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A Critical Assessment of the Use of Riemann Manifolds for Shape
Analysis.

N.A.Thacker

The book \The Statistical Theory of Shape" [1] describesthe basic approachesnow taken by the Kendall
Sdool of shape analysisand covers a subsetof the material alsoto be found in Kendall et. al.'s\Shape and
Shape Theory" [2]. It explains the motivation for, and the approachesto computing statistical tests on
measuredlandmarks. It discusseshe fundamertal problemsassaiated with this and alsosolutions described
in terms of Riemann manifolds. These manifolds are used in general relativity as a way of encading the
changein oriented spacedistances(expressesasa metric') asa function of the local gravitational eld. The
key point is that the mathematical machinery exists to apply non-linear transformations to these spaces
while maintaining meaningful de nitions of physical distance.

This review comparestheseapproacheswith cornventional methods for statistical analysis. As a consequence,
though the pageby page mathematical descriptions of the approach are of coursebeyond reproach (though

perhaps overly \set theoretic" for a general audience), | have some (I would say substartial) misgivings

regarding the practical use of these techniquesin sciertic studies. Despite the heavy presenation style,

this book provides a good opportunity to summarisethe appropriate criticisms with respect to what many

peoplewould regard to be a fair introduction to the topic.

This work has beendone for the purposesof documerting my opinions for collaborators and PhD studernts.
| have no intention at this time to sendthis material for publication, but it will be made available from our
web pages(www.tina-vision.net).

Background

The introductory chapter in [1] lays out the motivation for an approac to the analysis of shape, and
provides someexamplesof the kind of data setsreseartiersand sciertist may like to ask statistical questions
about. One speci ¢ exampleis the analysis of primate skull shape. Here, the aim is to model the variations
in the location of setsof structurally corresponding points acrossmultiple imageswhich display skull shape
variation. Though other examplesare given later in the book, we might agreethat this is a good starting
point for usto considerthe issuesinvolved.

Before we start | think it is necessaryto explain what | understand to be the main sciertic problem
embodied in the analysis of shape, such as the skull example. This will then make it easierto identify
potential problemswith respect to the methods suggestedchere. The sciertic method aswe understand it is
about trying to identify and test theories of the world around us. The methodology for application of these
tests is necessarilyprobability theory and statistics

For many sciertic theories we have plausible candidates which can be suggestedwhich satisfy our prior
expectations of a solid theory, consenation of energy dimensional consistencyetc. Leaving aside (for now)
null hypothesesfor comparisonof classdistributions, for problemssud asthe analysisof shape the problem
can often be consideredmore as a data mining exercisethan the test of a speci ¢ parametric theory. We
would like our analysisto identify for us the major characteristics which demand a scierti ¢ explanation.
For shape, this is adknowledgedas a complex and non-trivial problem. The fundamertal question we need
to askis; Is shape theory , and in particular the use of geometric approac hes such as Riemann
manifolds, a justiable way to address scientic interpretation of data?

My idea of a solution would involve being able to take a dataset of measuredlandmarks and to automatically
identify and parameterisethe main characteristics. We would expect this processto be limited by, and have
to take accourt of, the information presert in the measureddata. A cornvertional statistical analysis of
shape would involve the prior construction of a shape model which would then be tted to obsened data in
order to test its adequacyup to the measurablelimits of the data. The main problem with shape analysisis
probably that we start with a set of measuredpoints, and we have no parametric theory. In accordancewith
Occam's razor, we seekthe model which has the least complexity. Unfortunately this is not a su cien tly
well de ned aim to allow us to evaluate models. What is neededhere instead is a quantitativ e de nition

of the data analysis task, and indeed an approach has beenidentied which doesresult in the appropriate
behaviour. In statistical terms this can be restated as saying we want the model with the best
predictiv e capabilities on new data drawn from the same distribution.  This test is the classical



statistical problem of model selectionwhich embodies a key part of the sciertic method. This is also the
criteria adopted by many in the machine learning, pattern recognition and neural network communities as
the fundamenrtal basisfor learning systems.

