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Abstract

Many problems in computer vision involve a choice of the most suitable model for a set of data.
Typically one wishes to choosea model which best represents the data in a way that generalisesto
unseendata without over�tting. We proposean algorithm in which the quality of a model match can be
determined by calculating how well the distribution of model residualsmatchesa distribution estimated
from the noiseon the data. The distribution of residualshas two components - the measurement noise,
and the noise causedby the uncertainty in the model parameters. If the model is too complex to be
supported by the data, then there will be large uncertainty in the parameters. We demonstrate that
the algorithm can be used to select appropriate model complexity in a variety of problems, including
polynomial �tting, and selectingthe number of modesto match a shape model to noisy data.

1 In tro duction

Many problems in computer vision involve a choice of the most suitable model for a task. For instance, we may
wish to choosewhich order of polynomial is best for somenoisy data, how many nodesto usein a neural network,
whether to �t a circle or an ellipseto somemeasureddata or whether an a�ne or projective model is preferablefor
interpreting a 3D scene. Often one has a choice of increasingly complex models, and has to select the one which
balancesthe desire to �t to the data accurately against the problem of over�tting.

This paper describes a novel, general approach for model selection. The key is to compare the distribution of
residualswith that which one would expect for the correct model. The distribution has two components, one due
to the measurement noise(assumedto be known), the other is due to the uncertainty on the estimate of the model
parametersinduced by the measurement noise(which can be estimated). The most suitable model is then the one
for which the distribution of the residuals best matches their prediction. For an over-simple model, the residuals
will be too large, for an over-complexmodel they will be too small.

In the following we explain the approach in more detail, both in the generalcaseand in the common special case
of linear models. We demonstrate that the approach can be usedto selectthe order of polynomial to best �t data,
and the complexity of a shape model to best represent noisy measurements of a shape.

2 Background

A common approach to deciding whether a model is a good �t to somedata is to use the � 2 method. Here one
computes the weighted sum of squaresof residuals � 2 =

P r 2
i

� 2
i

(where � 2
i is the variance on measurement i ) and

tests it against the expected � 2-distribution [10]. However, such a statistic is not su�cien t for choosing the better
of two models, as the more generalmodel will always give rise to a smaller error.

Akaike [2] developed a model selectioncriteria which choosesthe model that minimizes the expected error of new
observations with the samedistribution as the available data. One should selectthe model which givesa minimum
of An Information Criterion

AI C = � 2 logL + 2k (1)

where logL is the log likelihood of the data and k is the number of degreesof freedom of the model. With a
Gaussianerror model this becomesAI C = � 2 + 2k.

AIC takesthe form of a log likelihood term and a secondterm which penalisesthe complexity of the model. There
have beenmany alternativ esproposedfor the penalty term (a review is given by Torr [14]). A commonly usedone
is that due to Kanatani [7], who proposeda Geometric Information Criterion for comparing models which �t a d
dimensional manifold to n data points,

GI C = � 2 logL + 2(nd + k) (2)

Torr [14] generalisedthis using techniques from robust statistics in order to allow for outliers.



Many of the metrics are designedfor large data sets, and do not work well on small samples. Various corrections
have beenproposed,one of the best of which is designedspeci�cally for small data setsby Chappelle et.al.[9].

The approach examinedbelow, rather than look at penalisinga likelihood term, explicitly considersthe distribution
of residuals. This allowsoneto comparecompletely di�eren t typesof model on the samedata, automatically dealing
with issuesof di�erences in dimension of manifold �tted to the data.

There is a wide literature on model selection (overviews are included in [5, 14, 13]). Someof the most success-
ful approaches are the metric-based methods of Schuurmans [4, 5]. These assumeone is �tting a sequenceof
increasingly complex models hi to the data, X , and can estimate a measureof distance between two models,
d(hi ; hi +1 ) and between each model and the data d(h; X ). The triangle inequality is invoked to suggest that
d(hi ; X ) + d(hi +1 ; X ) � d(hi ; hi +1 ). The model to chooseis then the most complex one for which this inequality
holds with the previous model. This hasbeenfound to work e�ectiv ely on a wide variety of problems [5]. However
it doesnot take account of the uncertainty on the data (the measurement error), which is often known. The ap-
proach presented below assumesthat the measurement error is known, and is usedexplicitly . Also the metric-based
method is not designedto comparetwo completely di�eren t models matched to the data.

