as the grey level for the corresponding pixel in a di erence image. Sinceit
dependson the mean grey level for the pixels on this cut in the secondimage, any processwhich results in global
di erences betweenthe images,suc asa changein the level of illumination, will beignored. The grey level values
in the di erence image relate directly to the frequency of occurrence of the pairing of grey level values seenat
the corresponding pixels in the original images. This is exactly the type of measureneededto identify outlying
combinations of grey-level valuesin a fully automatic manner. The technique therefore illustrates that useful and
guantitativ e statistical analysescan be performed through comparisonwith a single statistical model bootstrapped
from data itself.

An important feature of this method is that, sincethe integration along vertical cuts in the scattergram performs
a probability integral transform, the resulting di erence image should by de nition have a uniform probability

SUnfortunately a discussion of this and other related issuesis beyond the scope of this paper
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Figure 6: The original MRI brain images(a,b), scattergram (c), and simple subtraction di erence image (d), with
a2 oset addedto a small region of image (b).

(a) (b) ()

Figure 7: The dierence image produced by the new method (a) showing the altered region in the upper left.
Thresholding at the 10% level (b) extracts the low probability pixels. The histogram of this di erence image (c)
is by de nition uniform.

distribution i.e. a histogram of the grey levelsin the di erence image will be at. It follows that thresholding the
di erence image at somelevel n will extract the 100n% of the pixels that shawved the most uncommon pairings
of grey levelsin the original images. Thus the estimated probabilities correspond to a geruine prediction of data
frequency Probabilities with these characteristics have previously beenreferred to in the literature as honest [8].
The importance of this feature in relation to the work preseried hereis that knowledgeof the expecteddistribution
for the output provides a medanism for self-test [20]. Further usesof this property are discussedin the next
section.

A potential application of this technique is the detection of MS lesionsin MRI scansof the brain, an important issue
in relation both to tracking the progressionof the subclinical disease,and to therapeutic trials [26]. Sudc lesions
can be dicult to detect, but can be highlighted using a contrast agert (GADTP A), which concertrates at the
lesion sites. Scanstaken before and after the injection can be subtracted to help identify lesions,but the presence
of the contrast agert also alters the global characteristics of the scan, so a simple pixel-by-pixel subtraction will

not remove all of the underlying structure of the brain from the image.

Obtaining a gold standard for this work is di cult without extensive histological investigation. In order to simulate
the imaging process,two T2 scanswith slightly di erent edco train times (TE) of the sameregion of the brain were
used. This simulates the e ects of repeat scanningon di erent scannersafter a signi cant time interval and the
small quantitativ e changeswhich occur in the signal due to the presenceof a contrast agert. The badkground was
removed from the imagesothat the statistical model (scattergram) was estimated using only the tissuesof interest.
A grey-lewvel o set at twice the level of noise in the original images,too small to be detected visually, was then
addedto a small circular region of one of the brain images,simulating lesionsin a testable manner. The synthetic
data is shown in Fig. 6. The subtraction routine wasapplied to this data in an attempt to detect the change. The
altered region is barely visible in the pixel-by-pixel di erence image shown in Fig. 6. Fig. 7 shows the di erence
image generatedusing the new method, and the altered region shaws up clearly. The altered region ceasedto be
detectablewhenthe magnitude of the o set wasreducedbelow around 1 . Fig. 7 alsoshows a histogram generated
from the di erence image and as expected this method produced the required uniform probability distribution,

con rming the applicability of this statistical measureto this MR data. The possibility of such self-test is an



important feature for statistical methods which are intended for application to arbitrary data analysistasks.

