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Abstract

The problem of registration for inter-modalit y clinical volumesis often solvedby maximising the mutual
information (MI) measure.However, a full characterisation of the registration result requires not only
the optimised transformation model parameters,but also estimatesof their variances. No quantitativ e
useshould be made of the registration result without this information.

We describe a method for estimating the covariancesof the transformation model in MI registration,
basedon comparisonswith standard maximum likelihood. Calculation of the minimum variancebound
then yields the minimum achievable error. Such estimatescan also be used to validate the implemen-
tation of the registration algorithm, through comparison with the covariances observed in practice,
measuredusing Monte-Carlo simulations. The accuracy of the covariance estimation technique was
con�rmed using rigid registrations between T1 and T2 weighted MR image volumes of the normal
brain, using both simulated and real data. We concludewith someobservations on the origins of the
MI measureand its usein non-rigid registration.

1 In tro duction

The aim in registration is to spatially align two images,or image volumes, to achieve correspondenceof anatomy
and/or function and thus allow direct regional comparisonsto be made. One image or volume, the source, is
manipulated with a geometrical transformation model in order to align it to a second, �xed image or volume,
the target. The transformation model may either be a rigid (e.g. a�ne) transformation, where the goal is to
produce a general alignment of the coordinate system in which the images are embedded, or a more complex
non-rigid transformation model (or \w arp �eld"), where the goal is to produce an alignment at the voxel level.
Any registration algorithm thus requires three components: the transformation model, some measureof image
similarit y (the similarit y metric) and someoptimisation routine to optimise the similarit y metric with respect to
the transformation model parameters. Although a wide range of similarit y measureshave been proposed, most
research e�ort has been focusedon information-theoretic measures,and in particular on the mutual information
(MI) measureproposedindependently by Viola and Wells [29] and Collignon [7,19] in 1995.

Recent research in the �eld of image registration has focused predominantly either on the de�nition of image
similarit y metrics and their behaviour under optimisation or, particularly in the caseof non-rigid registration, on
the representation and manipulation of the transformation model. There is however a growing recognition that
research into a third area, the characterisation of the accuracy of registration, is essential if further quantitativ e
processingof the images is to be performed using the resultant transformation model. For example, Crum et
al. [10] state that \...the veracity of studies that rely on non-rigid registration should be keenly questionedwhen
the error distribution is unknown and the results are unsupported by other contextual information". Further
evidenceof this trend is provided by the recent controversy over Voxel-BasedMorphometry [1,14]. The technique
was heavily criticised in a paper entitled `\V oxel-Based Morphometry" Should Not Be Used with Imperfectly
Registered Images' [5], raising the requirement for a quantitativ e measurement of the degreeof imperfection in
registration i.e. the errors on the transformation model parameters. A full characterisation of the errors would
have to considerup to three terms: the error on the optimisation of the similarit y metric, the extent to which the
similarit y metric accurately encodes image similarities, and the extent to which image similarities correspond to
underlying commonality of biological structure or function, depending on the application. The goal of the work
described here was to produce an estimate of the �rst of thesequantities for MI-based registration.



The MI measureI (I ; J ) for a pair of imagesor volumesI and J is the Kullback-Leibler divergencebetweentheir
joint probabilit y distribution p(i; j ) and the product of their marginal distributions p(i ) and p(j ) [9]

I (I ; J ) =
X

i;j

p(i; j ) log
p(i; j )

p(i ):p(j )
(1)

In the caseof complete independenceof the images, the joint distribution would be identical to the product of
the marginal distributions, and so maximising the MI measureis equivalent to maximising the dependenceof the
images. Therefore, if this is performed over the parametersof a transformation model, the maximisation will align
the imagesand thus perform registration. The assumption inherent in the useof MI is that, for the allowed class
of transformations, manipulation of the transformation model parameters to maximise the MI achieves the best
correspondence.The MI measurecan also be linked to Shannonentropy H [9,25],

H (P) = �
NX

i =1

pi lnpi ) I (I ; J ) = H (I ) + H (J ) � H (I ; J ) (2)

The MI measureasexpressedin 1 can be implemented simply by producing a joint histogram for a pair of imagesor
volumes,normalising to producea joint probabilit y distribution, and then summing the Shannonentropy function
acrossthe bins and marginals1. Registration can then be performed by iterativ ely optimising this measure.

