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Bey ond Lik eliho od.

N.A.Thacker. 18/5/2005, last modified 15/6/08.

Abstract.

Probabilit y densitiesare not probabilities and expressionsconstructed using them must be usedwith care in order
to maintain a link to probabilit y theory. In this document we will adopt the convention of upper caseP for
probabilit y and lower casep for probabilit y density, in order to avoid confusion. This lack of equivalenceis relevant
to Likelihood estimation. In particular, we have concluded,that in order to avoid problemsof bias and sub-optimal
use of data, log-Likelihood methods should be constructed in what we have called the "equal variance" domain
[3].

The purposeof this document is to summarisegeneralaspects of this issue,and in particular to assessthe limits
of Likelihood approachesand the possibleneedfor a theoretical generalisation. I have presented this topic in the
form of a tutorial which summarisestheoretical �ndings from 20 years of published work. It is my hope that
this will raise the general level of awarenessregarding scienti�c validit y in the context of algorithm design. The
issuesaddressedare relevant to anyone trying to understand algorithms based upon statistical principles. The
development of the analysis, based upon identi�cation of methods which have the best predictive capabilities,
leadsin a direction which is dismissive of several approachescurrently seenashot topics. In particular, an attempt
is madeto relate data analysis to quantitativ e (and testable) useof probabilit y in order to identify unique methods
for the design of a statistical analysis. This breaks with the tradition that use of probabilit y theory is somehow
inevitably basedupon arbitrary choices.

Maxim um Lik eliho od

This document will concern itself with the use of Maximum Likelihood (ML 1 ) for parameter estimation. The
conventional de�nition of this processcan be taken as that presented in [9] where the joint probabilit y of n
independent observations is regardedas a function of an unknown parameter A and is written as;

`(x jA) = f (x1jA)f (x2 jA)f (x3 jA):::f (xn jA) (0)

Where the various f (x i jA) are normalised to have unit integral. The ML principle involvestaking our estimate of
A such that `(xjA) is a maximum. It is the general validit y of this approach, and in particular the consequences
for speci�c ways of de�ning f (x i jA) which we wish to address.

Is there something wrong with Lik eliho od?

The most common attitude to Likelihood as a methodology for algorithm design appears to be that there must
be something wrong with it. In algorithmic research areas such as neural networks, computer vision, machine
learning and medical image analysis (which are those with which I am most familiar) most excitement is always
causedby novel methods which are not derived from Likelihood. Then, when someoneeventually gets around to
relating the algorithm to Likelihood (as hashappenedfor Hough Transforms,the Back Propagation neural network
training algorithm, Mutual Information, the Kalman �lter, Support Vector Machines, Boosting... need I go on?)
the interest seemsto waneand a new novel approach is selectedfor massimplementation. It is almost as if the use
of Likelihood cannot be novel and is therefore not interesting. So what is behind this allergy to Likelihood, is the
method theoretically 
a wed in someway, and doesthis 
a w justify the continual search for something di�eren t?

Over the years I have heard many comments relating to Likelihood. In particular I have heard claims that
Likelihood generatesalgorithms which have bias, though equally (in comparisonto Bayesapproachesfor example)
I have heard researchers say that the likelihood term is unbiased. So what is actually going on? To answer this
question we must �rst de�ne bias. Statisticians have several de�nitions for bias (depending upon the task) but the
only oneswere are interested in are those relating to parameter estimation. Here there are two de�nitions which
are relevant; "bias" is de�ned as the di�erence between the true parameter value (that which would be used to
generatethe data) and the expectation of the distribution of estimates. The other is related to the de�nition of a
"consistent" estimator, which simply states that a consistent estimator is onewhich estimatesthe true parameters

1 I will refer to such applications and the underlying machinery using the real noun Likeliho od, and the function itself as lower case
likeliho od.
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for in�nite samplesof data. In this document we will derive the likelihood expressionfrom probabilit y theory and
then usethat to analysethesebiasesand possiblesourceof such bias from Likelihood estimates.

Should we really worry about bias in parameter estimation tasks? The standard approach to solving this problem
in the context of an analysis would be to estimate the sourceand magnitude of bias using a simulation approach.
Scienti�c resultsareoften quoted with statistical and systematicerrors for this purpose.This is a perfectly adequate
way of dealingwith bias, but it doeshave its limitations. In particular simulated data must be an equivalent sample
to that on which the estimate is to be made. This is a reasonablerequirement for one o� analyses,but may be
regardedas strictly unworkable in the context of a generalanalysissystemwhich needsto produceestimatesfrom
arbitrary samplesof data. Though bias in someapplications may actually be seenas helpful (particularly if the
task was not properly speci�ed to begin with), it generally results in unreliabilit y. The problem here is one of
characterisation, an algorithm which produces a bias which is sample dependant is not characterisable in any
meaningful way for arbitrary data sets. This issuemay be recognisedasoneof the main criticisms levelled against
the body of algorithms suggestedin computer/machine vision over the last few decades.That is, algorithms have
performancewhich cannot be predicted on data sets which are di�eren t to those in the original publication, thus
limiting the scienti�c value of the work. It should therefore be regardedas important to designalgorithms so that
they are expected to be valid (and therefore unbiased) to begin with.

In addition Likelihood can be criticised for being a biasedstatistic, and as a consequencebeing unable to identify
the correct model. This limitation has consequencesfor any problem in machine learning. This problem will also
be brie
y discussed,along with the expected characteristics of any candidate solution.

Deriving Lik eliho od from Probabilit y

Standard referencetexts regularly state that likelihood is not a probabilit y. However, Fisher's intention when
suggestingthis approach included the requirement that the ratio of likelihoods for two sets of parameters should
equal the ratio of the corresponding probabilities. Fisher alsosaid that he wanted likelihood to be a unique solution
to any given data analysis tasks (so that it conforms to notions of the scienti�c method).

