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Abstract

We discussvarious statistical procedures,including the construction of likelihood functions, entropy or

information measures probability similarity measures,and hypothesistests, which are frequertly used
asthe basisfor machine vision algorithms. In eat casewe demonstratethat incautious transformation

between the discrete and cortinuous caseswhen using these measurescan intro duce problems such

as arbitrary scalings, and therefore bias. We also demonstrate that, by working in a homoscedastic
space,the equal variance domain, many of these problems can be avoided. We conclude with some
obsenations on the needfor statistical rigour in the construction of machine vision algorithms.

1 Intro duction

1.1 Topic and motiv ation

Image analysis researders are familiar with probability, in particular Bayesian, MAP (maximum a-posteriori
probabilities) and lik elihood-basedconstructs. However, the useof thesetechniquesis not always as straightforward
asit might at rst appear. This paper draws attention to common sourcesof potential error at the designlevel
and, importantly, their consequencesWe proceedfrom two basic assumptions; rst, that there is in generalonly
one theoretically correct way to analysedata, and second,that in caseswhere multiple approachesseempossible,
we must look to their origins in probability theory for guidance.

The concept of a probability density function for any parameter, or arbitrary function of that parameter, is a
familiar one. However, we intend to show that care must be taken in the choice of measuremen domain, since
probabilistic expressionsde ned as contin uous functions cannot be expectedto be valid for arbitrary de nitions of
a problem: cortinuous probability expressionsdo not necessarilyde ne true (invariant) statistics.

A secondissueconcernsthe generalisationof de nitions of the probabilit y of discrete everts to the continuouscase.
Probability values always refer to single discrete events; extending de nitions to cortinuous variables requires
particular care. This is true for any de nition of probability, including both the Bayesian scheme, in which
probability represerts a degreeof belief, and the frequertist scheme,in which the probability of an evert re ects
the frequencywith which that event occurs.

The aim of this documert is to describe the implications of taking the limit of a set of discrete everts (in terms of
number and density) in order to de ne a probability density for a continuous variable. Many of the obsenations
described here result from attempts by the authors, over the courseof the last decade,to nd the relationships
betweendi erent, successfulapproachesto the analysis of image data. In general,it has provendicult to nd
theoretical grounding for these obsenations in the statistical literature.

The issuesdiscussedin this paper are important for the correct design of any algorithm relying on probabilistic
models. We stressthat our discussionis not purely theoretical; we havetried to illustrate the practical consequences
of incorrect designwith examplesdrawn from common pattern recognition and computer vision problems.

The remainder of this paper is organisedinto two main parts. In the rst, sewral theoretical issuesrelated
to the correct use of statistical constructs are discussed. These issuesare used to motivate the developmert
of a unifying model for the correct design of likelihood functions, the equal variance domain. The use of this



principle is then demonstrated in various contexts, sud as hypothesistesting and the de nition of information
measures. The second part of this paper preseris examplesillustrating appropriate de nitions of probability
densities and likelihood functions. The examplesare based on two general problems from computer vision and
pattern recognition, namely tting curve modelsto data and comparing probability density functions. Concluding
remarks and discussionare given in Section4.

We adopt the following notational convertions. Probabilities are represerted by upper caseP, whilst probability
densities are represeried by lower casep. Similarly, discrete variables are represerted by upper case X, whilst
cortinuous variables are represeried by lower casex. Vector quartities are represeried in boldfacee.g. A.

1.2 Related literature

This documernt coversa rage of theoretical principles for the construction of computer vision algorithms, including
likelihood, hypothesistests, and erntropy. It is generally acceptedthat algorithms should be basedupon statistical
methods derived from probability theory. For example, many common algorithms that may once have been
interpreted asoriginal have ultimately beenreconciledwith likelihood. This includesthe Hough transform [11,24],
mutual information [2,3], and least-squarestechniques[13] such asthe Kalman lter.

Hypothesis tests [14] cover a large area of statistical methods. Despite their prevalencein virtually ewvery area
of science,the concept has been rather neglectedin computer vision, implying that much algorithmic potential
remains unexploited. In previous work we have showvn that hypothesistests can be automatically generatedfrom
sampledata in order to construct statistically valid measuresof probability for arbitrary distributions of data [4,6].
Hypothesistests are strongly assaiated with likelihood, as likelihood methods are often usedto estimate model
parametersand covariancesfor usein a hypothesistest.

One of the most common approacesto algorithm construction is basedon information theory. The growth of
telecommunications in the early twertieth certury led seweral researders to study the information content of
signals. The seminal work of Shannon [22], building on papers by Nyquist [15,16] and Hartley [10], rationalised
early e orts into a coherert mathematical theory of communication and initiated information theory as an area
of researd. Shannon stated that a measureof the amount of information H(P) contained in a seriesof everts
P1:::Py should satisfy three requiremerts: H should be continuousin the P;; if all the P; are equal, soP; = 1=N,
then H should be a monotonic increasing function of N; H should be additive. He then proved that the only H
satisfying thesethree requiremerts is

X
H (P) = K PiInP;
i=1
where K is a positive constart. This quantity has since becomeknown as the Shannon entropy. for systems of
discrete variables, it is identical to the expectation value of the likelihood (seebelow). Shannonentropy has been
usedin a variety of applications, and is often takento be the theoretical origin of the mutual information measure
usedin multi-mo dality medical image coregistration [29].