5 Data Fusion for Flow Abnormalit y Detection in Contrast Suscepti-
bilit y Perfusion Data.

One of the major challengesin the construction of image interpretation systemsis that of merging sourcesof
information, or data fusion. Algorithms that produce output with a uniform probability distribution therefore
confer an additional advantage, in that a standard technique exists to combine suc distributions in a statistically
rigorous manner [1], providing a route to data fusion. If j independert quartities !, ead having a uniform
distribution, are multiplied to produce a product P,

P= Iy (5)

then this product can be normalisedto produce a new quartity P° which hasa at distribution, using

X1 i
po=p  (INP) 'in|P) : (6)
i=0 ’

This processs potentially nestable,providing a simple yet statistically principled method for data fusion. Although
the above method can be derived easily for any xed number of probabilities j, a general proof for any number
of dimensionsis neededbefore we can apply this to arbitrary problems. We have been unable to locate such a
proof in the establishedliterature soa generalderivation for this equation for problems of arbitrary dimensionality
is provided in Appendix C. This section demonstratesthe use of this technique with an example involving the
combination of independert maps extracted from dynamic MR images,to produce a single map showing all of the
statistically signi cant information available.

Dynamic susceptibility contrast-enhanced MR imaging can be usedto image the passageof a bolus of contrast
agert (Gd-DPTA) through the brain. The resulting temporal sequenceof a particular slice through the brain can
be processedo produce meaningful parameter maps of the rate and volume of blood passingthrough the voxels.
This is done by tting a Gamma Variate curve to the concerration of the contrast agert over time through a
voxel/slice of the image [21, 2], as shown in Fig. 8. In order to exclude the recirculation of the contrast bolus
from the t, data after the point at which the agert concerration drops below a given fraction (in this case20%)
of the maximum is ignored. We hypothesizethat the parameters of the Gamma curve can be approximated as if
sampled from a Gaussiandistribution, and if this is the case,then estimates of Relative Cerebral Blood Volume
(RCBV) will be distributed like a Poissonrandom variable (App endix B). Probability mapswith at probability
distributions canbe constructed, using convertional parametric techniques,for di erences in both RCBV and Mean
Time of Arrival (TTM) parameters. Figs. 9(b) and 10(b) shov exaB1pIesof such mapsfor a normal data set. Fig.
9(c) and Fig. 10(c) show the pixel maps of the 0-0.02bin for the © CBV and TTM error function distributions
respectively. The near at (uniform) distribution of probabilities (excluding t failures) in these data, shown in
Figs. 9(a) and 10(a), justify the initial model assumption.

To demonstrate that the method can detect geruine physiological change, we applied the method to scansof a
patient before and after a surgical procedureto remove a carotid stenosis. In this case,geruine change between
the mapswhich is greater than that due to error would be expected. The error function distribution for the TTM

di erence map again has outliers in the 0-0.02bin (Fig. 11(a)) but is otherwise at. The pixel map of this bin
(Fig. 11(c)) shows that most of the outliers are due to a changeon the left (right for the obsener) Bf the brain,
most probably due to unblocking the a ected carotid artery. The error function distribution of the = CBV map
(Fig. 12(a)) shaws the same at map with a peak, but the corresponding pixel map (Fig. 12(c)) doesnot show a
grosschangelike the ,TTM map, but is more similar to the normal maps (Fig. 9(c), 10(c)). We believe that the
changesseenon the = CBV probability map (and corresponding pixel map) are predominantly due to perfusion
changesin the grey and white matter, whereasthoseon the TTM map are due to changesin the time of arrival of
the blood in the feeding arteries and draining veins.

The probability maps of the parametersp CBV and TTM represert two physiological aspects of the samedata,
which we wish to combine in order to show the overall vascular di erences pre- and post-operatively. Sincethe
probability distributions of the maps are at, the renormalisation technique described above can be applied to
re atten the product of the individual maps to produce a new map shawing all of the statistically signi cant
changes.
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Figure 8: Gamma Variate t of the concerration/time data for a bolus of contrast agern passingthrough the
brain.
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Figure 9: Error function distribetion on P CBYV di erence map (a), probability map for the distribution (b) and
pixel map of 0-0.02bin for erf( CBV) di erence map (c).

@) (b) (©

Figure 10: Error function distribution on TTM di erence map (a), probability map for the distribution (b), and
pixel map of 0-0.02bin for erf(TTM) di erence map (c).