The likelihood function (LF) is often motivated via BayesTheorem, and in addition the individual terms (f (x i jA))
are often directly associated with probabilit y densities p(x i jA) rather than probabilities P(x i jA). To get a prob-
abilit y from a probabilit y density we must integrate the density over a speci�c interval. Blurring the distinction
betweenprobabilit y and probabilit y density by simply interchanging them leadsto non-quantitativ e (invalid) for-
mulations. Starting from a de�nition of LF makesit di�cult to appreciatethe various subtleties of this issue. Here,
we will start by deriving the Likelihood method (see [13] for more details). The aim is to de�ne the probabilit y of
observinga set of sampledata x i in a multi-dimensional (continuum) spacebasedupon a speci�c probabilit y den-
sity function � (x i ). The conventional notation for probabilit y applies to discrete events, not continuous variables.
So to achieve our aims we de�ne a �nite set of sample cells (X i ) and compute the probabilit y of observing data
within each and then take the continuum limit. The correct statistical model for this is the Poissondistribution,
so that the probabilit y of observing a given number of sampleswithin each discrete region within the non-zero
portion of the probabilit y density is;

P(n i ; � ) =
exp(� � )� n

i

n!
We can therefore write down the log probabilit y for the model in terms of the data as the sum of independent
terms for each quantit y of observation n i = 0 ,n i = 1,n i = 2 ...;

log(P(� )) =
N 0X

i

log P(0; � (X i )) +
N 1X

i

log P(1; � (X i )) +
N 2X

i

log P(2; � (X i )) + :::

the �rst being N0 empty cells, the secondbeing N1 cellscontaining onesampleand N2 cellscontaining two samples,
etc. Equally we can write this as;

log(P(� )) =
N 0 + N 1 + N 2 + :::X

i

log P(0; � (X i )) +

N 1X

i

log P(1; � (X i )) � log P(0; � (X i )) +
N 2X

i

log P(2; � (X i )) � log P(0; � (X i )) + :::

=
N 1 + N 2 + :::X

i

ni log(� (X i )) �
N 0 + N 1 + N 2 + :::X

i

� (X i ) + k1 (1)

3



where k1 is a constant. This measure(�rst described by Fermi) is referred to as Extended Maximum Likelihood
(EML) [2]. It is extended in the sensethat, rather than simply computing the likelihood for a �xed density
distribution it allows parameters describing the density distribution to also be determined. This expressioncan
therefore be taken as the probabilit y of obtaining a particular sampleof data from a set of �nite states. We would
therefore expect this to be the basis of standard �tting routines (such as regressionusing least squaresand its
relatives)and alsodensity estimation (such asExpectation Maximisation). We can seethat the secondterm (which
corresponds to the probabilit y of a zero entry in every location) is simply the integrated probabilit y density which
we can make constant as part of the model de�nition. Therefore, only the �rst term is data dependant.

Generalisation of (1) to continuous variables (x) is now straight forward, but doesrequire us to de�ne the way in
which probabilities such as � (X ) relate to probabilit y densities. It was this step in Fisher's original work which
wasskipped over, with Fisher opting instead to state the required properties of the estimator and then try to work
backwards. What we require is the probabilit y of observing a measurement like the one we observe located at x.
For this we need a consistent way of de�ning an interval around this value with which to compute a probabilit y
(P(xjA)). Such a processnecessarilyrequiresus to de�ne what wemeanby "lik e". For a measurement, this requires
knowledgeof the statistical location of the measurement � (x) (that is the measurement or repeatabilit y error not
necessarilyjust the width of the probabilit y density distribution). There are several circumstanceswhich relate to
this. Often the error may be provided for us as a �xed value for each measurement. Also, our Likelihood model
may be capableof uniquely specifying the error on a measurement, once the parameters A are known. However,
if we are constructing a Likelihood model and know that the expected error on a measurement dependsupon the
true (generator) value of the observed data (ie: the spaceis heteroscedastic),we can never uniquely determine the
true varianceon each measurement. We will return to this point below, and for now assumethat the variance term
required can be constructed from a combination of the measurement value and the model parameters (� (x; A)).
We therefore de�ne the probabilit y of observing the measurement x within an interval of � �� (� << 1) according
to

P(xjA) =
Z x + ��

x � ��
p(xjA) dx � 2�� (x; A)p(xjA)

where p(xjA) is the integral normalised probabilit y density (seeAppendix A). The approximation becomesexact
in the limit of � ! 0 and

P(xjA) / � (x; A)p(xjA)

This result implies that for a �nite sample (N = N1 + N2 + :::) of data (xn ), minimising the quantit y;

L = �
1
N

NX

n

log(� (xn ; A)p(xn jA)) (2)

subject to the constraint that the integrated density distribution is �xed for each measurement, will maximise the
probabilit y of generating the data with the assumedmodel A 2. This de�nition for L is now consistent with that
for the logarithm of `(x jA) in equation 0. Notice that the � (x; A) term will have no e�ect on this processprovided
that it is a constant for each measurement (seebelow), and therefore may be dropped from somede�nitions of
likelihood. The one suggestedby Fisher, and found in text books for integral normalised probabilit y densities is
the following

L = �
1
N

NX

n

log(p(xn jA)) (3)

Although under many circumstancesthese two formulations will give identical estimatesof parameters, there are
subtle di�erences in what can be done with the resulting test statistic.

Expression (3), though common in the algorithmic literature, does not provide a consistent methodology for
data analysis. Non-linear transformation of the measurement domain generatesa change in probabilit y densities
and thereby changes in estimated parameters. Clearly we would not want the scienti�c conclusions from any
experiment to be dependant upon the way we chooseto represent the measureddata, and this violates Fishers
own stated intentions. In contrast, the above choice for P(xjA) is independent of the chosenmeasurement domain
(ie: P(xjA) = P(yjA) for any y = f (x)).

Take also for example the problem of �tting a theoretical curve x(A) to measurements with varying Gaussian
errors. Enforcing the normalisation of each likelihood term and applying equation (3) will produce

L =
1
N

NX

n

log(
1

p
2� � (xn )

) + (xn � xn (A))2=2� (xn )2

2The use of the normalisation term N is strictly unnecessary at this point but will become imp ortan t below.
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The sample and measurement domain dependency, due to � (X n ), of the �rst term is cancelledif we derive this
from equation (2), and it is this form which permits comparison with standard statistical tables (with suitable
adjustment of N for bias, eg: a chi-squareper degreeof freedom). Thus maintaining the link betweenprobabilit y
and Likelihood as attempted in equation (2) would appear to be the required approach if we need to use the
resulting goodnessof �t measuresin a quantitativ e manner 3. This is alsoequivalent under somecircumstances,to
normalising probabilit y densities to the peak of the measurement distribution, rather than the area, for the same
purpose. The issuebecomesparticularly important if our estimatesof � (xn ) vary as part of the overall estimation
process,where we need to compare likelihood scorescomputed from inconsistent values during the optimisation,
or compute other quantitativ e measuressuch as parameter covariance [5].

Bias on Lik eliho od based parameter Estimates.

We now need to assessthese de�nitions for the possibility of bias on the parameters A. In order to estimate the
bias for the caseof in�nite data we can use the true probabilit y distribution of the data p(x) and compute the
expectation of the likelihood (excluding the � (x; A) term).

< L > = �
Z

p(x) log(p(xjA)) dx=
Z

p(x) dx (4)

For �xed integrated probabilit y density.