The generalissueaddressedin this paper is the correct use of conceptsfrom probability and statistics in algorith-
mic design. Background materials for the discussioninclude [14] (hypothesis testing), [22] (de nition of entropy
measures),[25] (histogram similarity measures),and [23] (assumptions underpinning likelihood). [27] draws on
thesesourcesto specify a generalapproach to the construction of machine vision algorithms.

2 Part |I: Theoretical Iissues

2.1 The correct use of lik eliho od
2.1.1 Background

Supposethat we have a set of n data X -1 .., and somehypothesisedmodel of the data generation processthat
depends on a vector of parameters A. The probability that a given datum X; could be generatedby the model
can be written asP(X;jA). If the data are independen, then the joint probability of generating the entire data
set can be written as

P(XjA) = iP(XijA):

When consideredas a function of the data with somespecied (i.e. xed) A this is a simple joint probability.
However, when considered as a cortinuous function of A for xed Xi-1..n, the equation is no longer a joint
probability and doesnot obey the axioms of probability. Sud a quantit y is called a likelihood, following Fisher [8].



Estimators for the model parameters can be generated by maximising the likelihood or, since any monotonic
transformation of the likelihood itself doesnot changethe position of the peak, the log of the likelihood. Therefore,

@nL
@\

=0
A=E(A)

is commonly referred to as the likelihood equation, where E (A) is the desired estimator of the parameter A. For
example, assuming Gaussiandistributions for the residuals (the di erences betweenthe model predictions m; (A)
and the data) givesthe familiar expressionfor weighted least-squares

X
InL = (xi mi(A)?=2 ?

A simple generalisation of this approad is to assumea non-Gaussianform, which is particularly successfulwhen
the true residual distribution of the data haslong tails [20].

It could be suggestedthat likelihood can be derived from Bayes theory, so that a more principled approac
should involve maximum a-posteriori probabilities (MAP). However, maximum likelihood estimators have seeral
conveniert properties [18]. They are invariant under transformations of the parameter space,so that

FIE(A)] = E[f (A)]

where f is some arbitrary transformation function. In addition, they are in general consistert (i.e. unbiased
in the limit of in nite statistics)*, although they are generally biasedin the small sample limit as an inevitable
consequenceof the parameter spacetransformation invariance. Finally, likelihood also provides a framework for
the analysis of the information content of the data, including quanti able constraints on the parameter estimates
e.g. error bars. This cannot be delivered directly by MAP.

The concept of likelihood extendsdirectly to probability densities. Since
dP = p(x)dx
the individual probabilities required can be generatedby integrating over a suitable interval, giving

X
L= ip(xijjA)dx or InL= In p(xijA)dx;

Howewer, the dx terms are often taken to be implicit in such equationsand omitted, disguising their signi cance.
Rede nition of the intervals dx is equivalent to a transformation of the data spacei.e. a rede nition of the
probability terms from which the likelihood is calculated. Even though likelihood is invariant to transformations
of the parameter spacein the limit of in nite statistics, it is not invariant to transformations of the data space,as
will be demonstrated below. Therefore, a principled method for specifying the data spaceto be usedis required.

The key point is that the construction of likelihood cannot be applied indiscriminately. Each assumption on which
it relies must be valid (or nearly so) in order to construct a valid algorithm. The following sectionsdiscussse\eral
aspects of the correct use of likelihood.

2.1.2 Choosing correct distributions

In order to construct a valid likelihood the assumel distribution must actually match the true distribution of the
data. In practice, this can be cheded by observingthe residuals of the data around the estimated solution. Suc
tests facilitate the selectionof a suitable distribution, but raise a question; whenis the assumeddistribution “good
enough'?

This question can be approached by applying either qualitativ e cheds or statistical tests to the shape of the data
distributions. If, for the quantit y of data typically under analysis, the residual distributions di er signi cantly from
those expected, then the algorithm could be improved. This allows the iterativ e developmert of an appropriate
likelihood de nition even without prior information regarding the data generation process.

INote that the lack of bias applies to the parameter estimates, not to the lik elihood itself: this point will be expanded upon in the
later sections.



Figure 1: Transformation of discrete samples.

2.1.3 Statistical data indep endence

The construction of a simple additiv e log-likelihood assumesstatistical independenceof the data, i.e., the residual
of onedatum corveysno information about the residual of any other: the residualsare uncorrelated. It is partly the
task of appropriate model selectionto achieve this independence;jthe correct model will de-correlatethe residuals.