The approach takenbelow is a development of that takenby Thacker et.al.[12] who suggestedusing "Bhattac haryya
�tting", in which the errors induced on the parameters are propagated back into the data spaceand convolved
with the measurement noise. The overlap between this distribution and a distribution centred on the data was
usedto test the quality of �t. However, it can be shown that as the number of points increasesthe overlap drops,
eventually falling to zerowith in�nite data. This is not a satisfactory result 1. The method described in this paper
usesa similar initial approach, but comparesthe distribution of residuals with a predicted distribution. In the
limit of in�nite data the overlap tends to unit y, which is more satisfactory 2.

3 R-Fitting Algorithm

We consider the problem of estimating how well a particular model matchesto somemeasureddata, f y i g for the
measurement noisedistribution is known.

In the following we will assumean explicit model of the form

y = f (x : a) (3)

where y is a vector of measurements made at points given by the elements of x, and a is a vector of model
parameters. We will use Y to represent the concatenation of all the N measurement vectors, y i , and X to
represent the concatenation of all the vectors x i .

Note that the approach can be generalisedto implicit modelsof the form f (y : a) = 0, such asthe implicit equation
of a circle jy � cj2 � r 2 = 0.

The algorithm to estimate the quality of �t of the model to the data has the following steps

1. Match the model to the data and estimate the uncertainty in the parameters

2. Use leave-one-out�tting to obtain unbiasedestimatesof the residuals

3. Compute the theoretical distribution of the residuals

4. Compare the actual residualswith the theoretical distribution

We will �rst consider the general case, then show how e�cien t algorithms can be derived for certain common
special cases.

3.1 Estimating the uncertain t y on the parameters

Given a known distribution of noiseon the measurements, we can estimate the implied uncertainty in the model
parametersa. This can usually be achieved analytically with error propagation. Supposethere is Gaussiannoise

1There is no theoretical reason given here for why this is a problem. Indeed, there may be numerical problems involved in practically
evaluating the function for large datasets and with imp erfect models depending upon implementation, but this does not provide a
theoretical argument against such a behavior. The overlap of residuals suggested in the current paper is performed in accordance with
the method outlined in the original work, which both assume �xed (�nite) quantities of data available for the model selection.

2By combining all dimensions of measurement into a single residual distribution we loose the abilit y to account for correlations and
the varying predictiv e capabilties of the model across the data space. Seebelow
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on the d dimensional measurements with covariance Sd. Let Sn = I N 
 Sd (a block diagonal square matrix of
dimensionality N d x N d). Then the covariance of the uncertainty on the parametersa can be shown to be

Sa �
da
dY

T

()
da
dY

(4)

This is exact for linear models, but an approximation for non-linear models, though a good onein the caseof small
errors.

Where da
dY is not easilycomputable, we can useMonte-Carlo techniques[10] to estimate the parameterdistribution.

3.2 Un-biased estimates of residuals

The residual for the i th data point, r i , is the di�erence between the measuredpoint and the position suggested
by the model. In the explicit casethis is given by r i = y i � f (x i : a). However, if the point y i was used in
the estimation of the model parameters, this will be a biasedestimate of the residual, and will underestimate the
errors one might get for unseendata. To deal with this we usea leave-one-outestimate, in which we �t the model
to all the data except y i to obtain the parameters ai . We then compute the residual di�erence from this model,
r i = y i � f (x i : ai ).

3.3 Predicting the distribution of residuals

The distribution of the residualsis formed from convolving the distribution due to the uncertainty in the parameters
with the measurement noisedistribution.

The distribution of y due to the uncertainty in the parameters can be estimated using error propagation or
Monte-Carlo methods. In the caseof Gaussianuncertainty on the parameterswith covariance Sa ,

Sm �
dY
da

T

(Sa )
dY
da

(5)

Again, this is exact for linear models, but an approximation for non-linear models.

This should be convolved with the distribution of measurement noise to obtain the predicted model distribution.
Thus for Gaussiannoisewe have covariance on the residualsof Sr = Sm + Sn .

3.4 Correcting for Correlations

We wish to determine whether the measuredresiduals could have reasonably been generated by the predicted
distribution. Unfortunately , the inclusion of the component due to the uncertainty in the model parameters
intro ducescorrelations in the predicted distributions - we cannot assumeeach measurement is independent.

Suppose the residuals are f r i g, and r T = (r T
1 : : : r T

N ) is a vector formed by concatenating the residual vectors
together.

In the general casewe have to rotate the spaceso that the projection of the distributions onto the axes are
independent. Thus if the residualsare predicted to have covariance Sr , then we must form

r 0 = � � 0:5� T r (6)

where � is the matrix of eigenvectors of Sr and � the diagonal matrix of eigenvalues.

