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Abstract

For image analysis techniques to be of utilit y in medical diagnosissystemsit is necessaryto be able
to perform quality control over the results they produce. Input data must conform to the assumptions
within the algorithm if useful results are to be achieved. Automation of this processis essetial if vision
algorithms are to form componerts in analysis systems.

In this paper we presern a technique to validate the correction of eld inhomogeneity in MR images.
The initial intention was to use information measuresto ched the improvemen due to correction.
However, it will be shavn that the standard log ertropy calculation for information measuremen does
not have the required properties, speci cally grey-level scaleinvariance. We presert an alternative,
scale- invariant information measure derived using convertional likelihood approades, that can be
applied asan absolute measureof information content. We show this technique in usefor the validation
of our existing coil correction method [9].

1 Intro duction and Background

The goal of eld inhomogeneity correction can be stated as seekinga multiplicativ e correction, (x;y) for an
image, g(x; y) such that homogeneousegionsof equivalert tissue have the samemeangrey level valuein the image

(X; y)a(x; y). Sewral algorithms that attempt to gain correct volume data have beenpreseried in the literature.
Those basedon uid phantom models are able to correct for RF inhomogeneities,but do not take into accourt
patient anatomy and orientation [11]. Methods requiring prior tissue classi cation or modelling are dependen
upon expert supervision, in practise this includes the majority of those classedas automatic [1, 2].

The N3 algorithm preseried in [5], usesan interactive optimisation strategy to estimate the eld correction under
the assumption of Gaussianintensity distortions. Whilst it providesa geruinely automatic algorithm, it hasseweral
limitations. First, it requiresthe segmemation of the foregroundfrom the badkground. Although in atypical image
this is trivial to achieve for the majorit y of pixels, it becomedi cult to correct intensity in thoseregionswherethe
signal drops closeto the badkground level. The iterativ e nature of the N3 method coupled with the non-uniform
noise levels on the intermediate data introducesa bias. The iterativ e processalso necessitatessub-sampling in
order to reducethe computational load to acceptablelevelson typically sizeddatasets. Finally, the approximately
Gaussian nature of the eld has only been estimated in head coil data and may not be accurate for dierent
anatomical regionsor levels of distortion.

Our own work has produced a statistically basedgeneral purposemethod for the estimation of eld homogeneiy
which makes minimal assumptionsregarding the content of the image [9]. Speci cally, it weights the evidence
supporting local estimates of image slope using error propagation whilst robustly suppressingderivativesat edge
boundaries. The resulting image slopesin the x and y direction are then re-integrated to estimate the bias eld.
The algorithms assumesonly locally homogenousregions separated by edge boundaries and this minimal basis
supports the analysis of a wider variety of image formation processeghan those which assumeparticular tissue
density models or bias eld distributions. Howewer, the technique will fail if preserted with data which does not
conform to even theseminimal assumptions. Such behaviour is an inevitable consequence of any algorithm
whic h makes assumptions of data (to a greater or lesserextent this must include all algorithms). If the
techniques of image analysis are to dewelop into usable componerts in medical diagnosis systemsthe issue of
quality control needsto be addressed. Speci cally there must be someway of con rming that the assumptions
underpinning an algorithm designhave beenupheld.



This paper presers a technique to monitor the succesof eld inhomogeneity correction on MR data setsso that

such techniques can be usedreliably in an automated fashion. Entropy measureshave previously beensuggested
as the basis for the design of algorithms to correct image inhomogeneity [3]. The intention here was to use an

ertropy measureas a complemenary statistic to monitor the successof the correction procedure.

2 Information Measures

Shannonde ned a measureof information content analogousto the entropy measureusedin statistical mecanics.
Given a set of A grey level measuremets fg,g we can write the probability of nding a measuremen within
interval i of width 4 asP;(fgag). The entropy of this set of measuremets is then expressedas

X
H = Pi (f 920)I0gPi (f ga0) 1)

The value of H is non-negative and takeson its maximum when the distribution of P;(fg,g) is at and is often
regarded as a measureof the \p eakiness" of the image histogram. When used for inhomogeneity correction, the
entropy measureis maximised (or its negative minimised) on the assumptionthat eld non-uniformity introduces
information (in the Shannonsense)into the histogram.

Unfortunately, measuresof entropy have seweral undesirable characteristics. First, it is possibleto get interference
betweendistinct regionsof data which happento have similar but di erent meangrey level values. An optimisation
algorithm will achieve an improvementby combining such data into a single peak. Of more concern however, is
the lack of invariance to scalechangesin the ordinal values(grey levels) of obsened data. In other words,

X
Pi(f gag)logPi (f gaQ) 6 Pi (f kgag)log(Pi (f kga0)) (2

This posesa particular problem when using the measureto assesarbitrary scalingin grey levels, asin the caseof
the coil correction problem, becausethe maximum is always obtained with the null correction eld (0 g,). This
inevitably biasesthe result towards the trivial solution of k = 0. Therefore, H cannot be used as an absolute
measureof information content. It is not possibleto correct this using scaling processedasedupon data dependent
parameterssuch as maximum and minimum values. Only features such as local maxima and minima can reliably
be usedfor algorithmic purposes.