In practice, this can be cheded by plotting joint distributions of suspected correlations. For example, if temporal
correlation betweenadjacent measuremets in a 1-D time signal s; is suspected, the scatter plot of s; vs S;+1 can
be examined for unwanted structure. In the caseof complete independence,the outer product of the marginal
distributions must completely describe the obsened structure of the 2-D distribution

P (X1;X2jA) = P(X1jJA)P(X2jA):

As with residual shape (seethe previous section), we do not haveto acceptcorrelation in the data shouldwe nd it.

It is possibleto model the correlation and “whiten' the distribution by, for example, rotating to the principal axes
of the correlation. Re-projection of the data into the new, rotated spaceallows us to continue with the likelihood
formulation. Clearly, somecorrelations may be more complex for this strategy, and it is this issuethat hasled to
the investigation of non-linear PCA and assaiated approaches|[9].

The issuesdiscussedso far are generally well-known, and whitening of data spacesis commonly found in the
literature (e.g. [20]). However, there is a more subtle issue relating to likelihood which identies a common
problem with expressionsrelated to probability densities.

2.1.4 The imp ortance of the correct lik eliho od de nition

Consider a situation in which the above approacd, basedon empirical validation, is usedto generatetwo di erent
likelihoods for the sameproblem. The rst usesthe original data set x;, and the secondmodels the residualsin
someother domain, via a monotonic, non-linear transformation f (x;). In sud a casethere will be two di er ent
solutions to the maximum-likelihood estimate of the model parameters.

Consider a simple example. We want to compare a set of independert measuremets to seeif the size of some
circular objects follow a given model. We can chooseto represen the circles with probability densities either for
measuredarea, p(a;j ), or measuredradius, p(rij ), where is a vector of model parameters,anda; = 2 r2. We
decideto perform a set of experiments (say repeatability of measuremets) in order to calibrate the noise process
for both. Due to the quadratic relationship betweenthe parameters,the likelihoods computed from the empirical
distributions of radius and areawill be di er ent, that is,

D)~ pai )~ npri e InpGai )

The problem is that applying a non-linear function on a prokability density de ned on a continuous variable
changesthe likelihood de nition . As there is dependency on the measuremen variable, we cannot simply claim
that likelihood minimisation will nd the sameestimatesfor

Moreover, the problem arose because we useal continuous variables If we had formulated probabilities from a set
of discrete everts X; rather than continuous measuremets X;, then the non-linear transformation of the data
spacewould not change the grouping of all measuremets corresponding to a particular event. Of course, the
transformation may still have changedour idea of how the discrete events are distributed acrossthe space(f (X)),
but this doesnot changetheir respective probabilities (Fig. 1).



Figure 2: Transformation of probability densities demonstrating consenation of probability within a consistert
interval.

The di erence betweenthe use of probabilities and PDF's arisesbecausethe former are derived from the latter
through integration. In the limit of small intervals x; we can write

P(XijA) = p(xijA) Xi:
If we apply a transformation, then preservingthe probability requires adjustment of the interval (Fig. 2)

P(XijA) = p(f (xi)jA) f(xi)

Early work on likelihood [8] tended to make this point explicit, drawing a distinction betweena probability, which
depends on the integration interval, and a likelihood, which is independert of intervals and thus does not obey
the laws of probability. The standard notation in current use blurs this distinction, consideringthe interval to be
implicit in relationships between probabilities and PDFs.

2.1.5 The equal variance domain

In many applications, asin the caseof circle sizemeasuremen, it may be di cult to de ne a discrete systemfrom
which to derive the continuous formulation. In such cases,we suggestthat the appropriate equivalent discrete
evert can be generalisedon the basisof statistical separability of the data: the correct spacein which to formulate
the likelihood (construct the probability density) is the onein which the expectedlocalisation of the measuremen
within the cortinuousvariable is the sameeverywhere,i.e., equal variance. In the statistical literature, this property
is described as “homoscedasticiy', and is often referred to as the “natural represenation' of a problem, but we
intro duce the more descriptive term equal variance domain. In the example of the simple circle measuremet we
should chooseto form the likelihood in whichever spaceis obsened to have equal error (seeSection 3.1). In some
caseswe may obsene a functional dependencyon the error (x  (x)), and apply a transformation to remove this
dependency[18,23].

The “equalvariance' property constrains the way in which data can be represerted for usein a likelihood scheme,
reducing the possible number of strictly valid algorithms that can be constructed. The issueis important for
theoretical and practical reasons,and needsto be addressedon a case-ly-casebasi’. Fortunately, in many
data analysis problems the raw data is already in the equal variance domain, and so de ning likelihoods without
awarenessof the issueresults in appropriate formulations. In image processing,for instance, assumingrandom,
uniform and equal additiv e noise on grey level data is often a very good approximation. Equally, howewer, it is
possibleto formulate approachesthat do not work aswell as expected, and may exhibit parameter bias.

