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Abstract

Least-squarestting, rst developedby Carl Friedrich Gauss,is arguably the most widely usedtechnique
in statistical data analysis. It provides a method through which the parameters of a model can be
optimised in order to obtain the best t to a data setthrough the minimisation of the squareddi erences
between the model and the data. This tutorial documert describes the closely assa@iated methods
of least-squaresand weighted least-squares( 2) tting. We derive least-squaresestimators both as
Maximum-Lik elihood (ML) estimators and as Best Linear Unbiased Estimators (BLUE), reconciling
the two treatments in the conclusion. We then usethe method to derive estimators for the parameters
of somesimple models, including the straight-line t, togetherwith the standard errors on the estimated
parameters. We concludewith somegeneral obsenations on how the lessonslearned from the speci c
caseof least-squarestting caninform our understanding of machine vision and medical image analysis
algorithms in general.

1 The Metho d of Least Squares

The method of leastsquareshas, at varioustimes, beenascribedto a number of di eren t authors, notably Gaussand
Laplace. Plackett [1, 2] describesthe historical developmert of the method, and was responsible for establishing
that the fundamertal results are due to Gauss. It is arguably the most commonly used statistical estimation
procedure, being almost ubiquitous in scienceand engineering,and is usually one of the rst to be learned. It
provides a procedure through which a model can be tted to a set of measuremets by minimising the squared
di erences betweenthe measuremets and the model prediction,s with respect to the parametersof the model, in
order to obtain the optimal parameters. However, this apparently simple yet powerful proceduredependson a set
of assumptionsthat are much lesswell known than the method itself, leading to invalid applications.

There are two, notably dierent, approachesto justifying the least-squares tting procedure, di ering in their
assumptions. The (arguably) simpler and easierto interpret approach is to assumethat the errors on the mea-
suremernts are described by a normal distribution, in which casethe least-squaresestimators can be derived using
maximum likelihood. However, it is also possibleto derive least-squaresestimators as those that, amongst all
unbiased, linear estimators for linear models, have the lowest variance. We initially describe both derivations
without commert, and reconcilethem in the conclusion.

1.1 Deriv ation as a Maxim um Lik eliho od Estimator

Supposethat you have a setof n data (x;;y;) wherei = 1:::n, to which youwishto t somemodel f (x). An implicit
assumptionis made at this stagethat the model is a correct description of the physical processthat generatesthe
data (the consequencesf using an incorrect model are described later). Noise will have beenadded to the data
during the acquisition process,so that
yi = f(xi)+ i

where ; isthe noiseonthe ith data point. Therefore,the residualsr; generatedby subtracting the model prediction
at x; from the measuredy; are given by

=y fxi)= i
We now needto apply this model to make statemerts regarding the degreeof conformity of data. In the strictest
sensea distinction must be made betweenprobabilities, which are de ned over a range, and probability densities,
which are not i.e. the probability P(r;j ) that the residual r; will lie within the ranger =2 is given by

YA r+ =2

P(rij ) = , p(rij ) dr = p(rij )

r =



where p(r;j ) is the probability density distribution of the residuals'. The aim of least-squarestting is to nd
the set of model parametersthat maximise the probability that the model could have generatedthe data. The
probability density over r; for a Gaussiandistribution is given by

(i f(xi)?)
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where is the vector of model parametersand ; is the standard deviation of the noise on the ith data point.
Assuming that the noise on eat data point is uncorrelated, the probability of the whole set of residualsis given
by the product of the probabilities for ead residual i.e. they consist only of noise. Assuming that the noise is
described by a normal distribution, the probability density p(r;j ). for r; is given by

(i f(xi)?)
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We can maximise this quartit y, or lik eliho od, with respectto the model parameters (seeNAT commerns). Note
that we are considering p(rj ) as function of the , not as a function of the x;. Furthermore, we are interested
only in the location of the maximum of the function, rather than in its absolute value. Therefore, we can apply
any monotonic transformation to it, sincesud transformations will changethe absolute value of the function but
not the location of its optimum. One suc transformation is taking the logarithm: this simpli es the expression
considerably’. We can now de ne the likelihood L accordingto

Xy f 0P

InL =
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In order to maximise the likelihood i.e. to obtain the model parametersthat maximise the probability that the
data could have beengeneratedby the model, we minimise (due to the minus sign in the above equation) the sum
of the squaresof the di erences betweenthe model and the data, weighting ead term in the sum by the squareof
the standard deviation of the error on that data point. The negative log-likelihood is referredto asthe ? function

2
i=1 !