2 Metho d

2.1 The Covariance Matrix of Mutual Information Registration

SinceMI registration involvesan optimisation, in the generalcasethere is no discrete solution to which the usual
equations of error propagation [2] can be applied. Therefore, the conventional approach to covariance estimation
would be to perform a Monte-Carlo analysis [23]2. However, if the MI measure is expressedin the form of a
likelihood, then the minimum achievable errors on the transformation model parameters can be calculated from
the minimum variance bound (MVB) [2,26]. This procedurehas two advantages. First, the covariancesachieved
in practice, measuredusing Monte-Carlo techniques,can be comparedto the MVB in order to validate the imple-
mentation of the algorithm: failure to reach the MVB can highlight numerical instabilit y in the implementation.
Second,expressingthe MI measurein terms of conventional statistical measurescan provide new interpretations
of the theoretical origins of the measure.

The MVB for a maximum likelihood estimator is given by the expectation value of the secondderivative of the
likelihood function L at the optimum [2,26]

C � 1
� m;n
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(3)

where C� m;n represents a term in the inversecovariance matrix, � represents the parameters of somemodel, and
� O represents the parametersat the optimum. The condition for achieving the MVB is that the log-likelihood is
quadratic i.e. the likelihood function is Gaussian[26]. Assuming a Gaussianlikelihood function

L (� ) = Ae� 1
2 [( � � � 0 )C � 1

� ( � � � 0 )] (4)

gives

logL = �
1
2

(� � � 0)C � 1
� (� � � 0) + logA (5)

where A is the normalisation term. Any constant normalisation disappearsupon di�eren tiation. In simple maxi-
mum likelihood techniques, for examplelinear least-squares�tting, the normalisation of L will indeedbe constant,

1 In the original implementation by Viola [29], the required distributions were constructed directly as contin uous distributions, rather
than through a histogram. Although this supported calculation of derivativ es, any absolute estimate of the similarit y measure was not
possible, thus preventing goodness-of-�t tests at the minim um.

2 In the caseof medical image registration, simulation of the data i.e. the images is di�cult. Therefore, such Monte-Carlo analyses
would involve repeated registration of the actual images under analysis after addition of random noise �elds, followed by calculations
of the covariances. The dependence of the covariances on the level of added noise would be mapped by repeating the simulations with
noise �elds of various standard deviations. Finally , extrap olation back to zero added noise would provide an estimate of the covariances
in registrations of the original data.
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as the probabilities involved are calculated directly from an explicit model. However, the MI measureis \b oot-
strapped" i.e. constructed from the joint histogram rather than an explicit model. In such cases,the usual
normalisation (to the area under the distribution) may no longer be constant. For example, doubling the resolu-
tion of the joint image histogram in both axeswill quadruple the number of histogram bins, but will only double
the number of bins in the marginal histograms. Consideration of 2 shows that, sincethe Shannonentropy function
is not linear in the pi , this will apply a non-linear transformation to the MI measure. In practice, MI registration
will always su�er from this e�ect since, during optimisation, the data distributions in the joint histogram will
tighten, equivalent to reducing the bin resolution relative to the standard deviations of the distributions. Fisher
speci�cally states [13] that likelihood should not have this property: it should be independent of the intervals over
which the probabilities are de�ned.