However, wecanunderstand the e�ects of excluding theseterms better if weusethe full expression.The expectation
of the probabilit y of the data given the model, for continuousvalued observations x follows from (1) and is written
as

Q =
Z

p(x)log(� (x; A)p(xjA)) dx � �
Z

� (x; A)p(xjA) dx + k2 (5)

where � is an arbitrary constant (neededto relate probabilit y densities to probabilities). Consider the assumed
probabilit y density p(xjA) as a variable function. We can then ask what distribution p(xjA) must take in order
to maximise Q. Di�eren tiating (5) with respect to a speci�c p(xjA) (at a single value of x) and setting to zero
(di�eren tial terms of � (x; A) cancel in this process),we get

p(x)
p(xjA)

= � � 2(x; A)

In order for the technique to be unbiased, the observed distribution p(x) must match the one assumedin the
Likelihood model p(xjA), so that all parametersof the data generation processare regeneratedby the estimation.
This result tells us that Q is maximised for this condition when (� (x; A) = constant). This is the domain in
which � is independent of x. We have previously referred to this as the \equal variance domain", statisticians
would call this a homoscedasticspace.Notice also, that in this spacewe do not needto worry about determining
the noise free value of a measurement in order to know the true variance term. Further, it is only in this space
that the interval terms relating probabilit y to probabilit y density cancel in the ratio, so that ratios of likelihoods
becomeratios of probabilities, as Fisher originally intended.

This can be rephrased as saying that for the correct model, in the limit of in�nite sample data, a Likelihood
estimate of parameters from data measuredin the equal variance domain will have no bias. Lik eliho od can be
applied as a consisten t (un biased) estimator, pro vided that an e�ort is made to main tain a link
between probabilities and probabilit y densities. Note that if we are unaware of this issue,and use (3) as
our de�nition of log likelihood, we can only expect to get an unbiasedestimate by good fortune. We must then do
more work to understand the results of the estimation process,by using a Monte-Carlo for exampleto assessthese
issueswith a statistically equivalent sample.

Statistical Bias

We now needto ask if Likelihood is \biased" in the statistical senseof the word. The expectation of a parameter
estimate is;

< A > =
Z

P(A)A dA=
Z

P(A) dA (6)

DoesLikelihood generatea biasedestimate of A basedupon this de�nition, and how doesthis relate to the concept
of \consistency"?

3Such observations validate our choice for P (xjA ) even though we might expect that this may only be an approximation (App endix
A).
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The �rst thing to consider is our de�nition of P(A), which in the above expressionappears to be simply the
probabilit y of the parameters,clearly if we are using data to estimate A then P(A) ! P(Ajx), wherex is the data.
As P(Ajx) / P(xjA) for frequentist priors the above expressionthen becomes;

< A > =
Z

P(xjA)A dA=
Z

P(xjA) dA

If this expressionis expected to identify a poor estimation processthen the implication is that < A > is the best
estimate of the parametersgiven all of the data. Rather than attempting to estimate (6) we can therefore consider
how (6) comparesto the processof Likelihood estimation, which we already know can be usedas a framework for
consistent estimation of A. One way to think about this is to considerthe processof taking the limit of an in�nite
sampleas the following extension to (2)

L =
� 1

N M

MX

m

NX

n

log(� (xn ; A)p(xn jA))

where L is now the combined likelihood for a set of M samplesusedto estimate multiple estimatesAm . Clearly,
in the limit of M ! 1 , L ! < L > . We can write this as

L =
� 1
M

MX

m

log(P(xm jA))

where xm is the set of measurements usedfor each estimate Am . What this illustrates is that combining multiple
estimates of A into one \optimal" value should strictly be done by making full use of not only the parameter
estimate, but also the shape of the resulting Likelihood distribution about that estimate. In addition, the best
estimate is obtained by taking the minimum, this is data fusion in the standard sense.

The statistical de�nition of bias takesno account of the distribution of the Likelihood around individual estimates
and computesan averagenot a maximum. Standard statistical texts emphasiseappropriate useof the likelihood
pro�le [9] rather than simply the ML estimate for this reason4. The expectation of a parameter, though super-
�cially an obvious quantit y to de�ne, is not consistent with the de�nition of Likelihood. Therefore, we cannot
expect to get a consistent estimate (the true value) of A if we choosesimply to average.As Likelihood can be used
as the basis for the speci�cation of quantitativ ely valid con�dence limits, the existenceof such bias certainly can
not invalidate Likelihood as a concept. If Likelihood is de�ned as producing biased parameter estimates on this
basis then it is perhapssomething that we should not be unduly worried about.

Bias on Lik eliho od Estimates

Although the parametersestimated using Likelihood may well be consistent, it is well known that the Likelihood
value itself is not unbiased. More complex models always give better likelihood scoresand as a consequence
Likelihood is incapable of selecting between model hypotheses. Criticism of Likelihood is often followed by the
claim that its various problemsare avoided if analysistechniquesare designedusing likelihood ratios. In particular,
by subtracting the LF values for two competing model hypotheseswe can eliminate the e�ect of working with
probabilit y densities. As the likelihood scorehas a complexity dependent bias, this claim is simply not true when
the competing models have di�ering numbers of parameters. This problem should not necessarily lead us to
abandon Likelihood as a design technique, but it does tell us that any task which embodies the model selection
problem cannot be approached in this way. Clearly, this limitation to Likelihood is likely to have a larger impact
in applications where the best model to describe the data is not known a-priori (such as sceneinterpretation
tasks in computer vision, but also architecture development in neural networks, and selectingways of storing data
and deriving decision boundaries in machine learning). This then becomesour main motivation for developing a
technique which goesbeyond Likelihood.

We needto considerif this problem could be associated with the approximations usedto relate probabilit y densities
such asp(xjA) to the probabilit y of observinga continuousvariable with an arbitrary localisation distribution. Our
choice here to scaleto the measurement accuracy may be a only �rst order approximation, as it takesno speci�c
account of the shape of the measurement localisation distribution. However, somebasic reasoningillustrates that
this is not the causeof the problem. If it were then the discrete form of the joint probabilit y would be capableof
model selectionand would not simply give the best match for the most complex model. Whereas,when matching

4The standard criticism that Maxim um Lik elihood is an arbitrary way to estimate parameters is true, but summary of the information
pertaining to the parameters found in the data as this estimate plus covariance can be quantitativ ely valid and as good as any other
way of parameterising this distribution.
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a model which predicts discrete probabilities computed from a model to a set of observed samples, the best
model would be the one which had enoughdegreesof freedom to exactly match the model to the data. Thus the
approximation of the measurement distribution may be a factor but it is not the causeof the bias in Likelihood
formulations for continuous random variables. Lik eliho od cannot be applied directly to the task of mo del
selection and the reason would app ear to arise from the use of join t probabilit y as a measure of
similarit y. Thus we must consider the possibility that we needa di�eren t way to assessagreement betweendata
and a model.

Bayesian and Information Based Extensions to Lik eliho od.