Fig. p 13(a) shows that the combined re- attened map for the carotid stenosispatient is at (demonstrating that
the  CBV and TTM maps are independert) %xcept for the peak in the 0-0.02 bin. Comparing the pixel map
for this bin (Fig. 13(c)) with with thosefor the  CBV and TTM shawsthat the information regarding perfusion
di erences hasbeenpresenedin the combined probability map (Fig. 13(b)) and that this map now cortains all of
the statistically signi cant information available.

In order to demonstrate the exibilit y of this approadc, we have also applied the method to the results from
the non-parametric subtraction technique described in the previous section. A spatial correlation analysis can be
performed by forming the product of the grey level of eath pixel with the four nearestpixels. This is equivalert to
forming the product of v e imagesead having a uniform probability distribution, sothe probability distribution

11



@) (b) ©

Figure 11: Error function distribution on patient TTM map (a), probability map for the distribution (b), and pixel
map of 0-0.02bin for patient erf(TTM) di erence map (c).
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Figure 12: Error function distribution 0 patient P CBV map (a), probability map for the distribution (b) and
pixel map of 0-0.02bin for patient erf( CBV) di erence map (c).
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Figure 13: Distribution of the combined re- attened probability map for the carotid stenosispatient (a), probability
map for this distribution (b), and pixel map of the 0-0.02bin (c).

of the product can be renormalised using the technique described above. However, the probability renormalisation
technique assumesno spatial correlation, (see Appendix C). The probability values assaiated with pixels in the
background, i.e. not in localiseddi erence regions,will be randomly distributed and sowill renormalise correctly.
Localised di erences will result in spatially correlated low probability pixels, and will produce low probability
products which will not renormalise correctly. Therefore, the probability distribution of the image showing the
renormalised v e-pixel product will feature a at distribution for non-di erence pixels, together with a spike close
to zero containing the pixels in localised di erence regions. This provides a simpler route to identi cation of
the local di erence regionswhen comparedto the original non-parametric image subtraction result, in which the
probability distribution is at by de nition for all pixels. Fig. 14 shows the result of applying this technique to
the non-parametric image subtraction result for the synthetic MS data. The spatial correlation presert in the data
resultsin a reduction in the number of e ectiv e degreesof freedom [11], and sothe histogram for the renormalised
image shows the result of some degree of over- attening. The localised di erence region can immediately be
extracted by thresholding at lower probabilities than would be used with the initial di erence image, leading to
less contamination by background pixels. In addition, since the distribution for badkground pixels is at, the
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Figure 14: The results of spatial correlation analysisusing probabilit y renormalisation on the non-parametric image
subtraction result for the synthetic MS data The histogram prior to re attening (a) shows that the probability
distribution of the product is not honestasit doesnot have the required distribution. The re attened product (b)
producesan approximately uniform histogram (c). The result of thresholding at the 0.5% level is shown in (d).

number of badkground pixels extracted in the threshold is known. Therefore, this number can be subtracted from
the total number of pixels extracted in the threshold to leave the number of pixels in the localiseddi erence regions,
and so volumetric analysis of the di erence regions can be performed. This implies that quartitativ e extraction
can be performed using such methods without the needfor prior probabilities.

6 Conclusions

We have preserted two distinct probabilistic methods for data analysis. The rst, basedon Bayestheory, hasbeen
used for both tissue quanti cation and categorisation of the spatial distribution of data in magnetic resonance
images. We have showvn how the issue of objective de nition of prior probabilities is a problem in both cases.
The use of non-objective priors raisesproblems concerning direct quartitativ e interpretation of data, assaiated

with bias and suppressionof novelty. We have also explained how Bayesianoutputs do not form useful inputs for

learning systems, which demand stationarity. Practical solutions to these problems reduce the role of the prior

probabilities, and are therefore distanced from the basic theory.