The normal procedure to deal with non-constant normalisation in a maximum likelihood technique is to use
extended maximum likelihood (EML) [2], which involves the inclusion of a term to account for the changing
normalisation into the likelihood function. However, a simpler alternativ e can be adopted. If normalisation to the
peak of the distribution is applied in 4, then A becomes1 and disappearsupon taking logs3. 5 then becomes

logL 0 = �
1
2

(� � � 0)C � 1
� (� � � 0) (6)

where L 0 represents the peak-normalised likelihood. The quantit y on the R.H.S. is familiar as one-half of the
inverseof the � 2 [11] i.e.

logL 0 = �
� 2

2
The minimum variance bound (3) can therefore be re-written as4 [11]
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In the sameway that the log-likelihood is composedof a sum of individual data terms, the � 2 can be written in
terms of a sum over individual data terms � v , where v represents each data point

� 2 =
X

v

(� v )2 (8)

The quantit y � v is sometimescalled the " � of the � 2. Then, using the �rst term on the R.H.S. of 7 and expanding
out the derivative of � 2

v w.r.t. � v using the chain rule gives, in the full matrix form,

C � 1
� �

X

v

2(r � � v )T 
 (r � � v )

�
�
�
�
�
� O

(9)

In practical rigid registration problemsthe distributions of individual data terms generatedduring optimisation will
not necessarilybe Gaussian. However, as the likelihood function is calculated from � 100000voxels, the Central
Limit Theorem implies that the total likelihood function should be Gaussianto a good approximation, regardless
of the distribution of the individual data terms, and so the minimum variance bound should be achievable.

Starting from 1 and following [24], the MI measurefor a pair of imagesor volumesI and J can be rewritten as

I (I ; J ) =
X

i

p(i ) log
1

p(i )
+

X

i;j

p(i; j ) log
p(i; j )
p(j )

Recognisingthat the �rst term on the R.H.S. is the entropy H (I ) of image I and that p(i; j ) = N ij =N , where N ij

is the number of entries in histogram bin (i; j ) and N is the total number of entries in the histogram, we obtain

logP(I jJ ) = N [I (I ; J ) � H (I )] =
X

v

log
p(i; j )
p(j )

(10)

wherev represents a sum over voxelsrather than histogram bins. At this point we can make the arbitrary de�nition
that I is the target (reference)imageand J the source(
oating) image. In addition, following the suggestionin [24],

3 In the case of multi-mo dalit y in the join t histogram, the main peak of the distribution along any raster in the histogram may
be used, since the goal is only to ensure that e�ectiv e changes in bin size relativ e to the standard deviation of the distributions is
accounted for. The actual normalisation chosen is irrelev ant as long as it is constant, since it disappears upon taking logs.

4This con�rms the statement by Barlo w [2] that, when EML methods are used in this way merely to avoid problems with normali-
sation, the maxim um lik elihood errors remain appropriate.
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we can insist that the region of data sampled from the target image does not change. This can be enforced in
practice by excluding an appropriately sized border around the target image, so that the whole target image is
contained within the source image for any values of the transformation model parameters explored during the
optimisation. Under this condition H (I ) will be a constant, giving

logP(I jJ ) = N (I (I ; J )) + const:

Therefore the MI is a monotonic function of the log-probabilit y of image I given image J .

In order to identify the equivalent log-likelihood term in the MI measure,10 can be split into two terms

logP(I jJ ) =
X

v

log
p(i; j )

p(i max ; j )
+

X

v

log
p(i max ; j )

p(j )
(11)

The �rst term on the R.H.S. is then the peak-normalisedlikelihood as described above and the secondterm is a
bias related to any non-constant normalisation of the conventional likelihood. This term dependson the marginal
distribution and the peak of the joint distribution: therefore, it should vary slowly compared to the �rst term
around the position of optimal alignment, in the sameratio as the peak of the distributions in the joint histogram
to their area. Indeed, this is a condition on achieving the minimum variance bound in the registration. Therefore,
we ignore this secondterm (the comparison between estimated and measuredcovariances described below will
con�rm whether this is reasonable)and concentrate only on the �rst term.