If we split r 0 into N vectors, f r 0
i g, then theseare linearly independent.

The di�cult y is that in the general casewe only have one sample from each individual distribution about each
data point. One solution to this is given in Appendix A.

However, in the casein which the uncertainties are normally distributed, the elements of r 0 should come from a
unit normal distribution. If we can obtain a measureof how well the distribution of measuredresiduals matches
the predicted distribution, this tells us how well the model represents the data.
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3.5 Metho ds of Comparing Distributions

There are several methods of testing whether a set of 1D samplescome from a particular distribution, the most
well-known of which is the Kolmogorov-Smirnov Test (see[10] for details and a discussionof alternativ es). This
�nds the magnitude of the largest di�erence betweenthe cumulativ e distributions of the data and the model, which
has a distribution which can be approximated easily.

An alternativ e approach is to �t a distribution, pd(x) to the samplesand compute the Bhattacharyya overlap
betweenthis and the predicted distribution, pm (x),

B (pd(x); pm (x)) =
Z p

pd(x)pm (x)dx (7)

This is zero if the distributions do not overlap at all, and 1 for identical distributions. It is symmetric in the choice
of distribution and invariant to choice of co-ordinate frame. Unlike the KS-test it is simple to extend to multiple
dimensions.

Though this measureis often described as an upper limit on the Bayeserror for two distributions it can also be
derived from a log-likelihood approach for Poissondistributed variables and so should be applicable to probabilit y
densities in the limit of large numbers [8].

To test the distribution of residuals we �t a distribution to them, which can either have a parametric form or
be a kernel estimate [11]. Analytic forms exist for comparing two Gaussian(App endix B), but for more general
distributions we can usea stochastic estimate (App endix B.1).

In the following we usethe term `overlap' to meanthe number in the range[0,1] indicating how well the distribution
of residualsmatchesthe predicted model distribution. Similar results are obtained if we chooseto usethe KS test
to measurethe di�erence betweendistributions.

3.6 Uncertain t y in Overlap

We canestimate the uncertainty of the overlap using the bootstrap method [6, 10]. To do this werepeat the following
nr times

� draw a set of N valuesR j from R = f r 0
i g at random, with replacement, (an approximation to drawing from

the underlying distribution of r 0
i ),

� compute the overlap, B j , with the model distribution.

The scatter of theseestimates, f B j g, givesa measureof the uncertainty in the true estimate of the overlap.

3.7 Comparing Mo dels

To selectwhich model best �ts somedata, we perform the stepsabove for each model, j , to get a distribution of
overlaps, f B j i g. If we usethe meanof each distribution we can make a choiceof which is the best model. However,
we can also use the scatter to decidewhether one model is signi�can tly better than another. A good policy is to
choosethe simplest model such that no more complex model is signi�can tly better. This is demonstrated in the
examplesbelow.

3.8 Special Case: Gaussian Noise

Consider the special caseof uniform independent Gaussiannoise on all the data points, with variance � 2. (Note
that any casewith Gaussiannoisecan be scaledand rotated so that the noise is independent and uniform.)

If our model is y = F (x : a) then the covariance of the noise induced on the parameters,a, is

Sa =
da
dY

T

(� 2I )
da
dY

= � 2 da
dY

T da
dY

(8)

The error this causesback in the data spaceis

SY = � 2 dY
da

T da
dY

T da
dY

dY
da

(9)
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Since dY
da is the pseudo-inverseof da

dY , this turns out to be simply � 2 in the subspacespannedby the columns of
dF
da and zero in all directions orthogonal to this subspace.

Thus the distribution of the residuals(obtained by adding the measurement noisedistribution, � 2I ) is a Gaussian
with variance of 2� 2 in the subspacespannedby the columns of dF

da and � 2 in the orthogonal dimensions. If we
estimate the residuals using a leave-one-out approach the variance due to uncertainty in parameters should be
scaledby N � 1

N , giving a variance in the subspaceof 2N � 1
N � 2.

If we scalethe residuals in the subspaceby a factor of � (N ) =
q

N
2N � 1 , then the resulting distribution is spherical

with variance � 2.

This can be achieved by the transformation

r 0 = r + (� (N ) � 1)
dY
da

da
dY

r (10)

(which e�ectiv ely projects r into the subspace,scales,then projects it back out again).

In this casethe elements of r 0, f r 0
i g, are distributed as zero mean Gaussianwith variance � 2.