Having identi ed the main problem asthe needto work with multiple models, we have suggestedan alternative
form of statistical data analysis basedupon frequertist methods. These can form useful statistical decisionsusing
the distribution of data from single models. For many tasks thesetechniques eliminate the problems of unknown
priors in a framework which is both exible and supports data fusion. We have provided a general derivation for
the combination of arbitrary quartities of independert data. The issueof self-testis alsoimportant, asit facilitates
the creation of data analysissystemswhich are capableof testing the adequacyof their own assumptions. Although
we have not demonstrated the application of both frequertist and Bayesiantechniquesto the sameproblem it is
clear, at least for the atrophic diseaseclassi cation, that theoretically it should be possibleto replacethe output
probabilities from a Bayesian analysis with probabilities from single model techniques. The task of mapping
these valuesonto a decision processwhich accourts for Bayesrisk is equivalent to mapping the original Bayesian
probabilities obtained from xed priors. In this respect the work we have presenried could be consideredas possible
componerts of a generalapproac to analysis of multiple hypothesisin complex data. The stagesof this analysis
would comprise:
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generation of at probabilities for individual data sources(by bootstrapped or other methods),
fusion of data using the probability re- attening process,

input of multiple hypothesisprobabilities into a Bayesrisk analysis system for decisionselection.

At ead stagein this processthe outputs should be honestprobabilit y distributions, allowing the model assumptions
and data independenceto be validated.

It is our opinion that the di culties in utilising Bayesianresults in further analysisproceduresshould be regarded
asa fundamenal issue. Any system of modules generally requiresthat the data passedbetweenthem have known
statistical characteristics (i.e. errors) [7]. Approaches basedupon maximum likelihood have the techniques of
covariance estimation and error propagation [14] to support the control of this process. Unfortunately, Bayesian
statistics currently has no such tool-kit. Data fusion can only be achieved with knowledge of the assumedprior
probabilities, in order to work back to the objective information content (App endix D). In fact, this information is
completely described by the likelihood distribution but not the Bayes probability. Data fusion using the outputs
from Bayesian modules is therefore di cult asthe data is fundamentally poorly represeried for usein a larger
system.

The area of computer vision has thankfully largely managedto avoid the Bayesian/frequertist debate which has
doggedthe statistical literature for many decades. However, given that statistical methodology is becoming the
cornerstoneof image analysis, it will inevitably becomenecessaryfor thosein the areato be at least familiar with
ead side of the argumert. Taking all of the factors preserted in this paper into accourt, we concludethat the
suggestionthat Bayestheory should be the preferred vehicle for the solution of computer vision problems must be
treated with scepticism.

7 Acknowledgmen ts

The authors would like to thank Professor Alan Jackson for his clinical guidance in the developmert of the
techniquespreserted. Patrick Courtney wasinvolvedwith developmert of the non-parametric subtraction technique
in the early stagesand also cortributed valuable insights regarding the useof statistical modulesin larger systems.
We would also like to acknowledgethe support of: EPSRC and MRC (IRC: From Medical Imagesand Signalsto
Clinical Information); DTl Medilink Scheme(Smart Inactivit y Monitor using Array BasedDetectors (SIMBAD));

Wellcome (Relating Cross-Sectionaland Longitudinal changesin Brain Function to Cognitive Function in Normal
Old Age); and the European Commission (An Integrated Environment for Rehearsaland Planning of Surgical
Intervertions).

References

[1] ALEPH Collaboration, A PreciseMeasuremer of ,, p,= z! hadr ons- Phys. Lett. B313, pp. 535-548,1993.

[2] M.M. Bahn, A Single Step Method for Estimation of Local Cerebral Blood Volume from Susceptibility
Contrast MRI. MRM 33, pp. 309-317,1995.

[3] C.M.Bishop, Neural Networks for Pattern Recognition, pp. 66 . Clarendon Press, Oxford, 1995.

[4] P.A. Bromiley, N.A. Thacker, and P. Courtney, Non-parametric Image Subtraction using Grey Level Scat-
tergrams. Proc. BMV C 2000, pp. 795-804.BMV A, 2000.

[5] P.A. Bromiley, N.A. Thacker and P. Courtney, Non-parametric Image Subtraction using Grey Level Scat-
tergrams. Image and Computer Vision, BMV C 2000 Special Edition, In press.

[6] P.A. Bromiley, N.A. Thacker, and P. Courtney, Non-parametric Image Subtraction for MRI. Proc. MIUA
2001, pp. 105-108,BMVA, 2001.