Furthermore, if the standard deviation of the noiseis independert of x, then ; = , and this can alsobe removed
asa constart factor, leaving®

X0 X0
InL = i fxi)?= ré
i=1 i=1
Due to the minus sign, maximisation of the likelihood is achieved by minimising the squaresof the residuals, and
the method is therefore known as\least-squares tting". Sincethe processis a maximisation of the likelihood, it
falls into a classof methods known as maximum-likelihood estimators.

1.2 Linear and Non-linear Least Squares, and the Matrix Form ulation

Least-squarestting problems can be divided into two categories:linear and non-linear. A least-squaresproblem
is said to be linear when the model can be expressedas a linear combination of its parametersi.e.

X
f(xja)=  a(X)a
r=1

where a is the vector of n, model parameters and the coe cien ts ¢, are either constarts or functions of the x;.
Note that it is linearity in the a, not in x, that matters. The 2 then becomes

P
.0 P aal
2
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1The notational convention is adopted that capital P refers to a probabilit y, whereas lower-case p refers to a probabilit y density.

2Taking the logarithm also has the desirable property that it turns the product into a sum, thus avoiding the need to take the
product of many small numbers, and so avoids loss of accuracy due to the limits imp osed by machine precision.

3This property is referred to as homoscedasticity, and spacesin which it is true as homoscedastic spaces; however, due to the
obscurity of this term we have referred to such spacesin other documents on this web site as \equal variance spaces".



The estimators of the model parameters are derived by maximising the 2 w.r.t. the parameters; this can be
achieved by di erentiating w.r.t. ead parameter,

P
d2_ X ol s sbar
-~ T 1 2
da i=1 i
and setting the result equal to zero. At the point where the dierential is set equal to zero we are implicitly
substituting the optimal value of the parameter into the equation i.e. replacing the parameter as a variable with
the maximum-likelihood estimator of the parameter. Therefore, we replacethe symbol for the parameter ag with
the symbol for the estimator of the parameter &; at this point

0
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This generatesa systemof n, simultaneous equationswith r unknowns (the ¢;). Solving this system of equations
generatesthe least-squaresestimators for the model parameters.

The above equationscan be expressedn a more conciseform using matrix notation, avoiding the summation signs
and indices. The 2 becomes
2=yt v "y f)
We adopt a notational corvertion in which bold lower-casevariablesrepresen vectorsand bold upper-casevariables
represern matrices, soy is the vector of y;, f is the vector of model predictions at ead x;, and V is the covariance
matrix of the measuremets i.e. for independen measuremets, the diagonal elemerts of this matrix are the squares
of the standard deviations of the errors on eat data point. Intro ducing another matrix C, whereCij, = ¢ (x;), we
have
f=Ca

Z=(y" a'Chyv Yy Ca)
sothe normal equations become
C'v lca=cCc'v 1y
Note that the vectory is of length n, the vector a is of length n,, V isann n squarematrix, and C is rectangular
with n rows and np columns. In generaln will be much greater than n, (unlessn, n there is no unique solution

to the normal equations) and so a factor of CT cannot be cancelledfrom this equation as C does not have an
inverse,and so the weighted least-squaresestimate of 4 is

a=(C'v c) ic'v 1y

If the errors on the data are equal, then the V can be cancelledto give the normal equationsfor the least-squares
t
a=(C'c) icTy

Note that these equations are deceptively simple: only in the most straightforward casescan least-squaresor
weighted least-squarestting be implemented by evaluating them directly. For all but the simplest models the
computational e ort requiredto computethe matrix inversiongrowsrapidly, and numerical problemswith accuracy
and rounding rapidly get out of control, particularly if someof the model parameters are weakly constrained by
the data. In general, unlessthe tting problem involvesonly proportional, linear (for which the equations for
the estimators are given in the next section) or quadratic models, it is better to rely upon packagesprovided by
software libraries, which generally apply techniques such as SVD in order to avoid the explicit matrix inversion.