The Book

The rst chapter of this book explains the basic problems of shape analysis assaiated with the need to
represen shape in a way which is independert of location, orientation, and often, but not always scale.
The corvertional approach involves what is called a \Pro crustes" alignment which determines estimates
of parameters which can align a given shape to a standard \space". The variations in shape acrossthe
sample of data can then be analysed once the data has be transformed into this normalised space. The
most common method for applying these processess often referred to as point distribution modelling using
Principle Componert Analysis. This is consistert with an assumedorthogonal linear model for parametric
shape. Standard extensionswhich may produce more meaningful scierti ¢ interpretations would include
Independent Componert Analysis. Thesemodels do not have any intrinsic hierarchy for theoretical validity,
they should be strictly compared on the basis of their predictive capabilities for any data set as described
above.

Chapter 2 of the book explain the Riemann interpretation of shape spacesin terms of non-linear re-

parameterisationsof the original data and the characteristics of thesemanifolds. It then suggeststhe idea of
Bookstein co-ordinatesas a scaleinvariant way of represering shape. The next few chapters identify various
terms, de nitions and properties of Riemann manifolds. For the purposeof understanding the fundamertal

suitability of Riemann manifolds for shape analysis the de nitions of di erential geometry and properties
are actually irrelevant. The one exception hereis the requiremert of di erential cortinuity. If we de ne the

shape analysis problem as that of quartifying the di erence between variations in a set of corresponding

points such as with the skull shape analysis example, then the the property of dierential continuity is
immediately violated in many practical data sets. For example, the analysisof shape in medical image data

would immediately run into trouble at organ boundaries(that represent mathematical discortin uities which

can move in opposite directions under physical forces), with the inclusion of tumours (which add additional

structure wherethere wasnone before) and regionsof cell death (which loosesstructure). Clearly, such cases
often provide the datasets which we are most interested in being able to interpret. Similar problems occur
with projections of 3D objects, the most obvious being self occlusion which can eliminate corresponding

points in someviewpoints. Unfortunately, no amount of subsequeh mathematical rigour can make up for

inappropriate initial assumptions. Quite obviously;

Point 1: Real data does not always satisfy the requiremen ts of Riemann geometry .

It is only much later in the book chapter 4, with the introduction of the Helmert matrix, that we begin to
seehow the theory matchesup to a practical approac to data analysis. In particular it is suggestedthat
simply subtracting the meanfrom a set of data is actually an approximation to a formal geometricapproach
involving the use of Helmert matrices to re-project the data into a pre-shape space. This is lent further
credibility by observingthe characteristics of Gaussian!ID data distributions in the projected space.

Indeed, the discarded rst row of a Helmert matrix computesnothing more than a rescaledestimate of the
mean. In addition, the various analyseson the properties of distributions projected using Helmert matrices
are only special casesof the more general, and much simpler, obsenation that distributions are presened
under rotation into any orthogonal space. This includes construction of principle axesasadvocated in point
distribution models (above). So by discarding the rst term in the new shape vector, and taking the new
orthogonal data vector using the Helmert matrix as suggested,the corvertional approach and geometric
approach are equivalert. However, this is the rst point in the book at which it is possibleto identify a gulf
betweena statistical test of a theory and Riemann geometry as the theoretical basisfor data analysis.

From the point of view of statistical analysis, we would interpret the calculation of a shape meanasbeing an
attempt to remove the arbitrary location of the object from the shape measuremeih We would probably all
agreeto begin with that this is not a simple problem and there may in fact be no meaningful way to de ne
an equivalent location for two di erent shapesin the absenceof the correct parametric model. To quote
from Bookstein's criticism of the VBM ! approach to analysis of brain deformation \.. imprecise alignment
of a dataset leavesthe true variability (deformation) of the data unknown". Howewer, using the statistical
approach with a parametric model, we would expect this calculation to be donein the way which givesthe
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most stable alignment estimate. The mean is only the appropriate way to do this if we have selecteda
model which de nes the mean as a parameter and also have |ID Gaussianerrors on the landmark locations
(not the data distribution, the errors (seeabove)). In particular if the characteristic localisation error varies
for dierent landmarks then the most accurate localisation is obtained with the appropriate statistically
weighted mean, not a simple mean. If you believe that this is the basisfor what you are doing then the use
of Helmert matrices in the re-projection of the shape spaceimmediately becomesnappropriate for achieving
the most predictive location of a shape in the general case. Moreover, the geometric approach ignores one
very important issue,orientation. In summary;

Point 2: Use of Geometry as the principle for data normalisation conicts with the scientic
principle of using statistics for parameter estimation.

