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Abstract

This memo contains proofs that the Shannon entropy is the limiting case of both the Renyi entropy
and the information. These results are also confirmed experimentally. We conclude with some general
observations on the utility of entropy measures.

1 Introduction

The growth of telecommunications in the early twentieth century led several researchers to study the information
content of signals. The seminal work of Shannon [10], based on papers by Nyquist [6, 7] and Hartley [5], rationalised
these early efforts into a coherent mathematical theory of communication and initiated the area of research now
known as information theory. Shannon states that a measure of the amount of information H(p) contained in a
series of events p;...pny should satisfy three requirements:

e H should be continuous in the p;;
o if all the p; are equally probably, so p; = 1/N, then H should be a monotonic increasing function of N;

e H should be additive.

He then proved that the only H satisfying these three requirements is

N
H(P)=—-KY pilnp;
=1

where K is a positive constant. This quantity has since become known as the Shannon entropy. It has been used in
a variety of applications: in particular, Shannon entropy is often stated to be the origin of the mutual information
measure used in multi-modality medical image coregistration.

Extensions of Shannon’s original work have resulted in many alternative measures of information or entropy. For
instance, by relaxing the third of Shannon’s requirements, that of additivity, Renyi [9] was able to extend Shannon
entropy to a continuous family of entropy measures that obey

1 N
Hqy(P) = ﬂlnng
=1

The Renyi entropy tends to Shannon entropy as ¢ — 1.

In addition, Kendall [8] defines the information content of a probability distribution in the discrete case as

N q
! 1
.

I,(P) = —
a(P) )

which again tends to the Shannon entropy as ¢ — 1.

We have not been able to find proofs for the assertions that these expressions regenerate Shannon entropy in the
limit, and we therefore present such proofs here, and confirm the results experimentally on a sample of uniform
probabilities. We conclude with some observations on the theoretical validity of entropy measures in general.



2 Shannon Entropy and Renyi Entropy

Given a sample of probabilities p;
N
Sn-i
i=1

the Renyi entropy of the sample is given by
Hq( - ﬁln ;pl

At g = 1 the value of this quantity is potentially undefined as it generates the form 0/0. In order to find the limit
of the Renyi entropy, we apply I'Hopital’s Theorem

lim M = lim M0
a—a g(q)  a—a g'(q)

where in this case a = 1. We put

N
=Yy p! glg)=q—1
1=1

Then

and, applying the chain rule

_f( Z z

The form a® can be differentiated w.r.t. x by putting

iaw = iewlma = e””l““i:vlna =a"lna
dz ~ dx B dx n
Therefore
d
_f pz 1npz
dq ( 1 1 A ;
Letting ¢ — 1, we have
—f( szlnpz
z lpl =1

collecting terms we have

N
;g% 1—_qlnzpl ;pi In p;

=1

which is the Shannon entropy.

3 Shannon Entropy and Information

The information of a sample of probabilities p; where

N
Zpi =1
=1

is given by
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Figure 1: Various entropy measures for a sample of uniform probabilities with N = 10. The Renyi entropy and
information converge to the Shannon entropy for ¢ — 1.

Put ¢q—1=a,sothat asq—1a— 0, and p; =1 — x;. Then
N
(1—171) — (l—xi)“"'l
L(X)=>" p

1=

—

Taking out one power of p; immediately gives

N a
L) = 3 0o = 0= ))

i=1

The binomial expansion

x? 3
1+z)"=14nz+n(n-— 1)5 +n(n—1)(n— 2)5
can be applied to the first term of this equation to give
(I—z)* — 1 x? x3
T i + (a — 1)5 —(a—1)(a— 2)5
In the limit of @ — 0 this becomes
v
=—r— = - —=..
2 3
Which is the well known series expansion for the natural logarithm
x?2 23
Inl-z)=—-2————...
n(l —z) z— 3
Therefore,
1— — (1-— i a+1
lim (I=z) = A=z)™ —(1 —2;)In(1 — ;)
a— a
and

N
L(X)=- Zpi Inp;
i=1

which is the Shannon entropy.

4 Experimental Testing

The above results were confirmed by plotting the Shannon entropy, Renyi entropy, and information against ¢ for a
sample of uniform probabilities. Ten random samples from a uniform distribution were generated and normalised
such that they summed to unity. Then the Shannon and Renyi entropies and information were plotted against g.
The results are shown in Fig. 1. As expected, the three measures converge as ¢ — 1. The behaviour around this
point is well behaved.



5 Conclusions

This memo has demonstrated that, in the limit of ¢ — 1, both the Renyi entropy Hy(p) and the information
I,(p) tend to the Shannon entropy. Also, the Renyi entropy is a monotonic function of the information. However,
as Kendall states [8] these measures are scale-dependent when applied to continuous distributions, and so their
absolute values are meaningless. Therefore, they can generally only be used in comparative or differential processes.
The monotonic relationship therefore implies that Renyi entropy and information can be used interchangeably in
any practical applications.

Although these entropy measure form a self-consistent family of functions, their scale-dependence limits their utility
as they cannot then be considered as well-formed statistics. For instance, concepts of Shannon entropy can be used
to derive the mutual information measure commonly used in information-theoretic multi-modality medical image
coregistration [12]. However, recent work [11, 4, 1, 2, 3] has shown that mutual information is in fact a biased
maximum likelihood technique, and in the original application of Shannon entropy, calculating the information
content of signals composed from a discrete alphabet of independent symbols, Shannon entropy is identical to
the likelihood function. Therefore, although the Renyi entropy could be used to derive a continuous family of
mutual information measures that could be applied, for instance, to coregistration, the statistical validity of such
techniques would be questionable.
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