Likelihood is often embedded within a Maximum A-posteriori Probabilit y (MAP) framework, and although this
cannot be seenas a valid solution to problems such as model selection, it is almost universally accepted as a
technique for incorporating prior knowledgeinto estimation processesthereby regularising the solution. Recently ,
alternativ es to Likelihood have been suggestedbasedupon the use of `information theory' and in particular the
ideaspresented by Shannon [8]. My intention in writing this section is to try to provide the reader with a basis
for somecritical thinking.

MAP is often presented as a \p oint estimation" technique, as is Likelihood, and more general Bayesianmethods
are advertised as distribution based. Bayesianmethods are often justi�ed by the observation that the likelihood
term (eg: P(X jA)) is a function of the data, and what we would really like is a quantitativ e understanding of the
probabilit y as a function of the parameters ( ie: P(AjX ) = P(X jA)P(A)=P(X )). Under normal circumstances
Bayestheorem is applied to problems where there are a �xed number of interpretations, but if we chooseto make
this categorisation acrossthe parameters (say P(A i )) we can consider this as a distribution over A (more will be
said regarding this step below). Under thesecircumstanceswe can write

P(AjX ) / P(X jA)P(A)

to get a distribution over our parameter. Obtaining such distributions is claimed to be more informativ e and
superior to using a point estimator.

However, practitioners who use Likelihood quantitativ ely are interested not just in the solution, but also the
distribution around it and in particular the parameter error covariancewhich characterisesthe 2nd order shape as
a function of the estimated parameters. Such knowledgeis essential for any scienti�c useof derived results. Thus
determining the constraint imposedby the data in the parameter spaceis not solely the province of a Bayesian
approach. Estimation of covarianceis a standard and quantitativ ely valid procedurewhich is related to the concepts
of the Cramer-Rao bound and con�dence limits. So how is the Bayesianapproach related and is it valid?

The simple notation P(AjX ) hides the ugly truth that this value is conditional on a lot of hidden assumptions.
This makes it far more di�cult to interpret P(AjX ) than P(X jA) in the context of other scienti�c work. It can
also inhibit direct comparisonof thesevalueswith sampledata and has led in someinstancesto observations that
Bayesian methods do not have quantitativ e validit y (such as the issue of coverage). What we might generally
observe is that inclusion of prior terms in MAP estimation not only increasesthe chance of getting parameter
estimates closeto those we would like, but also intro ducesbias and prevents valid estimates of error covariance.
It seemsthat in order to get the best from our estimation processwe might wish to selectbetweencandidate local
likelihood optima using a-posterior probabilit y (Figure 1) rather than optimising with MAP.

The priors in Bayes theorem are generally there to account for the data in terms of competing interpretations
and not as prior knowledge regarding expected parameter values (per-se). If we choose to have a distribution
of competing models distinguished by parameter values, then the only mechanism we have to determine this
distribution is from examples. However, although the likelihood term P(X jA) is invariant to transformation of
parameters A ! B , the sample distribution is not (P(A) 6= P(B )). Using MAP we can produce any answer
we like from a sampleof data and an assumedprior by applying the appropriate non-linear transformation to the
parameters,unlesswe have taken speci�c steps in the methodology (absent in conventional useage)to avoid this.

This problem is analogousto the observation regarding invarianceto transformation of the data-spacein Likelihood,
and would presumably require an analogoussolution. There is nothing intrinsically wrong with Bayes theorem
and in situations other than competing model parameters the arbitrary intervals will generally cancel ensuring
that there is no problem. However, by not de�ning the interval over which we need to integrate our observed
distributions we are e�ectiv ely replacing probabilit y with probabilit y density (p(A)). As paramterization (for
example; deciding to work with massm or m2 ) is a choice which is available to the experimenter this givesus a
degreeof arbitrariness which should be judged intolerable in any scienti�c context. The commoncriticism; Where
do we get the prior distributions from?, is not just a problem of �nding the right set of data. It is also; How do we
de�ne intervals for the calculation of consistent probabilities from sample distributions? This observation poses
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Figure 1: The �gur e shows a log Likelihood before (P(X jC)) and after (P(CjX )) modi�c ation with a prior
(P(C)=P(X )) which varies smoothly across the parameter space. It is legitimate to use prior information in the
selection of candidate minima from Likelihood (solution C choseninstead of B). However,useof prior information
during optimisation (MAP), results in parameter bias (solution D instead of C), and prevents`honest' estimation
of measurement covariance.

real problems for the frequentist interpretation of prior information when using Bayes theorem5. Perhaps, if we
wish to incorporate prior knowledgeinto our estimation processwe should considerdoing this by using additional
likelihood terms, which satisfy the samestatistical restrictions (such as independenceand invariance) as the rest
of the data, rather than re-de�ning theseterms as priors and simply ignoring these issues.

One could also observe that if Likelihood can intro duce parameter bias, and Bayesian priors can also intro duce
bias, then why not set up a systemwhere the two e�ects cancelout? In my opinion, this is preciselywhat the use
of so called Je�ries priors achieves. Speci�cally a prior probabilit y is chosenaccording to

p(x) =

s Z 1

�1
p(xjC)@2L=@x2 dx

whereL is the log likelihood. This canbe interpretted asthe squareroot of the expectation of the Fisher information
associated with the measurement x. When the likelihood term is multipled by this prior it is equivalent to using
� x to scalethe probabilit y density from each independant measurement, asadvocated in the previous sections. As
a consequencewe also obtain a unbiased(consistent) estimate. Je�ries main concernwhen deriving this approach
seemsto have beento specify a prior which generatesinvariance under transformation of the measurement space.
An idea which is equivalent to Fisher's scienti�c idea of uniqueness.We can therefore interpret Je�ries result as
the form of prior necessaryto regeneratea meaningful estimation processwhen using a Bayesianframework.

Philosophically, weshould takenote of Poppersanalysisof the role of priors. Onecould arguethat asthe Likelihood
estimation bias is sample dependent there is no simple function of the parameters which will remove bias for all
data sets. It may therefore seemwrong to refer to such correction terms as `priors'. Further, under the Bayesian
interpretation use of this prior results in P(Cjx), whereasthe frequentist approach tells us that this � term was
always necessaryin order to compute a quantitativ e P(xjC). There is therefore no need to conclude that use of
Je�ries priors results in a calculation of P(Cjx).

Though I think the useof this approach hasvalidit y for the quantitativ e analysisof data, persisting in the Bayesian
interpretation asthe theoretical basisfor useof Je�ries priors is unnecessaryand canonly leadto confusion. Rather,
it should now be possiblefor the reader to seethe approach for what it is, simply useof the Bayesianframework
to solve the problems caused by de�ning Likelihood with probabilit y densities rather than probabilities. An
independant re-construction of the quantitativ e (frequentist) approach with a Bayesiandisguise.