In the next chapter a method is proposedfor the useof Bookstein coordinates in the analysisof shape. This
represeration has beenanalysedin order to determine how a distribution of variation will transform into
this co-ordinate space. Adjustments canthen be madeto estimated densitiesusing the methods of projective
geometry described in the earlier chapters in order to accourt for the transformation processas applied to
the shape distribution (eg: biological variabilit y).

One limitation in the work as described hereis that no accourt is taken of the way measuremeh precision
a ects the stability (precision) of the resulting represenation. Loosingsight of the errorsin a measuremen
processprecludesthe possibility of assessinghe validity of any parametric model for shape (see below).
In particular, this prevents solution of problems such as shape analysis of skulls mentioned in the rst
chapter. As Bookstein has illustrated, some questions can be answered with this approach. However, the
full machinery of di eren tial geometrywasnot necessaryto achievethis task. The sameresult canbejusti ed
from a statistical standpoint with more conventional methods for transformation of random variables using
the Jacobian. Moreover, if the original data vector (X) hasthe property of uniform independen errors on
location measuremet, then the density transformation applied in Bookstein's work is directly related to
the processof error propagation. In fact the metric usedto compute the volume on the Riemann manifold
takes the place of what we would have obtained by de ning the statistical similarity between measured
vectors in terms of a measuremen covariance. Perhaps statistical similarity in Bookstein coordinates may
be computable using the methods of di erential geometry (p 48). | think it is possibleto show that this is
not the case,and the argumert doesn't need specialised knowledge of di erential geometry or set theory.
Indeed, the set theoretical de nition of probabilities on manifolds (p 118) does not protect us from this
problem. My reasonsfor this opinion will now be coveredin the next few sectionsand are summarised by
points 3-5.

Composition of a shape vector of Bookstein co-ordinatesfor more complexshapes,asdescribedin this chapter
(p 150), introducescorrelations betweenthe componens (z;  z, ») in the latter part of the shape vector,
due to the measuremenm errors in the common landmark points (X1, X2). Thus any meaningful statistical
similarity calculation can no longer assumeindependencebetweenthe z's, as required if we try to usethe
metric on a Riemann manifold to encade measuremen error. We could argue that Bookstein coordinates is
simply a bad choice for the represernation of shape, and try to selectRiemann spaceswhich have statistical
independence,but this missesthe point. If this approach had beenfundamertally the correct way to solve
the shape similarit y problem then the theory of geometry would have beencapableof identifying the problem
of correlation without having to make comparisonswith cornverntional statistics and would also contain the
machinery for a solution.

In other words;

Point 3: Interpretations of shape based soley on argumen ts from dieren tial geometry cannot
be expected to be statistically valid in the general case.

At this point, advocatesfor inherent theoretical validity of di erential geometry and the use of Riemann
spacesmight begin to argue that forcing a statistical interpretation on shape construction is a matter of
faith rather than sciertic necessiy. | would respond by saying; If we have acceptedthat understanding the
e ects of the transformation processon the probability density for shape variation is important, then not
treating the probability density for measuremen with equalrigour is inconsistert. As has beennoted many
times before, probability theory (and quartitativ e statistics) is the only self consistert theory for all data
analysis. People should therefore not be too surprised when others try to interpret what they do in these
terms.

In applying the principle of theory selectionusing generalisation(as described in the intro duction) a distinc-
tion must be made betweenthe information embodied in a data setdue to its (biological) variabilit y and the



variabilit y due to measuremen noise. The former is what we should be able to predict with our theory and
the latter is neededin order to assesghe validity of any model description. Though both of theseprocesses
appear to causebroadening of obsened distributions it can be a mistake to simply combine them and treat
them as one combined distribution 2. Inevitably this results in making it impossibleto uniquely determine
the best parametric description, ie: it becomesan ill-p osedproblem.