An elegant way of measuringthe quality of match is as follows. If the models are approximately linear around the
optimal parameters, then Gaussiannoise on the data createsGaussiannoise on the residuals. We can match a
Gaussianto the residualsand comparethis with the Gaussianpredicted by the model, N (0; � 2). An analytic form
exists for the Bhattacharyya overlap betweentwo Gaussian(seeAppendix B).

4 Example: Linear Mo dels

Consider a linear model with parameter vector b of the form

y = y0 + Ab (11)

Without lossof generality we can subtract y 0 from both sides,and replaceA with its singular value decomposition,
A = UWV T , in which the columns of U are orthogonal. We then obtain

y = UWV T a = U (WV T b) = Ua (12)

where a = WV T b. If we solve y = Ua we can obtain the solution to our original problem using b = W � 1Va.

Thus we needonly consider the linear models of the form

y = Ua (13)

whereU is a n x t matrix with orthogonal columns of unit length, and a is a t element vector of parameters. Note
that this form of model is the typical output of eigen-decomposition of data (eg eigen-faces[15] or linear statistical
shape models [3] ).

Supposewe wish to �t such a model to a particular sample,a, with Gaussiannoiseof variance � 2, and to choose
the appropriate number of parameters, t, which best describe the data.

Consider calculating the residuals by missing out each element in turn. Let W i be a diagonal n x n matrix with
onesin the diagonal except at element (i; i ), which is zero. W i y thus zeroesthe i th element of y .

To compute the unbiasedresidual for the i th element, we solve

W i y = W i Ua i (14)

to get the parameter estimates,ai , then compute

r i = yi � uT
i ai (15)

where uT
i is the i th row of U .

The solution for ai is given by
ai = (U T W i U ) � 1U T W i y (16)

6



It can be shown that

(U T W i U ) � 1 = (I � u i uT
i )� 1 = I �

1
1 � ju i j2

u i uT
i (17)

and that U T W i y = a � yi u i , where a = U T y.

Substituting into (15) and (16) gives

r i =
1

1 � ju i j2
(yi � uT

i a) (18)

Note that ju i j2 =
P t

j =1 u2
ij where f uij g are the elements of U .

Thus the unbiased residuals found using a leave-one-out approach are simply a scaled version of the residuals
computed with a leave-all-in method, and can be calculated swiftly.

Above we showed that in the Gaussian noise casewe can correct the residuals for correlations induced by the
model by scaling in the subspacespannedby the gradient. In this case dY

da
da
dY = UU T , which we can substitute

into Equation 10 to obtain

r 0 = r + (� (N ) � 1)UU T r (19)

To test the model with t modeswe compute the residuals as above, then test whether they appear to comefrom
a Gaussianwith variance � 2.

4.1 Polynomial Fitting

Supposewe wish to �t a polynomial model of degree(t � 1) to somedata,

y = F (x : a) =
t � 1X

i =0

ai x i = (1; x; x2; : : : ; x t � 1)T a (20)

For a set of measurement positions, f x i g, we obtain

Y = F (X : a) = Da (21)

where D t is the N x t designmatrix (see[10]), the i th row of which is (1; x i ; x2
i ; : : : ; x t � 1

i ).

This is then a linear model. The columns of D t are not orthogonal so we decompose it using SVD and solve
as described above. By examining the overlap between residuals and prediction we can determine how well a
polynomial of degree(t � 1) matches the data, and can automatically determine which degreegives the most
suitable compromisebetween�tting the given data and generalisingto new data.

5 Exp erimen ts with Polynomial Fitting

We performed the following experiment. 3 We evaluated the quartic f (x) = 3x4 � 3x3 � x2 + 2x at 10 points in
the range [0; 1] and added noiseto the measurements. We then matched polynomials of degrees0-8 and evaluated
the distributions of the corrected residualsusing the algorithms described above. We measuredthe Bhattacharyya
overlap between a generalisednearest-neighbour Gaussian kernel estimate of the data [11] with the predicted
distribution. We used bootstrap resampling of the residuals to estimate the uncertainty in the overlap estimate.
Figure 1 shows the underlying polynomial and the noisy measurements of it, with noise � n = 0:1. Figure 2 shows
the scatter of the overlaps against the degree. To select the most appropriate polynomial we choosethe simplest
one for which all higher degreepolynomials lead to distributions of B which are not signi�can tly higher. We say
one distribution is signi�can tly better than another if on averagethe 60% of the samplesin the secondare lower
than each one in the �rst. Using this approach, with � n = 0:1 we seethat having anything more than a linear
model is not justi�ed.