2.2 Likelihood and statistical algorithms
2.2.1 Hyp othesis Testing

Approachesbasedon hypothesistests cortrast with Bayesianmethods of data analysisin that they require only
one distribution model in order to compute a statistic [4]. Speci cally, rather than computing the most likely
interpretation of a set of data given a set of alternative models, they compute the probability that data which was
‘lesslike' that obsened could be selectedfrom the model. The de nition of “lesslike' is often coudhed in terms
of a simple similarity measure,such as the distance to the mean (or mode) of the expected distribution. At rst

sight this may appear to be independert of distribution de nitions: we elaborate on this point below.

20ne way to nesse many of the issuesassaciated with equal variance is to design algorithms based upon lik elihood ratios.



The computation of hypothesisprobabilities involvesintegration of the probabilit y density beyond the point de ned
by the data being considered,and so any non-linear monotonic rescalingof the domain hasno e ect on the result.
Howewer, it is common to invoke the so-called ordering principle to obtain a principled de nition of “lesslike'.
Here, all valuesalong the measuremen axis are re-orderedaccordingto the expected frequency of occurrence[14].
This can be taken to be the more formal de nition of the application of hypothesistesting, sinceit utilises the
only available information with which to de ne the concept of “lesslike'. For simple (monotonic) distributions,
this generatesexactly the ordering methods generally applied. However, non-linear rescaling of the measuremen
domain canresult in a new ordering of “lesslike' for the data. Speci cally, the integral beyond a speci ¢ test value
can result in di erent probabilities. An example is given in Section 3. From a purely empirical point of view,
this new hypothesis probability still has the same quartitativ e prediction capability as the original measure. A
probability of 30% still meansthat 30% of the time data which was lesslike the test data would be drawn from
the sample. But the de nition of “lesslike' has changed,and so hasthe speci ¢ 30% portion of the distribution we
are referring to. A unique ordering is therefore required, consistert with the application of probability theory, and
this can be provided by the equal variance principle.

The only way to make de nite statemerts regarding the di erences betweenlikely frequenciesof events along the
measuremen axis would be to start from the de nition of a discrete system and take the limit of the continuous
problem. In addition, the ordering principle is often justied as the choice for the variable which minimises
the ‘length' in the measuremeh domain of any interval. It is therefore consistert to attach some concept of
statistical similarity to this de nition of length. Thus, in the equal variance domain, the ordering principle is the
choice resulting in the most compact form of any statistical interval basel on the characteristic variability of the
measurement Sudh a statistic is by construction the most informativ e way of summarising any data, asit puts
the tightest bounds on any inference. It would be consistert to speculate on the possibility of this bene t for the
application of the equal variance approac to likelihood, which may equally correspond to the tightest predictive
(Cramer-Rao) boundsin quartitativ e analysis.

2.2.2 Information Measures

No generaldiscussionof the legitimacy of using information measuresn algorithmic construction will be attempted
here (see[5]). We limit the discussionto seweral obsenations concerning Shannon erntropy, the most commonly
usedinformation measurein algorithm design. Shannonentropy attempts to de ne the information cortent in a
signal composedof a string of symbols drawn from a discrete alphabet, and is constructed asa sum over individual
data terms.

However, as Shannondescribed, this can only be valid if the individual terms are independert i.e. the symbols in
the signal are uncorrelated. The goal of compressionalgorithms can be stated as the removal of such correlations,
and soit would seemto be legitimate to apply compressionto any data set prior to computation of the ertropy.
Therefore, in the absenceof a de nition of the optimal compressionscheme, Shannonentropy must be an upper
bound on the information content of a data set unlessthe data are independert by construction. One particular
manifestation of this issuein image processingis the use of entropy measurescomputed from image histograms:
the entropy of an image histogram is not the entropy of the image A grey-level histogram contains none of the
spatial information in the data. The computation of the true entropy of an image would require the construction
of a multi-dimensional probability distribution describinglocal grey-level structure. Using histogramsto construct
ertropy estimatescan only result in an upper bound on the image entropy.

In addition, again as described by Shannon, the entropy becomesscale-degndert when applied to continuous
distributions. Kendall [17] describesthe sameproblem in generalisedinformation measures.This is fundamertally
the sameissueasthat a ecting likelihood; when entropy and related measuresare expressedascontin uousintegrals,
it is possibleto obtain any numericalzvalue via a rescalingztransformation x! y=f(x):

p(x)log(p(x))dx &  p(y)log(p(y))dy:

Such a measure cannot therefore be a orded the status of a true statistic. For example, the use of erntropy
measureshas been suggestedfor determining non-linear multiplicativ e corrections for MR imagesacquired with
a eld inhomogeneiy [12]. However, simply scanningthe solution around the expected answer is sucient to
demonstrate that the measurecannot be usedfor this task [26]. The potential solution to this problem is similar
to the previous one for likelihood. If the continuous entropy were constructed in an equal variance domain then
it would be consistert, up to a scalefactor, with any underlying discrete de nition. Notice that this procedure,
although necessaryto identify a unique erntropy, doesnot ensuredata independence.