We must now consider if ideasfrom information theory are capableof providing an extension to theoretical inter-
pretation of Likelihood as joint probabilit y. Importantly , Shannon'sapproach was never theoretically motivated,
but was suggestedas a mathematical form which satis�ed certain computational requirements. As such, the ap-
proach abandonsquantitativ e useof probabilit y in favour of a new theoretical interpretation, which borrows terms

5This could be one of the reasons why strong Bayesian's refuse to accept a frequentist interpretation of probabilit y. However, as
Fisher himself stated, lik elihood as a function over the parameters, is not consistent with the axioms of probabilit y. The belief that we
can make meaningful comparisons between lik elihoods requires us to additionally assert that any ratio is prop ortional to the number
of times that data would be generated by the parameters, ie: a frequentist de�nition of probabilit y. We cannot therefore justify an
axiomatic (non-frequen tist) de�nition of probabilit y for Bayesian estimation which incorp orates a lik elihood term.
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like entropy from statistical physics for added credibilit y. These ideas are shown to have real value for analysis
of tasks such as data transmission and compression,with ShannonsTheorem able to make predictions regarding
the theoretical e�ciency of a compressionprocess. In addition however, applications have arisen in areas such
as appearancemodelling, MR bias �eld correction and image alignment (registration). In theseapplications, and
examplessuggestedin Shannon'soriginal paper, these measuresare directly equivalent to the expectation of the
likelihood < L > , subject to various assumptions(such as data independence). We must therefore be careful to
attribute any successof theseapproachesto the correct theoretical interpretation.

There is some evidencethat use of Shannon entropy for estimation tasks is not theoretically justi�ed. Firstly ,
quantitativ e understanding of the results from such algorithms, such as error estimates, requires the Likelihood
interpretation and associated methods for the calculation of covariance [5]. It also follows that if entropy based
approachesare equivalent to expectation of the likelihood in thesecases,they must have the samebiasespredicted
by `AIC' (estimated using this samequantit y). Secondly, limitations of the quantitativ e use of entropy are often
interpreted in information terms asputting an upper bound on the `true' value. You can describe this situation as
the consequenceof an assumptionof data independence.This may besu�cien t for analysisof data transmissionbut
ignoring the correlations in data is not a good basisfor an estimation task. We can alsosay that the `true' entropy
in thesecasescould be computed using a de�nition of joint probabilit y which takesaccount of thesecorrelations,
and not simply ShannonEntropy. In caseswhere the additional (independence)assumption required to construct
the entropy measurefrom joint probabilit y do not apply, our understanding of Likelihood, and in particular its
relationship to the Cramer-Raobound, tells us that this will result in inferior algorithms. Basedupon this analysis,
use of entropy measuresfor estimation can therefore have neither practical advantage or theoretical superiorit y
over the appropriate use of Likelihood6. Although ignoring data correlation might result in highly convenient
mathematical forms, suitable for simpli�ed algorithm designs,we can eliminate these ideasas a valid theoretical
generalisationof Likelihood. Neither Bayes Theory nor Information Theory o�er a quan titativ ely valid
genereralisation to the theory of Lik eliho od.

Optimising Generalisation.

Any extension to Likelihood must accord with Fisher's original motivation and requirements. Speci�cally , it must
be consistent with its intended usein a scienti�c experiment, by being unique (so that the methodology precludes
multiple interpretations) and testable (ie: related to predictions via a frequentist de�nition of probabilit y). In
previous work we have assertedthat the best interpretation of data is not simply the most likely generator of the
data, but the model which would be most likely to generaliseto unseendata drawn from the samedistribution.
This is not just an arbitrary choicefor the replacement of joint probabilit y. Not only doesthis accordwith scienti�c
practice, we can also argue that optimising the quantitativ e predictive capabilities of any model to future data
must be seenas the best way of summarising any data set 7.

If we optimise generalisation,we must expect the selectedmodel order to be a function of the information content
of the data. That is more data, or more accurate data will be necessaryto justify the use of a more complex
model. Logically, this must apply to both the quantit y of data and how the distribution of data constrains model
parameters 8. The required modi�cation is therefore not something which could be speci�ed a-priori, without
knowledgeof the distribution (or accuracy)of the data sample. This eliminates any method of model selectionthat
attempts to bias towards simpler modelsbut takesno explicit account of data accuracy, from further consideration.
Such methods can only be viewed as empirical corrections which are valid for constrained data sampling processes
(where the information content of the data is either �xed or only a function of the parametersusedto determine the
prior terms). This perhapsexplains the rather large number of contradictory variations of such approacheswhich
have beensuggestedin the literature, and generally involve adding somesimple bias correction to a conventional
likelihood and justifying this from a `Bayes' perspective. Other authors have suggestedsimple modi�cations to
Likelihood in order to correct for bias. The most famous(and relevant) herebeing the Akaike Information Criteria
(AIC) [1] and the Neural Information Criteria (NIC) [7] (App endix B). The latter has the ultimate result of
maximising the generalisationcapabilities of the selectedmodel, as discussedabove. Unfortunately , this approach
doesnot provide anything other than conventional Likelihood asthe basisfor parameter estimation. Comparison
of contin uous valued data, in a way whic h permits both the unbiased estimation of parameters and
mo del selection requires a new de�nition of similarit y based up on a quan titativ e use of probabilit y
for the prediction of generalisation.

6except for perhaps the opportunit y to publish another paper.
7Generalisation is a well de�ned concept in machine learning and arti�cial neural networks and is related directly to the univ ersally

agreed method of testing a learning architecture, that is; How well will this speci�c choice perform on unseen data? Data is often split
into training and testing data sets for this purp ose.

8For example, when performing a curve �t a large group of data in a localised region is of lessstatistical value than data distributed
more uniformly along the curve.
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Quantitativ e estimation of generalisation should be straightforward. We can use conventional quantitativ e ap-
proaches to assessa speci�c model description of data in order to compute a probabilit y distribution associated
with the prediction of new data. Evaluation of this prediction should then be a simple caseof making a comparison
with the original probabilit y distribution describing the uncertainty in the measureddata. However, this requires
a method for comparing the similarit y betweenprobabilit y densities.

There are many contradictory methods suggestedfor such a comparison in the pattern recognition literature
(Kullbac k-Liebler Divergence,Matusita, etc.), with the prevalent view being that the task necessarilyinvolvessome
degreeof arbitrariness. In statistics, any notion of similarit y must be �rmly rooted in a quantitativ e understanding
of allowable variation, and this is often based upon characteristic sampling models, such as Poisson, Binomial
and Gaussian. Unfortunately , the pattern recognition literature seemsto have made no attempt to be consistent
with conventional statistics and distribution assumptions. Partly this is due to the acceptanceof a subjective
de�nition of probabilit y, which we conclude is unscienti�c in [15]. In particular there is no concept which relates
to the variation (or error) in a probabilit y, the very notion if consideredat all is quickly dismissedas meaningless.
However, the multitude of possiblesimilarit y measurescan be seenas resulting from the inabilit y to addressthis
issue.