9 can be expandedusing the chain rule in terms of derivativesof the � of the � 2 in terms of the likelihood L , the
likelihood in terms of the sourceimage J , and the sourceimage in terms of the transformation model parameters
� , summedover the image voxels v
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It is apparent at this point that interpretation of the MI measuredirectly as a log-likelihood would result in an
invalid expression:the term

log
p(i; j )

p(i max ; j )
(13)

in the denominator would be replacedwith

log
p(i; j )
p(j )

(14)

Changesin the bin sizeof the histogram will not a�ect 13, since it is a ratio of bin contents. However, 14 allows
the estimated covariancesto becomearbitrarily small, and thus cannot be valid.

2.2 Empirical Validation of the Covariance Estimate

Two setsof experiments were performed. In each, the estimated covariancesof the transformation model parame-
ters, as given by 12, were compared to the covariancesachieved in practice, measuredusing Monte-Carlo simula-
tions. Both setsof experiments involved registrations between3D MR image volumesof the brain. The �rst used
simulated T1- and T2-weighted imagesobtained from MNI Brainweb (www.bic.mni.mcgill.ca/brain web) [6,8,16].
Normal brain image volumeswith 0% noiseand 0% intensity non-uniformit y, consisting of 1 by 1 by 3mm voxels
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(a) (b)

(c) (d)

Figure 1: Example slicesfrom the T1 (a) and T2 (b) weighted MR imagesfor the simulated (MNI Brainweb) data,
and T1-weighted (a) and IRTSE (b) MR imagesfor the real MR data.

with 56 slicesin each volume, were used. Gaussiannoise5 with a standard deviation of 1% of the dynamic range
wasaddedto both volumesto represent the intrinsic noise�elds that would be present in real MR data. A second,
identical set of experiments was conducted using T1-weighted and inversion-recovery turb o spin echo IRTSE MR
image volumes obtained from a normal volunteer, with informed consent and subject to local ethics committee
approval. Theseimagesconsistedof 0.89by 0.89by 3.3mm voxels, with 29 slicesin each volume. Examplesof the
data are shown in Fig. 1: all image volumesconsistedof axial slices. In referencesto the coordinate systemof the
images,x is the lateral direction, y the anterior-p osterior direction, and z is the inferior-superior direction.

The experiments wereperformedusinga rigid registration routine implemented within TINA (www.tina-vision.net),
an open-sourcesoftware environment for machine vision and medical image analysis research. The transformation
model consistedof nine parameters: three for translation, three for rotation (implemented as Euler angles), and
three for scaling. In order to provide a realistic comparison between the estimated and measuredcovariances,
an accurate registration algorithm, which approached the minimum variance bound, was required and so careful

5The noise model in MR magnitude images in practice is Rician [15]; however, this distribution converges to a Gaussian as the
signal moves away from zero, and so the e�ect on the experiments described here was minimal.

6



attention waspaid to numerical stabilit y issues.For example,the construction of the joint imagehistogram requires
that the sourceimage is re-sampledat the positions of the voxels in the target image, for which an interpolation
routine must be used. This inevitably applies somedegreeof smoothing to the data. However, at somepoints in
the optimisation the voxel grids of the two imageswill align exactly in part or all of the images. For example, if
two imageswith identical voxel grids are registered(a situation which ariseswhen using simulated Brainweb data,
sinceboth imagesare generatedfrom the sameanatomical model) then any translation of the imageswith respect
to each other through an integer number of voxels will result in an exact alignment of the voxels over the entire
image. Since interpolation is not applied at these points, its smoothing e�ect is not present and the noise in the
joint histogram is higher, reducing the MI measurerelative to the o�-alignmen t points. Artefacts in MI due to this
e�ect were �rst identi�ed by Pluim et al. [21], and are demonstrated in Fig.2, which shows the MI for T1-weighted
and IRTSE MR image volumes of a normal brain, using trilinear interpolation, where the voxel grids of the two
image volumes were well-aligned. The degreeof smoothing applied increasesas the voxel grids shift from exact
alignment to 180o out-of-phase. As Pluim et al. observed, the amplitude of the oscillations is inversely related to
the statistical power of the data. Therefore the artefacts are much more pronouncedin the z direction, since this
is the inter-slice direction for these imagesand the voxel dimension in this direction is approximately three times
larger than that in x.