Another problem is the lack of shift invariance when histograms of samplesfrom cortin uous distributions are used
to calculate entropy or information measures.The computed quartities may vary with the boundary locations of
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Figure 3: Monte-Carlo distributions for circle radius basedupon (a) a radial likelihood and (b) an area based
likelihood. The theoretical curvesare shown in both cases,demonstrating bias in the area-basedapproach.

the binning process,as demonstrated in Section 3.3. This problem is not solved by the equal-variance approac
alone,and thus underminesthe validit y of thesemeasuresascostfunctions. The standard theoretical interpretation
of theseapproachesdoesnot suggestwhy this problem should arise or how it can be solved. There would appearto
be two possibleinterpretations: that these approacesare strictly only applicable to uniquely speci able discrete
systems(as in statistical physics); or that they are applicable to purely continuous functions in conjunction with
the equal-varianceapproach (or similar) to setthe probability scale. The rst of thesepossibilitiesis certainly valid;
the secondappearsto require more evidence. We have recertly related likelihood to a popular form of the mutual
information construct used for image registration [2,3]. In doing so we have then been able to apply the usual
formulation for the estimation of error covariancesand demonstrate its validity. We believe that this is su cien t
to show that the true origins of this measure(at leastin this case)are likelihood and not information theory. In
general, we must acceptthat entropy is de ned for discrete systems,and application to contin uous variables can
result in an in nite  number of possiblemeasures,including trivial ones.

3 Part II: Examples

This section presers examplesdemonstrating the practical importance of correct formulations. First, three specic
problems with the formulation of measuresbasedon probability density, as described above, are demonstrated.
Second, the application of the equal-variance approach is demonstrated using two problems from the eld of
computer vision and pattern recognition, namely curve tting and measuremen of probability density similarity.

3.1 Bias from Lik eliho od Distributions

The assertion that maximum likelihood estimates formulated in domains other than the equal variance domain
su er from bias can be demonstrated using the circle area measurememn example described in Section 2.1. 2,000
setsof ten radii were generatedwith additiv e, uniform Gaussiannoise,around a certral value of = 10 and with

a standard deviation of = 2. The maximum likelihood estimate of the mean was then found for ead set. The
results are showvn in Fig. 3, along with the theoretical distribution computed for 10 measuremeis and 1 degreeof
freedom. The sameset of data were then transformed to areas(a = r?), and the maximum likelihood estimate

for the mean was again found, using a likelihood constructed from the expected (and empirically con rmed)
distribution for area,
Cr= oy
a) = p—e :
p( ) V8r 2 2

The results, converted back to equivalent radii, are also shown in Fig. 3. A systematic underestimate of the
mean, inconsistert with the original certral value, can be clearly obsened even though the empirically obsened
distribution for the areawasusedin the construction of the likelihood. Thus the output estimate of the parameters
describing the model are not the sameasthe oneswe usedto generatethe data: there is a bias.
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Figure 4: Application of the ordering principle for transformed probability densities shoving (a) a Gaussian
distribution, (b) a transformation function and (c) the distribution of the transformed variable and the new
con dence interval following the transformation.

This simple exapleillustrates onereasonwhy, for example, 3-D data from a stereovision systemshould be analysed
in disparity spaceand not in 3-D space. The problem hereis oftenidenti ed with skewed measuremen distributions,
a separatebut related problem. Distribution skewing is not in itself a problem, provided that the same skewed
distribution is usedin the construction of the likelihood. However, combining for example a Gaussianassumption
with skewed data will produce parameter bias.

3.2 Non-Unigue Hyp othesis Tests

To illustrate the issue of non-unique con dence intervals from hypothesis tests, consider the application of the
transformation

f(x)=x+ %cost:

to an angular random variate x with a Gaussiandistribution. The e ects of this transformation are illustrated
in Fig. 4. Con dence regions containing the same proportion of the probability density are showvn for both the
original and transformed data; the ordering principle results in di erent boundariesof con dence regions. For this
speci ¢ and extreme casewe can seethat, although the de nition of the con dence interval is still quartitativ ely
useful as a description of the likely measuremen values, the unimodal distribution is transformed to a bimodal
distribution, which can no longer be concisely described simply by mean and variance. The non-equivalence of
con dence intervals causesa changein the result of a hypothesistest for any measureddata. The equal-variance
domain resolvesthe potential ambiguity of construction.
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Figure 5: The Shannonentropy of a Gaussiandistribution. Each curve in (a) shows the result from a histograms
with dierent bin sizes(given in standard deviations). The x axis shows the distance betweenthe certral bin
boundary and the peak of the Gaussianin percertagesof the bin size. The proportional di erence in the Shannon
erntropies of a Gaussiandistribution calculated when the certral bin boundary of the histogram is aligned to the
peak of the Gaussian,comparedto when it is away by 50% of the bin width, is shonn in (b) for varying bin sizes
(givenin standard deviations of the Gaussian). The inset gure shows a logarithmic plot of the lower points.