[7] P. Courtney and N.A. Thacker, Performance Characterisation in Computer Vision: The Role of Statistics
in Testing and Design, Imaging and Vision Systems: Theory, Assessmenand Applications, JacquesBlanc-
Talon and Dan Popescu(Eds.), NOVA ScienceBooks, 2001.

[8] A.P. Dawid, Probability Forecasting. Encyclopedia of Statistical Science7, pp 210-218.Wiley, 1986.

14



[9] G.J. Feldman and R.D. Cousins,A Unied Approach to the Classical Statistical Analysis of Small Signals.
Phys. Rev. D57, pp. 3873,1998.

[10] Friston K J, Holmes A, Poline J-B, Price C J, Frith C D, Detecting Activations in PET and fMRI: Levels
of Inference and Power. Neuroimage, 40, pp. 223-235,1996.

[11] K.J. Friston, P. Jezzard and R. Turner, Analysis of Functional MRI Time-SeriesHuman Brain Mapping
vol. 1, pp. 153-171,1994.

[12] K.Fukenaga,Introduction to Statistical Pattern Recognition, 2ed. Academic Press, San Diego, 1990.

[13] R. Guillemaud and J.M. Brady, Estimating the bias Field of MR Images. IEEE TRANS. on Medical
Imaging, 16(3), pp. 238-251,1997.

[14] R.M. Haralick, Performance Characterization in Computer Vision, CVGIP-IE 60, pp.245-249,1994.

[15] A.Jackson, N.W.John, N.A.Thacker, R.T.Ramsden, J.E.Gillespie, E.Gobbetti, G.Zanetti, R.Stone,
A.D.Linney, G.H.Alushi, S.S.Fancestini, A.Schwerdtner, A.Emmen. Developing a Virtual Reality En-
vironment for Petrous Bone Surgery: A \State-of-the-Art" Review, Submitted to Journal of Otology and
Neurotology, 2001.

[16] H. Je reys, Theory of Probability. Oxford Univ. Press,1939.

[17] D.H. Laidlaw, K.W. Fleischer, A.H. Barr, Partial-v olume Bayesian Classi cation of Material Mixtures in
MR Volume Data using Voxel Histograms. IEEE Trans. Med. Imag., vol. 17 no. 1, pp. 74-86,1998.

[18] J. Neyman, X-Outline of a Theory of Statistical Estimation Basedon the Classical Theory of Probability.
Phil. Trans. Royal Soc. London, A236, pp. 333-380,1937.

[19] M. Pokric, N. A. Thacker, M. L. J. Scott, A. Jackson, "Multi-dimensional Medical Image Segmemation
with Partial Voluming”, Proc. MIUA 2001,pp. 77-81,2001.

[20] I. Poole, Optimal Probabilistic Relaxation Labeling. Proc. BMV C 1990,BMV A, 1990.

[21] K.A. Remp, G. Brix, F. Wenz, C.R. Bedker, F. Guckel, W.J. Lorenz, Quanti cation of Regional Cerebral
Blood Flow and Volume with Dynamic Susceptibility Contrast-enhancedMR Imaging. Radiology, 193, pp.
637-641,1994.

[22] N.A. Thacker et.al. Quanti cation of the Sewerity and Distribution of Cerebral Atrophy Provides Diagnostic
Information in Demerting Diseases.To appear Radiology, 2001.

[23] N.A. Thacker, A.R. Varma, D. Bathgate, J.S. Snovden, D. Neary, A. Jackson, Quanti cation of the dis-
tribution of cerebral atrophy in demerting diseasesProc. MIUA 2000, pp 61-64,London. 10th-11th July,
2000.

[24] N.A. Thacker, F. Ahearne and P.l. Rockett, The Bhattacharryya Metric asan Absolute Similarity Measure
for Frequency Coded Data. Kyb ernetika, 34(4), pp. 363-368,1997.

[25] E.A. Vokurka., A. Herwadkar, N.A. Thacker, R.T. Ramsdenand A. Jackson, Using BayesianTissue Classi-
cation to Improve the Accuracy of Vestibular SchwannomaVolume and Growth Measuremen. To appear
in AJNR, 2001.