The presenceof such oscillations in the MI measurewill preclude registration to sub-voxel accuracy, and may also
intro duce problems with local minima into the results if a strictly local optimiser, such as simplex [20] is used. In
addition, the presenceof the local minima in the registration cost function would increasethe scatter in the results
of the Monte-Carlo experiments describedhere, thus increasingthe measuredvariancesof the transformation model
parameters,whilst alsoincreasingthe averagegradient of the cost function, thus reducing the estimated covariance.
This would manifest itself in the results as a failure of the registration to reach the minimum variance bound. In
order to avoid such e�ects, several of the implementation details suggestedby Pluim et al. [21] were adopted.
Both data sets used here were well-aligned to begin with, in order to prevent contamination of the results with
registration failures. Therefore, prior to registration a �v e degreerotation wasapplied to the sourceimagevolume
and the images were re-sliced using renormalised sinc interpolation with a 9x9x9 kernel [27], in order to avoid
exact alignment of the voxel grids closeto the optimum of the registration cost function. However, all registrations
were started from the position of correct alignment, in order to ensurethat the results were not contaminated by
registration failures. During the registration itself, renormalised sinc interpolation [27] with a 5x5x5 kernel was
used. Sampling theory implies that this is the optimal interpolation routine [22].

In addition, the bin width of the histogram wasset to 1� in each direction, where� represents the standard deviation
of the image noise,measuredfrom the width of zero-crossingsin horizontal and vertical gradient histograms. This
high resolution was possiblebecausethe experiments were performed on rigid registration problems, and so the
entire image pair was represented in the histogram for all parameters, and ensuredthat the distributions in the
joint histogram were represented accurately. It was also necessaryto ensurethat the sampleof voxels drawn from
the target imageremainedconstant. Therefore, the proceduredescribed in [24] wasadopted; this involved de�ning
a border around the target image of su�cien t size (5 voxels in this case)to ensurethat the sourceimage always
overlapped the whole of the target image for any valuesof the transformation model parametersexplored during
the optimisation. Gaussiansmoothing wasalsoapplied to the joint histogram in order to stabilise it. The e�ects of
theseimplementation details can be seenin Fig.3, which shows the MI measurefor the sameregistration problem
asFig.2 using the stabilised algorithm. The e�ects of interpolation artefacts have largely beeneliminated, without
either biasing the position of the minimum or increasing its width.

In both sets of experiments, the T1-weighted image volume was used as the target: the other image volume was
used as the source. Monte-Carlo simulations were performed as follows. The imageswere repeatedly registered,
and prior to each registration additional Gaussiannoise of 1� , where � represents the standard deviation of the
intrinsic image noise, was added to the target image volume and Gaussiannoise of n� was added to the source
imagevolume, with n varying from 0.25 to 2.5 in stepsof 0.25. One thousand registrations wereperformed at each
of these11 noise levels; this number was chosenempirically to balancethe desiredaccuracy of the measurements
against the processortime required. The results of each iteration were logged,and covariance matrices calculated
in the normal way for each noiselevel. At the higher noiselevels, outlier distributions wereobserved in the results
i.e. the registration had begun to �nd local minima around the global minimum. Sincetheseminima weredistinct
from the global minimum they wereexcludedfrom the results, to ensurethat the covariancewascalculated across
a single minimum. This typically amounted to removal of � 10% of the results in the experiments for n � 1:5.