3.3 Scale Dependence of Entrop y Calculations

The problem of scale-degndencein Shannonentropy when applied to probability densitiescan be illustrated with
a simple example. Figure 5(a) shows the entropy of a Gaussiandistribution calculated using histograms of various
bin sizes,given on the plot as multiples of the standard deviation of the original Gaussian. The contents of eat
bin were calculated as de nite integrals of the Gaussianin order to avoid sampling problems. The ordinate shows
the displacemen betweenthe position of the peak of the Gaussianand the certral bin boundary of the histogram,
in percertagesof the bin size. The plots illustrate two points which will be discussedin turn.

First, for large bin sizes,the entropy changesas the Gaussianis moved acrossthe histogram. The di erence in
entropy betweenthe point at which the peak of the Gaussianand the certral bin boundary of the histogram coincide
and the point at which they are displaced by 50% of the bin width is showvn in Fig. 5(b). The changeillustrates
that the additivit y property of ertropy is lost when applied to samplesfrom probability densities. Consider two
extreme examples: for in nitesimally small histogram bins, any in nitesimal shift in the position of the Gaussian
will result in an identical histogram, o set by onebin. If the bin sizeis large with respectto the standard deviation
of the Gaussian,then when the peaklies on a bin boundary, the Gaussianis split acrosstwo bins giving an entropy
of 0:693: whenthe peak lies at the certre of a bin, the whole distribution is contained within that bin giving an
ertropy of 0. The di erences becomesigni cant for any bin sizelargerthan 1 .

Second,working with contin uousdistributions canavoid the e ect describedabove (at the possiblecostof additional

computational complexity), but doesnot solve the problem of scaledependency This can be seenin the changesof
the intercept of the curves. The erntropy is dependert on the bin size of the histogram, even for bin sizeslessthan
1 . Changing the bin sizeis equivalent to changingthe scaleat which the underlying generating PDF is sampled.
Many algorithms in the literature are designedsothat they are sensitive to either or both of thesee ects. Working
in the equal variance domain and using a bin sizeconsistert with the resolution of featureswithin the distribution

mitigates the e ects of these problems.

3.4 A Computer Vision Example: Fitting Edge Strings.

We now apply the conceptof equal varianceto the very commonproblem of tting modelsto edgestrings detected
from image data. For simplicity, we assumethat the accuracy of feature location is the samefor all edges,so
that the equal variance domain is the image co-ordinate system. Therefore, to construct the likelihood we have
only to estimate the data density distribution for edgesperturbed by noise. Strictly, we should start from the
noisein the image, but we assumehere, again for simplicity, that feature locators have approximately xed spatial
accuracy In addition we will ignore the complication of quantisation of an image into pixels, and assumethat
such e ects averageout in the statistics of large samples,particularly if an e ort is madeto work with sub-pixel

10
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Figure 6: Edge density generation for the equivalent of a nearestpoint likelihood (a) and the relative increasein
edgedensity neededon the outside of the curve in order to generatea connectedstring (b).

feature locations.

One obvious approach would be to de ne the data density as a 2D perturbation from multiple locations along a
curve. This might be reasonablefor tting isolated features such as corners, but it would not be appropriate for
matching a curve to a set of edgefeatures. In this case,the direction along the detected feature string corveys
little or no information. Moreover, as edge detection algorithms are designedto produce connected strings, the
density of detected featuresalong the string is xed. Our de nition of likelihood must incorporate this property.

Let us start by assumingthe 1-D nearest-point likelihood model, giving the radial density model

p(x; yjs) = exp( d*=2 ?):
This implies a constart probability of generating a point at a distance d from the curve, inside or outside (Fig.
6). The problem with applying a 1-D density model to 2-D data is that the consequencesf changing orientation
for the sampling processare easily neglected. As shown in the gure, a generation processwith this property will
appear to increasethe separation betweendata moved by the noiseprocessto the outside of the curve, relative to
those on the inside. Therefore, it will not producea xed averageinterval edgestring, and the changein interval
will be a function of local radius of curvature (r), resulting in a systematic distortion of the curve shape.

In order to get the same quartity of edgesinside and outside of the tted curve, we must correct the expected
probability density in proportion to the expected increasein spacingas a function of local radius of curvature, r,
and distance from the curve, d. The density model for this caseis

0 vis) = - exp( =2 2;
sothat the corresponding likelihood is

ry + o
It

X
L= =22 In(
t=0

):

Figure 7 shaws the result of a numerical simulation of the process,for the rather extreme caseof a circle of radius
64 pixels with a feature location accuracy of 20 pixels. These parameterswere chosento make the bias visible in
the distribution for single measuremets. The bias scalesto more realistic measuremets in proportion to the ratio
of radius to localisation error.