For the skull shape example, if we have seweral competing models for shape variation, we can chooseto
model the density distribution of data, but can not identify how many distinct factors causemeasureable
variations, or selectbetweenalternative models which describe them. In short;

Point 4: Transformed measuremen ts that have errors whic h are not explicity modelled cannot
be used as the basis for model selection.

Although | would considerthis issueto be of fundamental importance if we are aiming ultimately to build
systemscapable of shape recognition, somemay regard this last point as minor, asit doesnot pertain to
the problems that dierential geometry is applied to. So let us consider now the specic clam that the
constructs of Riemann geometry can be used to de ne meaningful defnitions of shape di erence. There
are some obsenations which needto be made regarding the idea of using the metric to de ne statistical
similarity. Firstly, if there is a geruine one to one mapping betweena measuredinput data spaceand the
derived Riemann spacethen, if we apply the processof error propegation in order to construct the metric,
any computed distanceson the Riemann manifold would actually be the sameaswould be computed in the
original data space(where for uniform measuremen errors the shortest cost path is simply a straight line).
This meansthat performing the calculation on the manifold would just complicate what would otherwise
be a very simple calculation. Normally, statisticians usetransforms to equal variance spacesspeci cally to
avoid this problem. However, a represenation (for a measuremei of xed error) which has scaleinvariance
is a many to one mapping, not one to one. This preverts the tensor in the new spacefrom ever being
interpreted directly as a statistical distance. It is my belief that constructing a represenation with pure
scaleinvariance, though the Holy Grail for many workersin this area,is impossibleunder thesecircumstances.
Transformationsto achieve invariance needto be chosenwith far more careif we areto build systemsto solve
tasks such as shape recognition. We have already seenhow a good represenationmay require the property
of statistical independance(in order to avoid correlation), if we alsodemandhomogemouspropegatederrors
then we would have no useat all for di erential geometry. It wasthis kind of reasoningwhich led our group
to dewvelop Pairwise Geometric Histograms (seethis web site) a decadeago.

Although di erential geometry allows us to begin to understand the important problem of changesin prob-
ability distributions, as a theory it does not guarantee statistically valid measuresof similarity between
measuremets. Far from supporting the needfor such a complex approach to shape analysis, these argu-
ments would appearto imply di erential geometry hasgreat potential to be mis-usedfor constructing ad-hoc
shape similarity measures. This is to be cortrasted with the use of these techniques in general relativit y,
where they provide the only meaningful approach for measuring physical (non-statistical) distances. Unfor-
tunately, theoretical legitimacy of a mathematical approach in onescierti ¢ areadoesnot guarantee validity
in another.

Point 5: The denition of a Riemann space with pure scale invariance prev ents the direct use
of the metric for calculation of a measurable dierence in shape.

In the nal chapters of the book the various methods of analysis preseried are illustrated on examples.
As examplesof the utilit y of these approachesthese are certainly good choices,but not necessarilyfor the
reasonsyou might expect. At no point is any attempt madeto apply di erential geometryto a dataset such
asthe skulls in chapter 1.

Oneexampleis in the analysisof Ley lines, for the regularity in alignment of archaeologicalsites. To be fair to
the author several limitations of the scierti ¢ validity of the null hypothesisas posed(that the regularities
in alignment are consistert with random placemers of monumernts) are briey mentioned. However, it
might be reasonableto also have obsened that any practical construction of man-made structure would
probably have to take into accourt the local terrain. Any null hypothesiswhich assumescompletely random
construction is probably over simplistic 3. The sameargumert appliesto a later example, the analysis of
post-holes. When we acceptthat the samequestionscould be answered much more easily by Monte-Carlo,

2Though this might seeman obvious point, unfortunately the multitude of ad-hoc methods for analysis which follow from
this error have beenthe focus of many publications in high citation journals over the last few decades. Thus, there appears to
be substantial evidence that this issue is easily overlooked.

S\the third one (castle) burnt down, fell over and then sank into the swamp" implies a successful castle construction in a
swamp of about 1/4.



with unlimited scope for realistic modelling of a sampling process(castles in swamps etc.), the complex
mathematics assaiated with construction of analytic functions looks clever but pointless.