A more direct method of solving the bias problem involves working with the distribution of the logarithm of
grey levels P (flog(ga)g) instead. Scalechangesin this distribution result in simple shifts in the histogram but
no systematic changesin the information measure. However, for imageswith uniform random noise (the most
common form of noise model), the logarithm transform also produces histograms with a sensitivity to intrinsic
measuremenh accuracy which varies acrossthe dynamic range of the variable. This is an undesirable property if
we wish to approximate the information measureusing histograms rather than continuous analytic approacdes.
However, this approac doespoint the way to a more statistically justi able measureof information content.

2.1 Scale invariant information measure

We can consideran information measureas a way of assessinghe di erence betweenthe obsened histogram and
an uninformativ e (at) distribution. With this in mind, we can de ne the statistical information content of an
image basedon the likelihood of the histogram of the logarithm of image data comparedto a at, uninformativ e
distribution. Although this could be de ned as a standard chi-squared statistic it is generally not well known that
it is more accurately measuredby the Matusita measurefor the di erence betweentwo normalised distributions
P and Q.
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The square-raot transforms Poissondistributed variablesinto Gaussianonessothat a squareddi erence is appro-
priate acrossthe ertire range of probability values. As a di erence measure,this has the property of being well



behaved for large statistical di erences [6]. This property is not important when the data and assumeddistribu-
tion are in closeagreemet (as is generally the casein log-likelihood approaces). However, in this work we are
interested in achieving the largest possibledi erence betweenthe data and the assumeddistribution and thus are
interested in a measurewhich is valid over all separations.

For a logarithmic image histogram and constart Q (i.e. Q; = Q) this can be written (up to a scalefactor) in the
equivalent Bhattacharrya form as

_XNp____
B = Q Pi(flog(ga)9) 4)

Although we are seekingthe worst possibleagreemen betweenP and Q, Q is currently an unknown and the value
required hereis that which givesthe best possiblematch to P. Di erentiating M with respectto Q and setting to
zerowe nd that the optimal value for Q is

1 X
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Therefore

2

XRp
Pi(flog(ga)9) (6)

Therefore we will get the same characteristic behaviour of the measure regardlessof whether we use optimal
scalingof Q or a xed arbitrary constart. However, this scaling needsto be made explicit if we wish to compute
covariances. We will continue to work with an explicit Q term for simplicity.

The formulations above considerthe logarithm of the image data, log(ga), but we wish to work with the original
image data if we are to basethe estimation processon the construction of quantised histograms. Importantly,
becauseB simply relatesrelativ e frequenciesobsenedin two distributions, and the quartisation (binning) of these
distributions is arbitrary , equivalent forms of this statistic can be generatedby any monotonic co-ordinate mapping
1. As a consequencewe can now determine the equivalent form of this measurefor the original image histogram
by applying an appropriate transformation to the comparisondistribution. In fact a histogram bin at location g;
in the original histogram should correspond to a quartit y proportional to (log(gi+1) log(gi)) in the logarithmic
distribution,

p_Xp p
B= 0Q Pi(fgag) (log(giva)  log(g)) (7)
i
writing this as;
5 s S
B="0 Pi(fgag) (log(g + g)  log(g)) (8)
i g g
and letting 4 ! dgandP(fgag)! p(g) dgwe can generatethe continuous form of the measure;
z
- P—
B! g  plo=gdy 9)

where q is the continuous form of Q. Thus a uniform distribution g in the logarithm domain correspondsto a g=g
distribution for the original grey levels. Again the scaling of q is arbitrary and can therefore be taken as unity for
practical purposes.

This measureis invariant to scaledco-ordinate changes,g! g . It also hasthe property that making a change
in the measuremen domain selectedfrom a set of scaled polynomial mappings, changesthe measureby only a
normalisation factor. This meansthat the location of the minima gmax Of this function (de ning the maximum

1The contin uous form of the measure has complete invariance to rede nition of the ordinal space.



measure strong | weak noisemodel ( 4 )

p(g)log(p(g)) dg g+ g+ uniform additive
p(IoQ('g))Iog(p(Iog(g))) dg g uniform multiplicativ e
Rpp(Iog(g)) dg uniform multiplicativ e

g
Rp _J(9)z9d g uniform additive
i p(Cg)="gd g g Poisson

Q  Q Q

Table 1: Invariance Characteristics

di erence) is una ected. We can call this weak invariance, asit is not a true invariant of the measurethough it
will result in equivalent results for optimisation algorithms,

z o
By = p(w)=wdw / B (10)