This shaws that simple closest-int tting routines, which do not include this secondterm, are likely to exhibit
bias on tted parameters. It explains the bias obsened when tting ellipsesto edge strings using closest-mint
methods and suggests(as is obsened) that tted ellipseswill generally appear to be more elongatedthan the true
curve. The empirically determined bias correction term suggestedin Porrill's early work [19] is formally identical
to the one derived here for connectedfeatures, but the suggestedsourcewasinstead attributed to the linearisation
of the model during the Kalman lIter implementation.
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Figure 7: Distribution of the estimated radius of curvature of an edgestring. The dashedline shows the true mean,
demonstrating the potential for bias.

Measure Function
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RP - Y _ 2172
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C(P(XjW1)  p(xjW2))In BB dix

o
O
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Cherno
Bhattacharyya dg

Matusita dr
KL Divergence dp

Table 1: Distance measuresusedin statistical pattern recognition for the comparisonof probability densities.

3.5 A Pattern Recognition Example: Probabilit y Density Similarit y

Table 1 lists seweral measuresthat are commonly usedin statistical pattern recognition for comparing probabilit y
distributions. The principle that there is generally only one correct way in which to analysedata and, that in cases
where multiple approadches seempossible,we must look to the origins of the methods in probability theory, was
stated above. Following this principle, the measureslisted can be examinedto determine which are suitable for
any giventask. For example,to comparetwo distributions with common origin, we may demandthat the “correct'
similarity function be consistert under interchange of the two distributions, that is

d(p1;p2) = d(p2;p1):

Examination of Table 1 showsthat we can eliminate Cherno measureimmediately on thesegrounds. In addition,
the Kullback-Leibler divergence[7], often quoted as the basis of many algorithms, even in the symmetric form
givenin the table, doesnot obey the triangle inequality required of a metric (hencethe term "div ergence"rather
than "distance").

A further issueconcernsthe geometry of the underlying spacein which any similarity measureis embedded. In
Euclidean spaces,sud as the three spatial dimensions of the real world, the appropriate distance measureis
linear. However, constructs in any other parametric or data spacemust take accourt of the curvature of that
space. The problem can be stated as one of nding the minimum path (and corresponding probability) along
which one measuremen could be perturbed to another on the basis of a known noise process. This is the basis
of all quartitativ e similarity or distance metrics in usein statistics, and is directly equivalent to the use of Fisher
information [21] as a probability similarity metric.

For strict statistical measurest is acceptedthat great caremust betakento derive the similarity on the basisof the
appropriate perturbation model. For example,independert Gaussianerrors give rise to the least-squaresfunction,
which for equal variancesbecomesa simple Euclidean distance. Histograms, say H;;K;, are often comparedon
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the basisof the ?2: X
2= (Hi K)ZE(Ki+ H)

i
The spaceof measuremen de ned by the standard 2 has somerather unusual properties. In particular, the
expected variance on measuredvalues changesas a data point movesacrossthe space. This is a property referred
to as heteroscedasticiy, and creates a problem for similarity measure construction, becausethe spaceis non-
Euclidean and so the shortest statistical cost path betweentwo points is a curved path, not a straight line. We
have shown in previous work [25] that the application of a square-root transformation can be usedto construct
a similarity spacein which the variancesare equal (homoscedastic): transformation to the equal variance domain
producesa Euclidean spacein which the appropriate similarity measureis

X
miik) = CR PR
[
If, asadvocated, we look at a discrete de nition of probability for guidance,we can de ne a cortin uous probabilit y
distribution asthe result of applying two limits: the limit of an in nite number of samples,H; ! P;, followed by
the limit of anin nite number of discrete states,P; ! p;. We canthen approad a correct de nition for comparing
probabilities from the statistically appropriate way to compare histograms. Therefore the square-root transform
step, required to atten the spacefor histogram similarity, is neededto atten the spacefor probability density
function similarity. The approximations made in this mapping becomeexact in the limit of large samples. This
identi es the Matusita measure(Table 1), or its equivalent the Bhattacharyya measure,asthe correct way to solve
the problem. Thesetwo measuresare also symmetric under interchange of the probabilities, as required.