In fact, de�nitions for various forms of frequentist probabilit y follow directly from the large sample limits of
conventional models. This allows us to interpret variation in probabilit y as we approach this limit. In particular,
probabilit y density is the large sample limit of a Poissonprocess. From this de�nition, the only correct way to
compareprobabilit y density distributions is to usethe Matusita (or equivalent Bhattacharyya) measure [12]. We
can observe that this approach also has the invariancecharacteristics we require9. A comparisonbetweena model
and a set of data (x i ) localisedby measurement kernelski (x) would be

L 0(A ) =
X

i

Z 1

�1
(
p

ki (x) �
p

pi (xjA ))2 dx (7)

The terms in this equation represent quantitativ ely valid (`honest') estimatesof distributions, in particular pi (xjA )
is the distribution of unseendata as predicted by the estimated model parameters10. This measureis expected
to decreasewith increasingquantities of data and will approach zero in the limit of in�nite quantities. Therefore,
as for Likelihood scores,it cannot be compared directly between non-equivalent sampleswithout an additional
normalisation.

We must also ensurethat any new approach satis�es the criteria we have used to evaluate the theoretical limits
of Likelihood. We can demand that any formulation must produce \consistent" estimates. A technique which
genuinely optimises generalisationmeets this requirement by de�nition, as ultimately the best model parameters
for predicting data are the true parameters. This new de�nition of similarit y not only accords with
Fisher's original aims but permits the construction of an unbiased (\consisten t") estimator. We have
shown in previous work how this approach also solvesthe key problem of model selection [11, 4, 6, 10].

Conventional understandingof Likelihood holds that the assumptionof a Gaussiandistributed measurement results
in a quadratic form of likelihood. This measureis ubiquitous in the computer vision literature, as it holds the key
to constructing closedform solutions to systemsof linear equations. If Likelihood is actually wrong for continuous
valued measurements, and we should in any casebe using measureswhich maximise generalisation,we might ask
the question; What alternativ emeasureshould we useto comparereal valued (Gaussiandistributed) measurements
with a �xed model? This question is investigated in Appendix C.

We can make one �nal observation regarding this aproach. We can chooseto treat the set of measurements either
as a set of individual predictions x i (x1 or x2 or x3 ..) or as a vector x (x1 and x2 and x3 ..). We could also
have mixed data composedof setsof vectors. Maximising the generalisationof the set is lessstringent with regard
the implied data generation process(or's rather than and's), with each data point contributing to the overall
scorefrom the equivalent of a robust kernal. If we chooseto use a vector measurement this corresponds (as for
Likelihood) to demanding that all data were simultaneously generatedby the assumedmodel. Indeed, for linear
models there will be a monotonic relationship betweenthe likelihood (the distance betweenthe point de�ning the
location of the data and the model constraint manifold) and the new measure(the multi-dimensional distribution
overlap integral). In this situation any optimisation of generalisationwill generatethe sameparameter estimates
as Likelihood.

Optimisation of generalisationcanthereforebesaid to bea genuine extensionto, and justi�cation for, the Likelihood
method. While alsoo�ering not only a solution for model selectionbut a method for dealing with non-linearity and
issuesof robustnessfor caseswhere data is not necessarilygeneratedby oneprocess.In such cases,the assessment

9 Invariance under interchange of distributions P1 $ P2 and non-linear transformation of the measurement space x $ y = f (x).
10 Deriv ation of such expressions must therefore take appropriate account of how accurately the model parameters can be determined

for a given choice of model and are (despite the notation) distinctly di�eren t to conventional lik elihood terms.
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of data doesnot appear to require prior knowledgeof alternativ e data generators. Each measurement is assessed
according to its level of agreement with the assumedmodel on the basis of the known errors, thereby (as per
Fisher's requirements) providing a unique method for assessment of data contamiated by an unknown process.

Conclusions

We suggesthere, in accordancewith our previous published work, that in order to gain agreement with probabilit y
theory we must go back to �rst principles and derive the correct way to comparea measurement of a continuous
variable with a function using the de�nition of probabilit y density comparison based upon the limit of Poisson
samples.From this approach we would concludethat Likelihood can be applied asa \consistent" approach for the
estimation of parametersin a �xed (known) model, but that it may well produce\bias" in the statistical senseof the
word. In generalhowever, the conceptof \consistency" appearsto be the basisfor the most appropriate theoretical
de�nition of bias. This apparent contradiction perhapsexplains the con
icting statements made regarding the use
of Likelihood for parameter estimation. The existenceof bias depends upon how you de�ne it and the speci�c
methodology usedfor likelihood construction.

Our preferred de�nition of bias appearsto be valid only for in�nite samplesof data. How then should we evaluate
the performanceof Likelihood for �nite samplesif we cannot use the expectation of the parameter estimate? In
fact, for all quantitativ e statistical methods, the only thing which really matters is the issueof \honesty", that
is, does the estimation technique deliver estimates of probabilit y which match the world data samples. Here all
we needto say is that a technique which has beenderived from probabilit y with distributions chosencarefully to
match real world samplesmust be \honest" by construction, if probabilit y theory is (as advertised) a self consistent
method of data analysis. On this basisof a de�nition of Likelihood formulated carefully, sothat the model predicts
the data distribution in an equal variance measurement domain, will have no bias. It should therefore be possible
to use the theoretical de�nition of Likelihood to investigate possiblecausesof bias in naive implementations. An
example is given in our recent paper [14]. This makesLikelihood a very powerful theoretical tool in algorithmic
research.

Likelihood, even applied in homoscedasticspaces,is incapableof solving the problem of model selection. This then
would appear to be the main area of concernfor algorithmic research. We have suggesteda method for comparing
data distributions using a probabilit y overlap, in order to maximise the generalisationof the model to unseendata.
We have then compared this approach on the assumption of Gaussian distributions, to standard least squares,
which is the conventional Likelihood basedmethod. From this we can seetwo things, least squaresapproachesare
consistent up to 3rd order with this new measure,with the next correction term not being important until around
� =� � 2. In addition the new approach will saturate at a �nite value for large �. Application of this new
de�nition of similarit y, in the limit of large samples (where mo del selection is not an issue) do es not
alw ays regenerate Lik eliho od. For the case of Gaussian distributed data it generates something akin
to a robust statistic. In comparison to conventional robust Likelihood this approach has one very important
characteristic. As the similarit y metric convergesto a constant (�nite) value for large deviations from the model,
data sampled in these regions have no e�ect on the optimal parameter estimates. In contrast, and as sensible
as this a behaviour would seem,strict adherenceto the de�nition of Likelihood, as it appears in referencetexts,
would normally prevent us from de�ning such a distribution, as the functions corresponding to our f (x i jA) terms
(having arbitrary and potentially in�nite extent) are non-integrable11.