We can similarly refer to complete invariance of the statistic to a transformation as strong invariance.
z p
Bs = p(s(g))=gdg = B (11)

We can prove polynomial weak invariance for the new measureby observing that

z z S
By = p(w)=w dw =

p(g) 1 @v(g)
av(g=@w @

dg (12)

which is simply a scaledversion of the original statistic ( %“°B) provided that w(g) is a solution of

W - 1, @v(9) 13
(9) S "a@ (13)
The general solution for w(g) isw(g;; ) = g . Sud invariance is perhapsto be expected for a sensible

(continuous) information measurebut is clearly absert for the standard entropy measureunlesscomputed using
the logarithm intensity histogram (Table 1). Theseinvariants carry over into the discrete forms of these measures
(constructed from sampleddata) as statistical equivalences.lt is alsouseful for practical calculation of the measure
in discreteform, asit canbe usedto match histogram binning to the noisemodel for the measuremen procesy e.g.

= 0:5 for Poissonprocesses).This is summarisedfor three common noisemodelsin Table 1, but more generally,
if the mapping required to represert the data with uniform errors is known then a suitable (scaleinvariant) form
for the Bhattacharrya measurecan always be constructed by the processpreseried here.

3 Experiments

We have taken a set of eight test images,three simulated with known ground truth and v e real MR imageswith

known uniform additive noise and manually veri ed coil correction. The three simulated images comprise; one
generally usedto demonstrate eld homogeneiy correction algorithms in the literature; one speci cally designed
to test the edgeboundary capabilities of the slope estimation; and another constructed from a modi ed image of a
real brain. The remaining imagescomprisea set of real imagesfrom a variety of clinical MR scenarioswith various
levels of gain inhomogeneily and spatially varying signal to noise. First we compute the summed robust error
betweenthe obsened x and y derivativesin the estimated coil correction surfaceand the original data (Lg). This

measureis implicitly optimised by our derivative basedcorrection technique. Secondwe compute the standard log
entropy measure,

Z
Lie = p(g)log(p(g)) dg (14)

with the histogram bin size xed a priori (as suggestedby [3]). Third we compute the likelihood based scale
invariant statistic,
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Figure 1: Original (left) and corrected (right) images

Zo
Lsi = p(9)=g dg (15)

which estimates the di erence between the histogram and the information free distribution (uniform in the log
domain).

In order to test the above measuresand our theoretical analysis we have computed these three estimates of
correction performance as a function of a scaledmodi cation of the known correction, (x;y) . greaterthan 1
implies more correction, lessthan 1 implies lesscorrection, = 0 implies no correction. We would expect useful
measuresto demonstrate appropriate local minima or maxima around = 1 asthis has already been visually
validated as an appropriate correction. If any measuredoes not demonstrate such an optima then it could not
be used as the basis for a correction procedure. In addition, if the local optima is not better than the original
uncorrected image then we know that it cannot be usedas an absolute measureof information content or asthe



basisfor monitoring correction performance.

4 Results
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Figure 2: Correction power graphs. L,y = dotted line, Lie = solid line’, Ls; = dashedline

The resulting curves for ead statistic on ead of the datasets are presenried in Figure 2 and the images (both
original and corrected) are preserted in Figure 1. The dotted curve in ead graph demonstratesthat a distinct
minima is located for all datasets using the robust gradient measureL 4, con rming the validity of the approad.
The displacedminima of this curve for the spineimage (h) is consistert with the problem of over-correction which
can occur with this algorithm in very low signal to noise situations. The entropy calculation L. (solid curve)
fareslesswell with half of the image datasetsfailing to generatea maxima in the region of the known correction
result. Also, this measureoften displays the wrong trend altogether, implying that (in direct contradiction to the
results preseried in [3]) it cannot be usedas an absolute measureof image quality. The new method L (dashed
curve) showvs a maxima for all but the shoulderimage (g). Evenin the caseof (g) the value of the measurehas
increased,implying an improved image. We believe that the lack of a distinct maxima for this data is evidenceof
an interferenceprocessdue to the particular alignment of data in the histogram as described in the intro duction ,
which is a potential problem for all histogram basedmethods.