Point 6: Hyp otheses for the generation of any statistical data sets can generally be more
realistically constructed and more easily tested using Mon te-Carlo.

Another exampleis in the analysisof brooches. The book explainsin somedetail the processof determining
awarp eld betweenimages,but giveslittle indication of how thesewarps are processedo generatea shape
analysis. One obsenation is however, that if the processof manufacturing brooches is dependart upon
various technologieswhich limit the minimum spatial size of a structure, then analysis of shape in a scale
invariant manner would loosea very important aspect regarding the technology of fabrication.

Point 7: Practical examples of use appear to illustrate over simplistic models, driv en by the
available mathematics rather than a consideration of the scientic question.

Summary

Returning now to our initial question:

Is shape theory, and in particular the use of geometric approachessuch as Riemann manifolds, a justi able
way to addressscierti ¢ interpretation of data?

Though this topic appearsto o er mathematicians who have developed skills in the eld of set theory and
di erential geometry an opportunity to apply them, for the rest of us the various points made above would
appear to caution against any suggestionthat di erential geometry is automatically the appropriate body
of theory for the analysis of shape. In particular, a closefocus on the mathematics of Riemann geometry
may misguide people into believing that the theoretical basis for the analysis they perform is geometric
rather than statistical. It would be wrong, for example, to say that use of PCA to model distributions
is only justi able as an approximation to a Riemann tangent space. Rather, PCA should be considered
as a hyperplane t to the data on the assumption of uniform independert localisation errors. Under the
sciertic method, the model can only be rejected if it does not accourt for the data up to the limits of
measuremen If we adopt di erential geometry as our underlying theory and ignore the statistical nature
of this scientic test, the most interesting questionsrelating to data behaviour cannot be answered. For
the skull example, this would correspond to not being able to identify either the minimum number of key
variablesor a speci c theory which conciselyaccourted for the obsened variations in shape. Those questions
which can be addressedmight have beenmore easily and more correctly addressedwith Monte-Carlo.

It doesnot logically follow from the criticism of this book that all useof Riemannian manifolds in the context
of shape spacesare rubbish. Somemay wish to continue to usethe formalism and terminology of di eren tial
geometry and set theory to describe their work. It may even be possibleto bolt on extensionsin order
to correctly deal with some of the issuesdiscussedabove and this may give us shortcut solutions to some
problems. Fundamertally howewer, it will always be the statistical interpretation (and in particular the need
to treat our input data as measuremets) which tells us if what is being done is correct. In order to do
this, the proponerts of this theory will have to explain clearly the assumptionsnecessaryto apply Riemann
geometry a as geruine statistical theory of shape. In particular we needto know how the “metric' can be
selectedin accordancewith cornvertional notions of statistical measuremen
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Commen ts from Colleagues

| have circulated this among various of my colleaguesin order to get somefeedbadk. | have made some consequen
amendmerts, but this section covers opinions which | feel deserne an airing and my responses.



Chris Rose:

You state that probability theory and statistics are *the* methads by which scienti ¢ hypothesesshould be tested. |
dont disagree with this. However, it's clear that many in the eld either dorit look at their work as being about the
formation and testing of hypotheses,or dont agree that the way to approach such work is to treat it as data analysis.
It might be worth briey stating why probability and statistics are the right tools to use, because this then dictates the
terms of reference of your review.

In fact it is very dicult to summarise briey the kind of historical philosophical considerations which surrounded
the formation of modern sciencewithout misrepresening the arguments and making the issue appear trivial. For
a student level introduction of the basic position | refer you to Simon Coupes recert document regarding \Sound
Sciertic Principles" on these web pages. In the space available | can only say this, the quantities which most
directly summarisesour ability to interpret the value of any data in an experiment to test a theory are the conditional
probabilities which relate the selected hypothesis and data.

You talk about the interpr etation of PCA: it might be a good idea to clearly state that (if I've understood correctly) the
Riemann geometric approach in the book is an approximation to a principled statistical approach (rather than PCA
being an approximation to a principled Riemann geometric approachli.e. the other way around).