Figures 3 and 4 show that with lessnoise(� n = 0:05) we can justify a cubic approximation.

Figures 5 and 6 show that with noiseof � n = 0:01 we can justify a full quartic �t.
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Figure 1: Best polygon �t with � n =
0:1 (Linear model)
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Figure 3: Best polygon �t with � n =
0:05 (Cubic model)
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Figure 4: Distribution of B values for
� n = 0:05. Degree3 best.

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

Best Fit
True Poly

Figure 5: Best polygon �t with � n =
0:01 (Quartic model)
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Figure 6: Distribution of B values for
� n = 0:01. Degree4 best.

Figure 7 shows the distribution of the chosendegreeobtained by �tting curves to noisy data 1000 times. Three
methods are compared; the R-�tting approach, the Akaike orrection to the � 2 measure(Equation 1) and metric-
basedapproach of chuurmans et.al.[4, 5]. This shows hat both the R-�tting approach and that basedon AIC gives
answers much closer to the true degree(4) than the metric approach. It should be noted that the metric-based
approach makesno explicit useof the (known) noise,so its relatively poor performanceis not too surprising.

Figure 7 repeats this, with noise s.d. of � n = 0:1. The R-�tting and AIC tend to select lower order polynomials
(usually linear or cubic approximations), as there is insu�cien t information to justify higher orders. The R-�tting
method is more likely to selecta linear model than using Akaike.

3The algorithms have been implemented in the VXL C++ vision library (www.sourceforge.net/pro jects/vxl). The classesto do the
experiments are in the mul package.
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Figure 8: Distributions of polynomial
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6 Shape Fitting

We can usethe approach to automatically selectthe number of components to using in a shape model given noisy
data. As an example,considerusing a Fourier model for closedshapes,

x(� ) =
tX

i =0

a2i sin (i� ) y(� ) =
tX

i =0

a2i +1 cos(i� ) (22)

Supposewe have sampledpoints from a closedshape with somenoise� n , at approximately stepsalong the shape.
We can estimate the parameters ai of the shape model which best match to the data using generalisedleast
squares[10]. Like the polynomial �tting, this is a linear problem and we can usethe sameapproach to matching
and estimating the quality of match. We can thus choosethe complexity of the model (the degreet) most suitable
for the data. If we assumethat we can miss out one ordinate at a time, we can use the fast methods described
above (strictly we should miss out one point at a time).

Figure 9 shows the best �tting model to a Fourier shape generatedwith t = 5 and noiseof � n = 0:01. 20 points
were sampled. The best �tting model has t = 4 in this case. Figure 10 shows the corresponding distribution of
Bhattacharyya overlaps for di�eren t model complexities.

Figures 11-14show the e�ect of increasingthe noise. The complexity of the preferred model decreasesas the noise
increases.
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Figure 10: Distribution of B values for
� n = 0:01. t = 4 selected

7 Discussion

Model selection is an important subject in computer vision, and a key problem when designing vision systems
which learn. They needa way of selectingthe most suitable model to represent the training data and to avoid the
over�tting problem. We have presented an approach to selectingmodels by examining how well the distribution of
the residuals matches the distribution predicted by applying error propagation to the model matching. Not only
do we obtain an estimate of the quality of �t of the model which can be comparedwith that of any other model
matched to the samedata, but we also estimate the uncertainty in that measure. This enablesus to select the
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Figure 14: Distribution of B values for
� n = 0:10. t = 1 selected

most appropriate model by choosing the simplest model such that no more complex model gives a signi�can tly
better match.

We have demonstrated that for linear models we can compute the quantities required using e�cien t algorithms. It
should be noted that any function of the form y(x) =

P
ai f i (x) where f i (x) are arbitrary (but known) functions

and ai are the parameters, leads to a general linear system which can be solved using a design matrix [10] as
described above.

Though only linear systemshave been demonstrated, the approach extends to non-linear systems,and allows us
to comparethe match of two or more completely di�eren t models to a given set of data. We can thus try a variety
of di�eren t model forms and choosethe most appropriate.

We have used the Bhattacharyya overlap as a method of comparing distributions, but any other method (eg the
Kolmogorov-Smirnov test) could also be used 4. Similar results to those described above have been obtained
using the KS-statistic. The Bhattacharyya overlap has the advantage that it is simple to extend into two or more
dimensions- useful when matching to setsof higher dimensional points.