Covarianceestimateswere then producedat each of the noiselevels usedin the Monte-Carlo simulations using 12.
The estimation relieson normalisation to distribution peaks,and so is inherently lessstable than the calculation of
the MI measure,which relieson normalisation to the areaunder the distribution. In addition, destructive Gaussian
smoothing of the joint histogram could not be used during the covariance estimation. Such smoothing does not
signi�can tly increasethe width of the cost function being optimised during registration, sinceit is the step-to-step
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Figure 2: Interpolation artefacts in a naive implementation of MI-based rigid registration applied to T1-weighted
and IRTSE MR imagevolumesof the brain of a normal volunteer. The MI is given in arbitrary units and hasbeen
inverted, sincethe implementation of the simplex optimisation usedwasset up to minimise, rather than maximise,
its cost function.

change in the joint histogram that producesthis function, and not the exact shape of the joint histogram during
any give iteration 6. However, the covarianceestimate given by 12 makesa direct estimate of the noiseon the data
from the shape of the distributions in the joint histogram. Any changeto thesedistributions will therefore a�ect
the covariance estimate, with the result that signi�can t Gaussiansmoothing, which would causethe distributions
to widen, would increasethe estimated covariance. Therefore, lessdestructive iterated tangential smoothing [28],
which smooths along a tangent to the maximum direction of local image slope and thus does not signi�can tly
broaden the distributions, was applied instead. In addition, the bin sizeof the histogram was reduced to 0:5� in
order to increaseaccuracy. All other featuresof the algorithm remained identical to those usedin the registration
routine. In order to further stabilise the covariance estimation, the @� corresponding to 3 times the range of the
results of the Monte-Carlo experiments was found, and covariance estimateswere calculated at 100 points across
this range. A median �lter was then applied to calculate the �nal covariance estimates.

3 Results

For a given system of model parameters with n components, the covariance matrix will contain n2 components.
However, since it has only n degreesof freedom, a full characterisation of the extent to which the observed and
estimated covariancesmatch can be obtained through comparing only n components of the matrix. Clearly, the n
components comprising the diagonal elements of the matrix, the variances,are the most informativ e. Therefore,
the analysis of the results is limited to the variancesalone. Figures 4 and 5 show the estimated and measured
(via. the Monte-Carlo experiments) errors on the parameters of the transformation model for rigid registration
of the simulated and genuine MR data, plotted against the level of added noise. A linear dependencebetween
the added noiseand the �nal transformation model parameterswould be expected from simple error propagation,
and linear least-squares�ts to the data are shown. The data follow this linear relationship well, as can be seen
from the graphs. Since the registration problem is approximately equivalent between the two experiments, but

6This is directly equivalent to the error scale invariance of least-squares techniques i.e. as long as the data are i.i.d, error weighting
can be omitted from least-squares measures, as it does not a�ect the results.
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Figure 3: The MI measurein the stabilised implementation of MI-based rigid registration applied to T1-weighted
and IRTSE MR image volumes of the brain of a normal volunteer. The MI is given in arbitrary units and has
beeninverted. Comparing theseresults to Fig.2, it can be seenthat the e�ects of interpolation artefacts have been
greatly reducedwithout biasing the position, or increasingthe width of, the minimum.

the simulated data contained approximately twice as many voxels as the genuine MR data, the absolute values
of the variancesshould be approximately twice as large in the genuine MR experiments, and this is indeed seen
in the results. The estimated error on the scaling parameter in the z direction of the genuine MR data shows a
distinct instabilit y. This was due to the low information content along this axis of the data, which represented the
inter-slice direction of the MR volume, and re
ects what is intuitiv ely obvious: lower resolution reducesour abilit y
to achieve a good registration. All other parameters show good agreement between the estimated and measured
errors. Sincea rigid registration technique was applied here, using � 100; 000voxels to constrain nine parameters,
the errors on the parametersare small. It should be noted that theseare not errors on the alignment of individual
voxels: error propagation would have to be applied in order to calculate such errors from the measurements given
here.