[26] L.J. Wolansky, J.A. Bardini, S.D. Cook et al. Triple-Dose Versus Single Dose Gadoteridol in Multiple
SclerosisPatients. Journal of Neuroimaging 4(3), pp. 141-145,1994.

[27] L. Xu and M.l. Jordan, On ConvergenceProperties of the E.M. Algorithm for Gaussian Mixtures, A.l.
Memo No. 1520C.B.C.L. Paper no. 111, 1995.

15



=
Variance

Mean

Figure 15: The Normal Distribution

A Mo del Parameter Up date using Exp ectation Maximisation

The EM algorithm is implemented in such a way that the exp ectation step recalculatesmulti-dimensional prob-
ability densities, dx (g), for pure and mixtures of tissuesusing the current parametersvalues. Once the probability
density functions have been calculated the conditional probabilities, P (kjg), can be derived and used for re-
estimation of model parametersin the maximisation step of the algorithm in a maximum likelihood (i.e. least
squares)manner.

The model parametersfor pure tissuesi and for mixtures of tissuesi and j which are iterativ ely updated are: the

priors f2; £ ; the meanvector M %; and the covariance matrix C?. They take the forms

O = X/ 11
fi = P(ijov) (7)
fo =% = }X/ (P(@jigv) + P(ijgv)) (8)

1) J1 2 \ iV

o 1X

My = v P(ijgv)av 9)
and
1 X

cP = v PGjgv)(ov Mi) (v M) (10)

\

where gy is the obsened intensity value in voxel v, and V is the total volume of all data analysed.

Using this represertation it is possibleto obtain the most probable volumetric measuremen V; for ead tissue i
given the obsened data g, in voxel V,

X
Vi(gv) = P(ijgv) + P(ij jav)

B The Sampled Normal/Gaussian Distribution

The normal distribution (seeFig. 15) is described by the probability density function:

1 x_)?
f(x)= —p?e e (11)
where is the meanand p? the variance. Given a sample of data X;...Xn , approximate valuesfor and are
) 2
givenby X = >,<\,—' and % respectively. The variance on the estimator of is Wz but the true value of

P’ is unknown. Replacingit with the estimator of 2 givesthe estimator of the variance of the calculated mean,
. 2
M. The estimator of the areaunder the graph is the sum of the data points, and sincethis obeys Poisson

statistics its error is N.

The errors on the perfusion parameterscan be treated asanalogousto the errors on the parametersof the C—‘ﬁiussian
distribution. The CBV is equivalent to the area under the graph (N), so has an error proportional to CBV.

TTM is equivalent to , and MTT to , sothe error onthe TTM is proportional to  fLET-.
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Figure 16: The sample spacefor the probability renormalisation in 3D, showing the elemen of integration (the
shadedregion) usedto relate this to the 2D problem. The contour of constart probability is showvn by the curved
surfacein the upper corner of the unit cube.

C Probabilit y Renormalisation

Given n quartities ead having a uniform probability distribution pj=1.,, the product p = Qin:l p;i can be renor-
malisedto have a uniform probability distribution F,(p) using

X 1 [ X 1 i
Fa(P=p (l%p)=p+p ( Iir:p) (12)
i=0 ’ i=1 :

The quartities p; canbe plotted on the axesof an n dimensionalsamplespace,boundedby the unit hypercube. Since
they are uniform, and assumingno spatial correlation, the sample spacewill be uniformly populated. Therefore,
the transformation to F,(p) suc that this quartity has a uniform probability distribution can be achieved using
the probability integral transform, replacing any point in the samp@spacep with the integral of the volume under
the contour of constart p passingthrough this point, which obeys ?:1 pi = p = constant. This can be expressed
in terms of the volume of a hyper-region of one lower dimension by integrating over one dimension (let this be
called x) z,

Fa®)=p+  Fo a(D)ax (13)
P
This is equivalernt to dividing the integration into two regions using a plane perpendicular to the x axis which
intersectsthe axis at x = p. Fig. 16 shows the elemen of integration that would be usedin the 3D case,to relate
the volume of the unit cube under the contour of constart probability to the 2D case.