5 Discussion and Conclusions

The results indicate that our coil correction procedure is consistert with a non-iterativ e robust tting of local
image derivatives. In addition it demonstratesthat a log entropy basedsdhemecannot be usedasthe basisfor coll
correction, without somemodi cation to avoid the bias towards the trivial solution of multiplication by zero. The
needfor sudch a correction appearsto be fundamenal to the use of such a measureif it is ever to be interpreted



as an absolute quantit y, though is outside the scope of the original theory. This obsenation casts doubt as to
the theoretical validity of using entropy as a measureof image information corntent. Indeed, it would probably
be argued that if we were following the strict Shannonde nition of information then the information content of
a grey level measuremen is the number of bits required to represen the signal when scaledto the noise. As
multiplication boosts both of thesefactors equally the contribution to Shannonertropy from the imageis strictly
unchanged. The changing term would instead comefrom our correction eld. This kind of confusion betweenthe
useof entropy measuresas surrogatesfor similarity measuresis quite common. We agreewith other authors, that
that these approachesbe interpreted instead as approximations to bootstrapped likelihoods [4].

The statistical measurepreseried in this paper, equation 15, works as expected and an analysis such asthat pre-
serted above can be usedas independert con rmation of the successfulapplication of the coil correction process
to unfamiliar data. Problems of interference between similar but distinct tissue regions prevernt us from recom-
mending this measureas the solebasisfor a correction algorithm. Practical use of this algorithm could introduce
systematic biasin subsequeh quantitativ e analysis. We would recommendrobust image gradient basedmethods as
the approach which makesa minimum number of assumptionsregarding the image data while giving the possibility
of an unbiased solution.

Now that the main principle of construction of likelihood measureswith required invariance has beenestablished,
there is no particular needto restrict ourselvesto one dimensional histograms. Information measuresfor two
dimensional histograms based upon mutual information (where information is derived from a log-ertropy mea-
sure [8]) have beenwidely usedin the literature to de ne similarity measuresfor problems such as co-registration
of medical data [10]. Despite attempts to relate these approacesto likelihood measures,they can not be used
guantitativ ely (and are therefore not statistically valid) due to the inabilit y to construct an appropriate covariance.
This suggeststhat more work is neededto understand the origins of these measuresand more justi able measures
should be sought. We are now in a position to suggestequation 16 as a likelihood basedmeasurewith strong scale
invariant and weak polynomial invariant characteristics which is appropriate for grey levels g; and g, acquired
with uniform additiv e noise;

S

£%7 ponw)
B = PR dg dge (16)
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It should be emphasisedthat robust calculation of this measurewill require statistically valid procedures for
stabilisation such asthe processof modal arithmetic [7]. It is our intention to investigate this measureas a basis
for co-registration of medical data volumesin future work.

6 Acknowledgemen ts

The authors wish to thank the support of the European Commission (PCCV and OSMIA projects) and the
EPSRC/MR C MIAS IRC project. We also wish to thank personalcontributions from Bill Crum, Carole Twining
and Tim Cootes at various stagesof the developmert of this work.

References

[1] M. Ozkan, B. M. Dawant, and R. J. Maciunas. Neural network basedsegmemation of multimo dal medical
images: A comparative and prospective study. IEEE Trans. Med. Imag., 12:534{544,Septenber 1993.

[2] W. M. Wells IIl, W. E. L Grimson, R. Kikiris, and F. A. Jolesz. Adaptiv e segmemation of mri data. |IEEE
Trans. Med. Imag., 15(4):429{442,1996.

[3] Bostjan Likar. Registration and Restoration of Medical Images PhD thesis, University of Utrecht, 2000.

[4] A. Roche, G. Malandian, N. Ayache, and S. Prima. Towards a better comprehensionof similarity measures
usedin medical image registration. In Proceedings of MICCAI'99 , pages555{566, Septenber 1999.

[5] J. G. Sled, A. P. Zijdenbos, and A. C. Evans. A nonparametric method for automatic correction of intensity
non-uniformity in mri data. IEEE Trans. Med. Imag., 17(1):87{97, Febuary 1998.

[6] N. A. Thacker, F. Aherne, and P. I. Rockett. The bhattacharryya metric as an absolute similarity measure
for frequency coded data. Kybernetika, 34(4):363{368,1997.



[7]1 N. A. Thacker and A. J. Reader. Modal division and its application to medical image analysis. In Proc.
MIUA , pages7{10, July 2000.

[8] P. Viola. Alignment by Maximisation of Mutual Information. PhD thesis, M.I.T., 1995.

[9] E. Vokurka, N. A. Thacker, and A. Jackson. A fast model independant method for automatic correction of
intensity non-uniformity in mri data. JMRI, 10(4):550{562,1999.

[10] J. West, J. M. Fitzpatric k, and et al. Comparison and evaluation of retrospective intermodality brain image
registration techniques. J. Comput. Assist. Tomagraphy, 21:554{566,1997.

[11] D. A. G. Wicks, G. J. Barker, and P. S. Tofts. Correction of intensity non-uniformity in mr imagesof any
orientation. Mag. Reson.Imag., 11:183{196,1993.