The averageddi�erence between the observed and estimated error measurements is 0:60� for the simulated and
0:33� for the genuine MR data. The observed errors might be expected to be slightly higher than the estimated
errors since the estimation technique gives the minimum achievable errors. However, as shown below, these
di�erences do not achieve statistical signi�cance. In addition, sincetheseare measurements of errors, rather than
parameters, a de�nitiv e meaning can be placed on the di�erences. They relate directly to the con�dence limits
on the results of any hypothetical image analysis method using registration as a component. Two de�nitions of
statistically signi�can t di�erence are in common usage. In comparisonsof data to theory, or to data from an
alternativ e measurement technique, via a standard method such as a paired t-test, the probabilit y of identicalit y
between the two sets of measurements must be lower than either 5% (i.e. 1:96� di�erence) or 1% (i.e. 2:576�
di�erence). Therefore, for two sets of results that are identically distributed (i.e. the expectation value of the
di�erence is 1� ), the errors must be underestimated by at least a factor of two to produce a test statistic that
indicates signi�can t di�erence. This relationship has led to the generalrule-of-thumb that any error estimate that
is correct to within a factor of two is statistically valid. The error estimation technique presented heregivesresults
that are around four times more accurate than this, and so fall well within the bounds of statistical utilit y.

In order to compare the estimated and measurederrors on the registration parameters in a more quantitativ e
fashion, Bland-Altman plots [3,4,12] were produced, and are shown in Fig. 6. Theseshow the di�erences between
the two measurements, in units of the standard deviation of the di�erence: in this casethe sum in quadrature
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(a) Translation in x (b) Translation in y (c) Translation in z

(d) Rotation about x (e) Rotation about y (f ) Rotation about z

(g) Scaling in x (h) Scaling in y (i) Scaling in z

Figure 4: The standard deviations of the registration parameters for the Brainweb data. The lines show least-
squareslinear �ts to the data.

Data Translation Rotation Scaling All
Brainweb 0.999 0.079 0.337 0.791
Genuine 0.755 0.180 0.412 0.781

Table 1: Probabilities of agreement of the estimated and measured(Monte-Carlo) errors on the transformation
model parametersfor the registration of the simulated and genuine MR data, calculated via. a paired t-test. None
of the probabilities exceedthe 95% con�dence limit (i.e. fall below 0.05), indicating that no signi�can t di�erences
betweenthe two error estimateswere observed.

of the standard deviations of the estimated and measuredtransformation model parameters (i.e. the errors on
the error measurements themselves,computed from the residualsabout linear �ts to the estimated and measured
variances),plotted against the averageof the two measurements. Paired t-tests were then applied to calculate the
probabilities of agreement betweenthe measuredand estimated errors. Theseare given in Table 1 for the grouped
translation, rotation, and scalingparameters,and for all parametersgrouped together, for both the simulated and
genuine MR data. Noneof the di�erences reach statistical signi�cance at the 95%con�dence limit, and sothe data
provide no evidencefor a signi�can t disagreement betweenthe estimated and measurederrors.

4 Discussion

Mutual Information hasbecomethe most popular similarit y measureusedfor inter-modalit y registration of clinical
imagesor imagevolumesin recent years. The measureoriginated in the �eld of information theory, and is ultimately
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(a) Translation in x (b) Translation in y (c) Translation in z

(d) Rotation about x (e) Rotation about y (f ) Rotation about z

(g) Scaling in x (h) Scaling in y (i) Scaling in z

Figure 5: The standard deviations of the registration parameters for the genuine MR data. The lines show
least-squareslinear �ts to the data.

(a) Brain web Data (b) Genuine MR Data

Figure 6: Bland-Altman plots of the estimated and measured(Monte-Carlo) errors on the parametersof the rigid
transformation model for registration of the Brainweb (a) and genuine (b) MR images. The upper and lower
95% con�dence bounds are shown. The units on the absciccaare voxels � 10� 3 for the translation and scaling
parameters,and degrees� 10� 3 for the rotation parameters.
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derived from Shannon's concept of entropy. However, the work presented here has demonstrated an alternativ e
interpretation. Through comparisonof the measureto standard maximum likelihood, it is possibleto expressMI
as a sum of two terms: a standard � 2 term and a bias term relating to the lack of proper normalisation in the
bootstrapped \lik elihood" obtained from the joint image histogram. This interpretation elucidates the behaviour
of the MI measure: it is a maximum-likelihood estimator biased with a term that maximises the \p eakiness"of
the distributions in the joint histogram, in order to maximise the correlation betweenequivalent structures in the
images. This interpretation of MI follows directly from the link with Shannonentropy. When applied to discrete
probabilities (e.g. binary data) Shannonentropy is identical to likelihood. However, asstated by Shannon[25], \in
the continuous casethe entropy is relative to the coordinate system". It is this lack of constant normalisation in
the entropy that propagatesthrough to produce the non-constant normalisation in the bootstrapped MI measure.