I will when | believe that advocates of the use of Riemann geometry for shape analysis are attempting to achieve
such an approximation. Currently, | don't have evidence for this, but seebelow.

You might also want to comment on the title of the book: is the author really presenting a statistical theory of shape,
or a geometric one which neglects the statistical (i.e. imprecise) nature of measurement?

| would say this captures the substance of the main conclusions.

Chris Klingen berg:

Point 2: | think this is a problem related to the one about consistency of Procrustes estimates raised by Lele (1993)
and answered by Kent and Mardia (1997), and briey summarised by Dryden and Mardia (1998, section 12.1).

lan Dryden's group has worked with weighted Procrustes methads of the sort you are talking about at the bottom of
p. 3 (poster at LASR conference 2005). They have usel a set of my y wing data with that method and nd the
di er ences to the usual least-squares Procrustes methads vanishingly small (personal communication).

In my experience the measurement error is usually negligible relative to the variation in the data. So the in uenc e of
measurement error on the results will be small in practice. Moreover, because the total amount of variation is small
in most biological data sets, the transformation from the raw coordinate data is pretty much the same regardless of
the covariance structure (e.g., covariance-weightel methods di er very little from least-squaes superimposition).
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I've no doubt that for the class of problems addressablethere will be many instances where measuremen error is
small. However, the issue here isn't so much the absolute magnitude of these processesbut the relativ e scaling as
we move acrossthe space. Unless this is done in a non-arbitrary manner there can be no suggestionthat distances
computed acrossthe spaceare meaningful measuremerns of shape di erence.

... you also seem to rely on conjecture: "l think it is possibleto show that this is not the case." Further down, where
you argue from the correlation of errors in Bookstein coordinates (the reason why Bookstein himself has mostly given
up on Bookstein coordinates) to the geneial invalidity of Riemann shape spaces, the same thing applies. Here, what
carries the weight of your argument from the one case to the geneml classis the phrase "but this missesthe point".

I didn't think | was relying on conjecture, I've added a few more sertencesto try to link the logical arguments
together better, and what \p oint" wasbeing missed. | don't know if what you say about Bookstein is true, but | have
to say | have a lot of respect for his opinion and really would have expected him to notice the correlation problem
given his other work. Do you think anyonein this eld would ever publish a retraction under these circumstances? |
don't expect so, and this is why | think we have to be extremely careful that we don't just accept anything published
in computer vision on face value (complicated mathematics) or received wisdom (popularity). The original authors
may ultimately be aware of the limitations of the techniques they publish, but the rest of us will generally be left
unaware of them unlesswe gure it out ourselves.

I agree with much of your criticism of the presentbook, but | dont think it logically follows that all usesof Riemannian
manifolds in the context of shape spaces are therefore rubbish. You are worried about the perception that “the theoretical



basis of the analysis they perform is geometric rather than statistical." | agree if your objection is against the "r ather
than", but | disagree if you object to the inclusion of geometric considerations. For the analysis of shape, these are
clearly indispensabletoo. As far as| can see, most people in the businessdo consider hoth.

I modi ed the conclusionsslightly to move closeron the rst point soasnot to appear unreasonably dismissive. | will

move closerto the position in the nal sertence when | seea presertation which links the “metric' to a measuremen

process. Currently | have no evidence that this proposition is accepted. On the contrary, the persisttant use of
di eren tial geometric terminology for the description of their work would seemto imply to me that they are unaware
of the possibility of a statistical link. If someonewere to tell me that they accept this, then | would immediately ask;
How can the issueof varying information content asa function of scalebe addressedin a scaleinvariant metric space?
If | recieved a satisfactory answer then | would take the position suggestedby Chris Rose (above), that Riemann
geometry can be applied as an approximation to a principled statistical approach.

If this is the caseand if this is at all obvious, | am very surprised that this argument has not been made very publicly.
It is not as if there hadrt been anyone out there in the past 20 years.

| believe that in many researd elds the audience is self selecting in such a way that many of the fundamental
assumptions regarding how to approach problems are already agreed upon by those who attend the conferencesand
write papers. | have no idea of what those working in this area would think of my views, but perhaps they should
be aware that these opinions might re ect the way others view this literature.