Given the above forms for the normal equations, the errors on the estimators can be obtained directly. The
estimators of the parameters4 are obtained through multiplying the y by a matrix (CTV (y) C) CTv(y) .
In the presen caseonly the y have errors: the x (and thusthe matrix (CTV (y) *C) *CTV(y) 1) arenot random
variates. The matrix form of the propagation of errors formula (seeAppendix 1) statesthat the variancetransforms
using the samematrix i.e. if

a= My

then
V(@) =MV (y)MT

where
M= (C"V(y) 'C) 'CTv(y) *



SinceVT =V and (AB )" = BTAT this reducesto

V()= (CTv(y) 'C) *

In caseswherethe model cannot be expressedasa linear combination of the parameters,the least-squaresproblem
is saidto be non-linear. There is no closed-formsolution in suc cases.An iterativ e approach must then be adopted
in which the solution is found by repeatedly evaluating linear approximations around the current estimates of the
parameters, using much the same procedure as described above. However, the processbecomessensitive to the
initial estimates of the model parameters,and so a good initial \guess" for the parametersis required.

1.3 Deriv ation of Least-Squares Estimators as Best Linear Unbiased Estimators
(BLUE)

Linear least-squarestting can alsobe derived, under a slightly di erent set of assumptions,by nding the linear,
unbiased estimators of the parameters of the linear model that have the lowest variance. First, assumethat the
model is linear (again, in its parametersrather than in x), sothat

y = Ca +
Next, assumethat the errors on each measuremen are uncorrelated
coM i; j)=0

that the error distribution is symmetric
< >=0

and that the errors are homoscedastic(i.e. we are working in an equal-variance space)

V()= 2

Let T = tTy be any linear function of the obsenations that provides an unbiased estimate of a, where is an
arbitrary vector of constarts. Sincef is unbiasedit follows that

< ‘f S=< tTy >= tT <y>= tTCa

and

SO
t'C = or T=C't (1)

We now nd the variance of T
V(tTy) =< (tTy)(yTt) >
= tTV(y)t
=t' 2t
=tTt 2 (2)
We wish to nd an estimator that, with the constraint that it is unbiased, has the lowest possible variance.
Therefore, we minimise the variance (Eq. 2) subject to unbiasednesgEg. 1) using a vector of Lagrange multipliers

. Let
Q=tTt+2T7( T cCTt)

We adopt the usual approach to minimisation of di eren tiating this with respect to t, setting the result equal to
zero, and solving for t. So

dQ
— =2t 2
i t C
giving
t=C
Premultiplying this by CT gives
c'lt=cCc’cC



but fromEg.1 T =CTt so
T=cTc (3)

Now

f=tly= TcTy @)
Solving Eq. 3 for and substituting into Eq. 4 gives

-f - [(CTC) 1 T]TCTy

- (CT C) 1CTy
Now, since< T >= T = a, T must havethe form 4, and so

a= (C'c) c'y
or

a=(C'c) cy
This is simply the expressionfor the normal equations given above, and so the unbiased linear estimator of the

linear model that hasthe lowest variancesis the least-squaresestimator, and due to this we refer to it asthe Best
Linear Unbiased Estimator (BLUE). The result is known as the Gauss-Markov Theorem.

Two further results follow immediately. First, taking the expectation value of the least-squaresestimator gives
<a>=<(C'c) c'y >
=< (CTc) 'c"(ca+ )>
=a+(C'C) IcT< >
and, sinceunder the above assumptionsthe expectation value of the noiseis zero,
<Aa>=a

The expectation value of the estimator is equal to the value of the parameter being estimated, sothe least-squares
estimator is unbiased.

Furthermore, the variance of the estimator is de ned as
V@) =<(a aa a'’>

but
A a=(C'C) ICc'y a
=(C'c) 'cT(ca+ ) a
- (CTC) 1cT
So,

V@ =< (c'c) ¢ Tc(c'c) 1>
=(c"’c) Ic"< Ts>c(cTc) !
=(C'c) cT(?ncec'e) !
= 2(cTc) !
thus reproducing the result obtained from the derivation using maximum likelihood.

2 Simple Examples of Linear Least-Squares Fitting

In this section, the estimators for each model parameter for some commonly occurring models are derived. The
general processis the samein eah case;we nd the optimum of the 2 function w.rt. ead of the model
parametersby di erentiating w.r.t. that parameter, setting the result equalto zero, and solving for the parameter.
The over-bar symbol is usedto represen the mean of a set of valuese.g.

1 X

X= — Xj

N
The errors on the estimators are also derived. Therefore, the procedurein ead caseis to write the estimator asa
function of the y;, di erentiate w.r.t. the y;, and then sumthe squaresof the di erentials multiplied by the squares
of the standard deviations. This proceduregivesthe variance of the error on the estimator: the square-root of this
guantity is referred to asthe standard error on the estimator.