The standard covarianceestimation techniquescan be applied to the equivalent � 2 for MI to producethe minimum
variance bound i.e. the minimum achievable errors on the transformation model parameters of MI registration.
Covariances estimated in this way were compared to covariances measured from Monte-Carlo experiments for
two clinical registration problems, both involving the registration of MR image volumes of the brain, one using
simulated data and the other genuine MR scans. In both cases,and acrossall parameters,the estimated variances
agreedwith the measuredvariances. We therefore conclude that the covariance estimation technique is accurate,
and furthermore that the expressionof the MI measureas a biased maximum likelihood estimator provides an
accurateinterpretation of the theoretical origin of the measure.The agreement betweenthe measuredand estimated
variancesalso demonstratesthat, at least in rigid registration problems, the assumption that the bias term varies
slowly with respect to the � 2 term is valid, and therefore it is possibleto achieve the minimum variance bound on
the transformation model parameters.

Achieving the minimum variance bound requires careful attention to the implementation of the registration al-
gorithm. This demonstrates one of the most useful aspects of a quantitativ e statistical approach to algorithm
development. The covariance estimation technique calculates the minimum achievable errors on the transforma-
tion model parameters. If the errors seenin practice, measuredusing Monte-Carlo techniques, fail to reach these
lower boundsit indicates that somefeature of the implementation is sub-optimal. Further investigation, for instance
plotting the cost function using exhaustive search techniques,can reveal theseproblems,allowing improvements to
be made. Iterating this approach until convergencewill yield an implementation of the algorithm that is provably
optimal. The converseis also true: agreement betweenthe results of an optimal implementation of the algorithm
and the theoretical minimum variancebound provesthat the quantitativ e statistical interpretation of the algorithm
usedto derive the covarianceestimate is correct. The prominenceof such techniqueshas grown in recent years,as
machine vision algorithms have becomeever more complex and so greater care must be taken in the validation of
the software. For example,Liu et al. [17,18] suggestapplying algorithms to data for which the distribution of the
results can be predicted, and testing for agreement using the Komolgorov-Smirnov test. We believe that, in the
present case,comparisonof the predicted and observed covariancesis su�cien t to achieve the samegoal.

The experiments presented here have demonstrated that the covariance estimation technique is applicable for
rigid registration. However, in many respects non-rigid registration is the more interesting problem, since the
transformation model is determined locally and sothe spatial variation of the errorsmay bemuch morecomplicated.
In that case,knowledge of the errors is essential in order to perform further quantitativ e analysis of the image
volumesusing the transformation model. Two competing e�ects will be observed in the extensionof the covariance
estimation technique to non-rigid registration. Sincelessinformation is usedto calculateeach transformation model
parameter, it may be more di�cult to producestable estimatesof the covariances. However, the errors on non-rigid
registration are also much higher (t ypically of the order of � 1 voxels [10]), and so the requirement for a stable
estimate of the similarit y measureat sub-voxel resolutions may be signi�can tly relaxed. Ultimately , the balance
betweenthesetwo e�ects will be determined by the number of transformation model parameters. The sameapplies
to the bias term identi�ed in the MI measure.The rigid registration experiments conducted here used� 100; 000
voxelsto determine 9 transformation model parameters: in this data-rich regime,the assumptionthat the bias term
in the MI measurewas negligible was con�rmed by the match between the estimated and measuredcovariances.
In non-rigid registration the amount of data available to determine each transformation model parameter might
be small in comparison,and in such circumstancesthe bias term could becomesigni�can t.
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