It is also worth considering the e ects of non-linear transformations on the cortinuous de nition of probability
similarity x ! 'y = f (x). It is possibleto show that these measuresare invariant to this process.For example, for
the Bhattacharyya measure,

Z A

P p P p___
P(XjW1) p(xjWz2)dx = p(yjWi) p(yjwz)dy

The equal variance approach doesnot rule out the useof other measuresto compare probabilities; indeed, it would
be possibleto de ne the limit of the samplein a variety of ways consistert with measuresusedin statistics. For
example, the probability of observinga binary event would be the limit of a binomial process,H;=N; ! P;, of N;
samples. The required variance-normalising transform in this casewould be the inversesine [18],

pﬁisin 1(p HiZNi)Z

One probability expressionconsistert with a binomial sampling processis a frequertist interpretation of the
Bayesianformula,
p PXJWi)P(Wj)  _ POXIW; )P (W) .

k P(XjWic) P (W) p(x) '
For this expression,di erences betweentwo theoretical Bayesian probability distributions (de ned as a limit of
data samples)with consistert prior probabilities, P(W;), would be

P(W;jjx) =

_ _ P1(X)P2(X)
d(P1;P2)Bayes = m

q —"} q ————
(sin 1 Py(W;jx) sin 1 Py(W,jx))2dx

4 Conclusions

This paper has discussedseeral issuessurrounding the correct de nition of likelihood and other statistical con-
structs, and their consequencefor a range of computer vision and pattern recognition problems. Theseobsenations
demonstrate that the samecare taken in the design of quartitativ e statistical measuresshould be applied when
designinglikelihood and related constructs for vision algorithms. Speci cally, probability densities of corntinuous
random variables should be built asthe limit of the discrete case. The equal variance domain provides an appro-
priate way to perform this task. The sameprinciple can be applied to the construction of likelihoods, information
measuresand hypothesistests and should arguably be consideredwhenewer a probability density must be usedin
an absolute way, that is, whene\er a transformation of variables changesthe result. We have deliberately excluded
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Bayesianformulations, asthe issuesaddressedin this paper do not apply to ratios of likelihoods (but see[4] for a
discussionof problems speci ¢ to Bayesiantechniques).

We suggestthat a similarity between computational forms has sometimesled peopleto regard approximations of
likelihoods asinformation measuresarguably asthe latter interpretation providesthe freedomto include additional

measuregpenalising model complexity. This is well understood in the likelihood literature and generally addressed
with approadesto bias correction, such asthe Akaike [1] (and related) measures.In previous work we have tried

to explain how this can be addressedvia the statistical approadc, provided that the de nition of the problem

maximises generalisation capabilities of the estimated parameters [28]. A similar aim for information measures
might be to seekthe most compact model. This is basically a statemert of Occam's razor, which is acceptedas a
necessaryif not rigorous, characteristic of the model selectionprocess.

We have suggestedhe selectionof variable domainsin accordancewith measuremem accuracy in order to maintain
a solid link with probability theory. This appearsto cortradict an assumption frequertly encourtered in pattern
recognition, namely that problemscanbe solveduniquely without matching the approach to the processgenerating
the data sampleused. We believe this assumptionis, quite simply, false. The very information content of a data set
is fundamentally limited by measuremei reproducibility: any attempt to construct probabilistic decisionsystems
ignoring information content (repeatability error) can only result in one of an in nite set of possible solutions,
selectedby an implicit scaling. Such an approac can never be directly reconcilable with probability theory: put
another way, it cannot be expectedto solve correctly the key problem of model selection [28] (the \bias variance
dilemma" in the neural networks literature).

To put the above issueinto historical context; when Gauss orginally derived the method of least-squares,its
properties were all assessedh an equal variance space. Later statisticians intro duced the word “homoscedastic'in
order to describe data with this property. In 2003 Robert Engle recieved a Nobel prize for his work in the 1980's
on analysis of “heteroscedatic'data. Clearly, the behaviour of measuremen error within a measuremen spaceis
considereda fundamertal issue. Meanwhile, the developmert of standard statistical practices, particularly when
applied to computer vision algorithms, has managedto overlook this issue. Indeed researters have sough to
justify their work via theories other than quartitativ e use of probabilit y.

We closethe paper with somewide-ranging conclusions:

1. There need not always be multiple, alternative ways of approaching the analysis of data. Accepting that
there are “correct' ways of dealing with data, which result in the most informativ e interpretation, may place
restrictions on the number of possiblealgorithms, but should lead to reliable and well-designedtechniques,
ultimately the very basis of reliable componerts of vision systems.

2. We have shawvn how the equal-variance domain de nes the spacein which to compare probabilities correctly.
The underlying issueis scale-degndence.Discrete probabilities, as de nite integrals of an underlying PDF,
contain an implicit de nition of scale,which must be consistert between algorithmic calculations to make
optimisations meaningful. The equal-variance domain provides such a de nition of scale, and therefore a
solution to problems of scaledependencearising with measuressuch asthe Shannonertropy.

3. A better theoretical understanding of the foundations of algorithms ultimately allows us to design better
algorithms. Algorithmic tests are indeed neededto assesgjuarntitativ e behaviour, but proving the validity of
a given approach neednot rely entirely on empirical analysis. It should be su cien t to identify the statistical
characteristics of the data which must hold for the approac to be valid. Designing valid comparisons of
algorithms requires attention to the expected statistical characteristics of the data. Real progresscalls for
equal carein experiment designand interpretation of results.
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