2.1 Fitting y= mx

Situations in which y is directly proportional to x are reasonablycommonin physical laws; linear elasticity in the
form of Hooke's Law provides one example. In this case,the model is

y = mx
wherem is called the constart of proportionalit y (Young's modulus in the caseof Hooke'sLaw). The 2 is therefore

o2 (i mxi)?
- 2
i=1 I
or, if | is constart,

2 _

1 X )
=— (i mxj)
i=1
Di eren tiating w.r.t. m and setting the result equalto zero gives

d2 11X
—=5 2 mx)=0
2
dm -
and therefore
xo
Xiyi mx2=0
i=1
S0
Xy _ mx?
n_n
and
_ Xy
T x2

In order to nd the error on the estimator rh, we write it asa sum overy;

Xy
= —IZYi
=1 X
and then di erentiate w.r.t. y;: only oneterm in the sum contains y; (the others contain yi, ¥2,....,¥i 1,Yi+1 1---:¥Yn),
S0
driy _ X
dy; nx2

Applying the equation of error propagation therefore gives

(5)2 2

2 =
h nx2

i=1

and so )
2 = —
™7 px2

Taking the square-root of this quantity providesthe standard error on rh.

2.2 Fitting y=mx+c

The secondexamplewe provide is the caseof tting a straight line, in which the model is
y=mx+c

where m is the gradient and c is the intercept. The 2 is

o % i (mx + Q)2
2
i=1 !




In this case,we di erentiate w.r.t. both m and c, set the results equal to zero, and solve the resultant pair of

simultaneous equations. Di eren tiating gives

d 2 X
- = 2y mxi ¢ =0
dc
i=1
and
d2_X
ac = 2xi(yi mx; ¢ =0
c
i=1
From Eq.5 we have
X X X X
2(yi mx; 6=0= y; m X =y rmx ¢
i=1 i=1 i=1 i=1

Eq.6 provides a similar function

S0 )
X rhx
y -6
X
Substituting this into Eq.7 gives
m= XY
T x2 X2
Substituting this into Eq.7 gives
o yX2  Xyx
T x2 x2
Again, we can write the estimator of rh as a function of y;
o= X% x y
= ——— Vi
-, N(x% x2)
di eren tiate
dh X X

dyi - n(x2 x2)
and apply the propagation of errors formula to obtain the error on rh
2

n(x2z x2)

2
rh
A similar proceduregivesthe error on € as
2y2
X

2 —
€7 n(x2  x?)

Again, taking the square-roots of these formulae provides the standard errors on i and €.

3 Estimating Data Errors from the Fit Itself

®)

(6)

()

The results of applying error propagation in the above examplesgivesthe standard errors on the estimators of
ead model parameter in terms of the standard deviation of the noise on the data. In somecasesthis standard
deviation may be known from the calibration of the measuremen equipmert or from error propagation in previous
algorithmic stages.If it is not known then we can estimateit from the tting processitself: the residualsaround the
tted model provide us with a sampledrawn from the noisedistribution, from which we can calculate the standard
deviation. However, the error propagation formulae require the standard deviation of the parent distribution that

generatedthe noise: applying the usual formula

=20



to the residuals givesus the standard deviation of the sample of noisedrawn from the parent distribution, unless
there are an in nite  number of data points. This estimate of the standard deviation of the parent distribution
generatedby the above equation is biased: fortunately, it is possibleto evaluate the magnitude of this bias, and
it turns out that the standard deviation generatedby the above equation is exactly (n np)=n too low. Knowing
this, we can apply a correction leading to the formula

O e

Many tting packageswill provide error estimatesgeneratedusing this equation. However, it should be noted that
its use preverts any independert estimate of the goodness-of- t from the 2.

4 Conclusions

Least-squarestting can be derived from two di erent setsof assumptions. Assuming that

the model is an accurate description of the data generation process;
the errors on the data are uncorrelated;

the noise generation processhas a normal distribution;

least-squaresestimators emergeas the maximum-likelihood estimators of the model parameters. In this caseit is
also easyto interpret the meaning of the tted model parameters: they are the parametersthat give the highest
probability that the data could have beengeneratedby the model. However, it is also possibleto prove that linear
least-squaresestimators are BLUE under an alternativ e set of assumptionsi.e. that

the model is an accurate description of the data generation process;
the errors on the data are uncorrelated;
the distribution of the errors is symmetric;

the errors are homoscedastic(i.e. have equal variancesregardlessof where in the spacethe measuremetn is
made).