Now, in the simplest caseof n = 1, clearly F,(p) = p, asno renormalisation is required. The solution for higher
dimensions can then be derived by iterativ e application of Equation 13. This involves integration of terms in
(P=X)[ In(p=x)]" which enter in the n=3 and higher cases. This integration can be performed using a simple
substitution x = pu, dx = pdu

z 1 Z 1=p
p Pyin 4y 1 Ny — 1
JGAL GO dx=p - ()in " du= Pl

[In u]n+l ]n+l - nTpl[ |npn+l (14)

Iterativ e application of Equation 13 therefore producesthe series

_ (np?  (np?*  (np)* .
Fa(P)=p pinp+p > P TP,

(15)

which can be written as

X 1 i
Fap=p P (16)

0
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D Diculties with Data Fusion using Bayesian Mo dules.

Let us imagine that a researter wishesto build a modular vision systemwhere a module delivers someevidence
regarding a particular hypothesis C, basedupon data from independert sources(X and Y) which are then to
be combined in a fusion process,such asthat described in the paper above. Aside from the above mecanism of
cominination of hypothesis probabilities we can also combine the Lik elihoods by taking the product;

P(X;YJC) = P(X]C)P(Y]C)

However the researter choosesinstead to build modules which delivers MAP estimates(P(CjX )/ P(XjC)P(C)
and P(CjY) / P(YjC)P(C)). This is a common tactic in computer vision in order to justify the use of prior
knowledge and so improve the apparernt performace of a module. Staying within a MAP framework, the corre-
sponding fused output is P(CjX;Y). Howewver, we cannot compute this quantity using only the outputs from the
MAP modules as;

P(CiX;Y) I P(XJC)P(YJC)P(C) = P(CjX)P(CjY)=P(C)

The processof data fusion therefore requires an understanding of the role that the prior probabilites had in the
construction of the output from a module. Unfortunately, if the prior knowledgewas implicitly included in a way
which did not specify the probabilities then this is going to be dicult to address.

This analysis has assumedthat both data setswere interpretted using the same xed prior P(C). If the priors
are inconsistert (asillustrated in the tissue segmemation examplein the paper) then we have no right to perform
any simple combination. The situation is equivalert to putting cortradictory information in a databaseof facts or
using sets of equations which are basedupon con icting assumptionsin an analytic analysis. In both casesthere
is an immediate failure of logical consistencyand any attempted inferencemust be expectedto lead to a multitude
of invalid and cortradictory conclusions. When performing data analysisit is commonto invoke the requiremert
of independencein order to avoid such problems, and we might suggestthe useof independert priors. Initially this
might look like a possible solition, but the concept of independencefollows from characteristics of data. A true
prior must, by de nition, be the samefor any set of data. By introducing a data sampleinto the speci cation of
our prior knowledgewe just transform the prior into another Lik elihood term, we are therefore xing the Bayesian
approach by abandoningit. This examplegoesto the very heart of the issue. The standard interpretation of prior
probabilities appearsto provide a way of incorporating prior knowledge which avoids the constraints which we
would otherwise demand for any other sourceof information. Somewherealong the line, we must expect to have
to identify and deal with the consequences.

One of these consequencess that fusion of data from modules which deliver MAP estimates requiresus to know
precicely what e ect any prior knowledge has on the output, and in generalwe must undo this e ect and work
badk to the Likelihood before we can legitimately fuse the data ®. If you think it through, the idea that we
can generally throw arbitrary prior probabilities into vision modulesin order to improve perfomanceappears has
no theoretical credibility in the context of larger systems. However, the mathematical notation usedto describe
Bayesiansystemsdoesnot tell usthat there should be a problem, and with many publications describing Bayesian
algorithms continuing to appear in journals and at conferenceghis conclusionappearsto y in the face of current
recieved wisdom. This analysis demandsthat vision researters dewvelop a new level of critical thinking when
formulating approachesfor algorithm construction. We should reject the tendency to acceptwithout question the
intro duction of arbitrary assumptionsinto algorithms just becausesomeonepresens them as priors.

6 Additional problems of bias intro duced by the use of MAP estimators is discussedin other documents on our web pages.
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