I appreciate that the logical 
o w of this document will be di�cult to follow for many readers,particularly if you
are not acquainted with the idea of quantitativ e use of probabilit y. I will therefore �nish with an attempt to
summarisethe key conclusionsof the analysispresented in this document, with the hope that the readerwill begin
to appreciate what is being suggestedand will go back to seewhere thesestatements have originated.

� Likelihood can be applied as a consistent (unbiased) estimator, provided that an e�ort is made to maintain
a link betweenprobabilities and probabilit y densities.

� Likelihood cannot be applied directly to the task of model selection and the reasonwould appear to arise
from the useof joint probabilit y as a measureof similarit y.

� Neither BayesTheory nor Information Theory o�er a quantitativ ely valid genereralisationto the theory of
Likelihood.

11 This raises the interesting possibilit y that the well known sensitivit y of least squares approaches to outlier data is actually due
to the de�nition of Lik elihood (the most lik ely generator of the observed data rather than an attempt to maximise generalisation
capabilit y) and not an inevitable consequenceof an assumption of Gaussian errors. This therefore casts the conventional theoretical
justi�cation for \robust" methods in a new ligh t.
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� Comparison of continuous valued data, in a way which permits both the unbiasedestimation of parameters
and model selection requires a new de�nition of similarit y basedupon a quantitativ e use of probabilit y for
the prediction of generalisation.

� This new de�nition of similarit y not only accordswith Fisher's original aims but permits the construction of
an unbiased(\consistent") estimator.

� Application of this new de�nition of similarit y, in the limit of large samples(where model selection is not
an issue) does not always regenerateLikelihood. For the caseof Gaussian distributed data it generates
something akin to a robust statistic.

Recommendations

This document has touched upon a number of properties of parameter estimation and model selection methods
based upon maximisation of joint probabilit y and generalisation. This can be interpreted as giving rise to a
set of alternativ e approacheswith varying levels of capability. We can now take the analysis and conclusionsin
preceedingsectionsto make somebasic recommendationsregarding the useof Likelihood as a designmethodology
in Computer Vision and related areas. The characteristics of the various alternativ e approaches(as de�ne below)
are summarisedin Table 1.

\Con ventional Likelihood", wherea link is not maintained betweenprobabilities and probabilit y densities,is likely
to generatebias on estimated parameters. We would therefore recommend its use only in situations where the
statistical sampleof data under analysis is constrainedand bias can be assessedasa systematic error using Monte-
Carlo approaches.

\Equal Variance Likelihood", where we maintain a quantitativ e link betweenprobabilit y and probabilit y density,
should deliver un-biased(statistically \consistent") estimatesof parameterswhich can be accompaniedby covari-
ance estimates (Cramer-Rao bound) computed in the usual way from the variation of the Log-likelihood around
the minimum. This is suitable for many quantitativ e estimation tasks in machine vision and image data analysis
and can also be usedas a theoretical tool to evaluate potential biasesin \appro ximate" Likelihood schemes,such
as those frequently developed by computer vision researchers.

\Robust Generalisation", refers to the method described in this document of computing the maximum overlap
between a possible generator model and a candidate set of data, without adjusting the model distribution to
account for parameter estimation accuracy. This can be usedfor parameter estimation but not for model selection
and should provide an adequate approximation for data rich (low parameter) tasks. It can be consideredas a
variant of Likelihood approachesbasedupon the useof robust statistics and would therefore be expected to have
similar resilienceto outliers.

\B-Fitting", refersto the method described in previous work [11] which involvesoptimising an analytic estimation
of the abilit y of the �tted model to predict unseendata generatedfrom the samenoisedistribution. This approach
takesfull account of degradation in prediction due to parameter accuracy. When applied to appropriately de�ned
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Conventional Likelihood No No No
Equal Variance Likelihood Yes No No

Robust Generalisation Yes Yes No
B Fitting Yes Yes Yes

Table 1: Summary of Estimation Methodologies
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sets of vector measurements, it is expected to be robust and can be used for model selection. It is therefore
applicable to many approacheswhich involve machine learning.

App endix A: Relating probabilities and probabilit y densities in quan-
titativ e analysis.

The probabilit y of observing a valuesx within an interval � from a probabilit y density p(x) is simply;

P(x; � ) =
Z x + � =2

x � � =2
p(x0) dx0

The idea of an interval is consistent with assuminga rectangular distribution for the measurement process(ie: a
quantized (or integer) variable x), which is saying something speci�c regarding our measurement accuracy. In this
case,for slowly varying (or approximately linear) p(x)

P(x; � ) � � p(x)

However, we would also like to know how to compute the probabilit y P(x; k(x)) of observinga measurement x for
other measurement processesk(x), such as Gaussianerrors.

We can seethat the probabilit y densit y must be proportional to the convolution of the measurement distribution
with the model distribution ie:

p(x; k(x)) =
Z 1

�1
k(x0 � x)p(x0) dx0

for normalised densities. Somerefer to this as integrating over the unknown, and others may recogniseit as a
common step in many papers which are motivated from a Bayesianperspective. However, it can be described in
words as: computing the total number of ways that x could have beengeneratedfrom p(x) given a measurement
processwith distribution k(x).

Of coursegeneratinga probabilit y requiresus to onceagain specify an interval (we can replacep(x) with p(x; k(x))
and continue as above. This is then entirely consistent with a quantitativ e (frequentist) application of probabilit y
and therefore also for useas the required joint probabilit y in Likelihood formulations. The question is; How do we
de�ne the interval?

Strictly , for a quantitativ e task, we need any statistical quantities we calculate to give meaningful (absolute)
values. Probabilities (upper caseP here ) can be quantitativ ely tested. However, probabilit y densities(lower case
p here) are not absolute, for examplethey vary according to the de�nition of measurement variable x, even simple
rescalingof the variable changesthe probabilit y density corresponding to a particular physical event. Obtaining a
quantitativ e value requiresus to chooseoneway of using the probabilit y density which can be consistently applied.

Taking our cue from the start of this appendix we can chooseto de�ne the interval using the expected width (or
standard deviation) � of the measurement processk(x) so that;

P(x; k(x)) /
p

var(k(x)) p(x; k(x)) = � p(x; k(x))

This way, although we still have an arbitrary constant, we can at least be sure that we treat measurements with
di�eren t errors consistently and independently of the chosenmeasurement domain.

Assuming that this is the correct scaling measure12 we can go slightly further, as a rectangular distribution has a
standard deviation of � =

p
12. Which implies

P(x; k(x)) �
p

12 � p(x; k(x))

in order to obtain quantitativ e agreement betweendi�eren t distributions.