There is a fundamental di�erence betweenthe approach taken here and that taken in the vast majorit y of model
selection literature. Here we start explicitly from the de�nition of the problem as optimisation of generalisation.
Techniques such as Akaike and its variations start with log-likelihood and then attempt to correct bias in gen-
eralisation. These approaches must therefore operate within the assumptionsalready imposedby log-likelihood,
such as the true model being from the assumedmodel of generating functions. The inabilit y to deal with this
issue is perhaps one of the factors which has led to the plethora of modi�cations to the basic approach which
have been suggestedfor each family of data. For the particular problem presented here (polynomial �tting) the
new approach is relatively complicated and appears to perform no better than Akaike. However, we believe that
these results add credenceto our claim that direct optimisation of generalisation de�ned as an overlap between
probabilit y distributions is the correct way to formulate the model selectionproblem [1]. This formulation is not
restricted by the assumptionsof the log-likelihood formulation in the sameway. In principle absolute measuresof
generalisation capability can be compared acrossfamilies of generation models without empirical tweaking. It is
hope therefore that this insight will be of generalvalue in the search for solutions to the model selectionproblem

4This statement is not intended to imply that there is a great degree of freedom for selection of a distribution similarit y measure.
Other papers and documents from our web pages explain the origins of the Bhattac harry a overlap in frequentist probabilit y and its
fundamental suitabilit y for this task.
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in both the machine vision and arti�cial neural network areas.
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A Comparing samples from many distributions

Suppose we wish to determine if a set of samples, f x i g, are likely to have come from a corresponding set of
distributions, pi (x). The problem is that we only have onesamplefrom each distribution. If we can transform the
data so the transformed data all comefrom the samedistribution, we can usestandard tests to seein the data is
plausible. Here we considera way of doing just that.

Supposewe have a p.d.f., p(x). Consider the following function,

f p(x) = 1 �
Z

p(x 0)<p (x )
p(x0)dx0 (23)

This is the integral of p(x0) in all those regions for which p(x0) < p(x). E�ectiv ely it is the probabilit y that a
random samplefrom the distribution, x0 has a lower value of the density than that at x, f p(x) = P(p(x0) < p(x)).

If p(x) is symmetric about 0 and monotonically decreasingaway from 0, then f p(x) is the area in the tails of the
distribution beyond x;

f p(x) = 2
Z 1

x 0= jx j
p(x0)dx0 (24)

In the caseof univariate gaussianwith zero mean and variance � 2, this is given by f g(x) = erf
�
x=

p
2�

�
.

It can be shown that if x is drawn from p(x) then the distribution of f p(x) is 
at, and in particular is unit y in the
range [0,1] and zero elsewhere(this follows from the interpretation of f p(x) = P(p(x0) < p(x))). Thus if we draw
many samplesfrom a distribution and compute f p(x) for each, we will get a 
at distribution of f p.

It therefore follows that if we have N distributions, pi (x), and draw onesamplefrom each and evaluate f pi at each,
we will obtain a 
at distribution.

Thus if we test whether the distribution of valuesf f pi (x i )g is 
at, we get a measureof how reasonableour original
assumption was.

B The Bhattac hary a overlap

The Bhattacharya metric has many desirable statistical properties [12] that make it a suitable measureof the
divergenceof two pdfs. The 1D analytical Bhattacharya measurefor a Gaussiandistribution is:

B =
p

2� d � mp
� 2

d + � 2
m

exp
�

�
(� m � � d)2

4(� 2
d + � 2

m )

�
(25)

where � m � � d are the means, � d is the (error) variance of the data pdf and � m is the probable variance of the
model pdf.

For multiv ariate gaussianwith meansdi�ering by d�x and covariancesS1 and S2, the overlap is

B =
j0:5(S� 1

1 + S� 1
2 )j �

1
2

jS1j
1
4 jS2 j

1
4

exp
�
�

1
4

d�xT �
S� 1

1 � S� 1
1 (S� 1

1 + S� 1
2 )� 1S� 1

1 )
�

d�x
�

(26)

B.1 Sto chastic Estimation of Bhattac haryy a Overlap

B =
Z p

p1(x)p2(x)dx =
Z  s

p1(x)
p2(x)

!

p2(x)dx (27)
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Thus to estimate B we can draw a large number, N , of samples,x i from distribution p2(x). The estimate is then
given by

B =
Z p

p1(x)p2(x)dx �
1
N

NX

i =1

p
p1(x i )=p2(x i ) (28)
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