App endix B: AIC and NIC

Conventional approaches to parameter estimation are often developed from Maximum Likelihood. It is now well
known that this approach givesa biased result, in that as more model parameters � are added the log-likelihood

12 There is still some element of doubt as to whether this is the appropriate way to characterise the `width' of all distributions, but
for similar shaped distributions this should at least be prop ortional to the required factor.
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(or � 2 ) of the model generating the data x i approaches0. For a set N of independent data i we can write;

� 2 = � 2
NX

i =1

log(p(x i ; � ))

The limit of the bias is de�ned directly as ;

q = < 2
NX

i =1

log(p(x i ; � )) > � < 2
NX

i =1

log(p(x i )) >

where p(x i ) is the true probabilit y density from the correct model and < X > denotesthe expectation operation.
We can expand this about the true solution � 0 as;

q = < 2
NX

i =1

[log(p(x i ; � 0)) + (� � � 0)@log(p(x i ; � 0))=@�

+
1
2

(� � � 0)T H (x i ; � 0)( � � � 0) + h:o:t] > � < 2
NX

i =1

log(p(x i )) >

where H (x i ; � 0) is the Hessianof the log probabilit y for a single data point. The secondterm has an expectation
value of zero and excluding the higher orders the remaining terms can be re-written as;

q0 = < 2
NX

i =1

log(p(x i ; � 0)) � 2
NX

i =1

log(p(x i )) >

+ <
NX

i =1

(� � � 0)T H (x i ; � 0)( � � � 0) >

The �rst expectation term is 2n independent estimatesof the Kullback-Liebler distanceL K L (p;p� 0 ) and the second
term can be re-written using the matrix tr ace identit y such that

q0 = 2nL K L (p;p� 0 ) + tr ace(<
NX

i =1

H (x i ; � 0)( � � � 0)( � � � 0)T > )

which can be reducedfurther to

q0 = 2nL K L (p;p� 0 ) + tr ace(<
NX

i =1

H (x i ; � 0) >< (� � � 0)( � � � 0)T > )

This result is now directly interpretable, as for the correct model the Kullback-Liebler distance is expected to be
zero 13. The remaining term contains the information matrix for the data, more frequently used to approximate
the inversecovariance of the parametersand the covariance on the parameters. For a well determined system we
would expect the trace of the product of thesematrices to be the rank of the parameter covariance. This is simply
the number of model parametersk and leadsto the standard form of the AIC measure

AI C = � 2 + k

For badly determined parameters the information matrix may not be full rank and the trace will be the number
of linearly independent parametersdetermined in the model with this data set.

The AIC approach therefore gives a bias corrected estimate of the probabilit y of the data given the model, such
that we obtain a value which is closeto what we would have observed at the true value of the parameters. This
analysisdoesnot alter our idea of the best estimate of the parametersgiven the data, but it doeschangeour idea
of the conformity of the model for a particular number of degreesof freedom. Notice therefore that an unbiased
estimate of the test statistic at the parametersactually estimated (� and not their true value � 0) for an equivalent
secondsampleof data, requires an additional correction of k as suggestedby the NIC approach (Figure 2).

13 We are not claiming here that this measure is the correct way of performing this comparison, only that KL is zero for identical
PDFs.
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Figure 2: The relationship betweenAIC ( de�ned on the expectation of the likelihood around the true solution � 0

) , NIC ( de�ned at the Likelihood estimate of the parameters� ) and the original likelihood function.

App endix C: Consequences for Least-Squares Fitting.

Starting from our assertion that perhaps we should be optimising the generalisationcapabilities of the model for
data generatedwith the assumedperturbation process,we need a way of comparing quantitativ e (probabilistic)
predictions of data with the observed values. The Matusita measure(7) can be derived as the log probabilit y of
the similarit y of two density distributions which follows directly form a de�nition of probabilit y density as a limit
of a Poisson data sample. As discussedabove, this measurealso satis�es our other restrictions on appropriate
useof Likelihood, it is invariant to measurement spacede�nition (avoiding equal variance issues). Also, it can be
interpreted (via a limit of �nite samples)ashaving equivalent de�nitions of the model complexity for all probabilit y
distributions, sowe avoid the problemsgenerallyassociated with model selection. In other words, we are free to use
this measure(basedupon Likelihood as a measureof joint probabilit y) to derive an expressionexpected to replace
Likelihood (now to be basedupon generalisation). For standard Likelihood a (join t probabilit y) comparison of a
single data point with Gaussianerrors of known distribution width (� ) and the residual between the model and
the data (�), would be simply L G = � 2=� 2. Equation 7 would imply the following (generalisation) measurefor
comparisonof a single data point with Gaussianerrors of width � 14;

L 0
G = �

Z
[exp(� (x � �) 2=4� 2) � exp(� x2=4� 2)]2 dx

where� is a constant intro ducedby the processof de�ning a probabilit y distribution asa limit of a Poissonsample,
and � is the residual (separation in x) betweenthe model and the data.

We can rewrite this as;

L 0
G = � [2

p
2� � � 2exp(� � 2=8� 2)

Z
exp(� 2(x � � =2)2=4� 2) dx]

= � 2
p

2� � [1 � exp(� � 2=8� 2)]

Using the standard expansionfor an exponential we get;

L 0
G = � 2

p
2� � [� 2=8� 2 �

(� 2=8� 2)2

2!
+

(� 2=8� 2)3

3!
� :::]

Thus we can get �rst order agreement betweenthe standard least-squaresmeasureand this new measureby setting
� = 4=

p
2� � . We can now write the new measurein terms of the old as;

L 0
G = L G � � 4=16� 4 + � 6=384� 6 + h:o:t: = 8 [1 � exp(� � 2=8� 2)]

It can be observed that for conventional least-squaresestimation, computed as a product of Gaussiansof width �
in order to determine the parameters whic h have the highest probabilit y of generating the data set,

14 In previous work [11] the probabilit y distribution for the model was constructed in a way which included the e�ects of stabilit y of
parameter estimation, it was this which made model selection possible. This modi�cation (whic h prevents construction of a similarit y
measure for individual data points) has been excluded here for simplicit y, producing the correct expression for the large sample limit
where the e�ects of parameter instabilit y become small in comparison to the intrinsic noise on the data.
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there is an alternativ e approach computed as a sum of Gaussianswith width 2� , which can be used to identify
the parameters whic h describ e the maxim um quan tit y of data . This simple example illustrates the
di�erence betweenusing generalisationrather than joint probabilit y as the principle for parameter estimation. In
this case,the new principle will not solve the model selectionproblem, becausewe have speci�cally eliminated the
e�ects of samplesize in this analysis. However, we might hope that this measurewould now formulate the e�ects
of measurement distribution in a valid way, so that we avoid the approximation of probabilities using variance
estimates to scalethe local interval. This has implications for the theoretical interpretation of somealgorithms,
such as the Hough Transform.

Ac knowledgemen ts

Appendix A wasmotivated from discussionswith Tim Cootesregarding early drafts of this document. The various
arguments have then beenre�ned following discussionswith Jamie Gilmore and Paul Bromiley.
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