Theseassumptions,whilst requiring homoscedasticiy and a symmetrical distribution for the errors, do not assume
a particular distribution i.e. a normal distribution, and so are lessstrict. It may therefore appear that the casein
which least-squaresestimators are alsomaximum-lik elihood estimators is a special caseof a more generalapproach.

There are two points to make regarding this issue. First, if the distribution of the errors is not normal, then the
least-squaresestimators only have the lowest variancesamongst the linear estimators. There will, in general, be
maximum-likelihood estimators that are non-linear and have lower variances. Second,the proof that least-squares
estimators are BLUE relies on taking expectation values, and so is an asymptotic property (i.e. only guaranteed
in the limit of in nite amounts of data). The assumption that the error distribution is symmetric is particularly
sensitive; even when this is true, the residuals (i.e. the sample taken from the error distribution) may be non-
symmetric i.e. there may be more data points on one side of the meanthan on the other. The in uence this hason
the t will beinverselyproportional to the amourt of data. In addition, the probability of having data points with
large residuals, which therefore have a large e ect on the t, and which are not balancedby a similar data point
on the opposite side of the mean, will increaseas the relativ e size of the tails on the distribution increases.Since
the Gaussianis the most compact distribution, the probability of having suc outliers will increasethe further
the distribution departs from normality. Such considerationshave led to the developmert of \robust" estimation
procedures,which are lesssensitive to outliers.

Whichewer justi cation for the use of least-squaresestimators is applied, it is important to ensurethat the as-
sumptions are met. In particular, the model must be a complete description of the physical processthat generates
the data, sudch that subtracting the model predictions from the data leavesonly noise. If this assumption is not
met, then the residualswill contain an x-variate dependert structure. This will exert a biasing e ect onthe t i.e.
intro duce systematic errors. The sameis true of non-symmetric error distributions. Finally, the error distribution

must be either normal or homoscedastic.Due to theseconsiderations,it is not su cien t to simply quote the tted

model parameters when applying the procedure;they should be accompaniedby somemeasureof the goodness-
of-t, in order to demonstrate that the model geruinely ts the data. The most powerful goodness-of-t tests



require independernt estimates of the errors, and are precluded if the errors must be estimated from the residuals.
Therefore, it is also good practice to provide estimates of the errors on the tted parameters,in order to avoid
constraining the statistical proceduresavailable for further analysis of the results.

All statistical analysisprocedurescan, at somelevel, be consideredasmodel tting processespf which least-squares
tting is a simpleexample. Therefore, the conclusionsdrawn from this analysisof least-squaresan provide a toolkit
with which to approad the consideration of any statistical procedure. In particular, we can posetwo questions.

Doesthe model really t the data?

Are the errors on the results quanti ed?

Theseare particularly relevant in the caseof algorithms dewveloped in machine vision and medical image analysis
sincethe answersare, with surprising frequency \no". If this is the case,we are justi ed in being sceptical about
the value of the proposedalgorithm.
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5 App endix 1. Error Propagation

Supposewe have a set of m functions f 1;f5;f3;:::;fn of n dierent variablesxy; Xz; X3; 133, X, . If the x; have errors
assaiated with them, then sodo the f. Furthermore, sincethe fy sharethe x; they will be correlated even if the
X; are not. The varianceson the fy are given by

V(f)=< 2> < fy>?2
The fy can be expandedin a Taylor seriesabout the meanto give
f f
B Tk 2+ (S0 )+ (9 2)
X1 X2
Inserting this into the formula for the variance gives

V(fx) = (%)2 < (X1 1)2 > 4+ 2(%) < (X1 1)(X2 ) >

fi X X g, fi
(V) + (N eovxisxg)
; i o i j

i i j6i

This is a generalisedform of the standard law of combination of errors; for example, with a single function of
independert variables (where the covariancesare all zero) it simpli es to the more familiar

X o f
2 _ (— 2 2
f i Xi Xi
The covariancesbetweenthe f¢ can be found in the sameway
f f f f
< fyfi> <fy>< 1> <(xg 1)(X1 1) > (—k)(—') + 0+ < (Xg 1)(X2 2) > (—")(—') +
X1 X1 X1 X2
which can be expressedin summation notation as
X X fi f|
coAfk;fy) = (—)(——)comXi; xj)
. Xj Xj

So, if we de ne a matrix G sud that

then the law of combination of errors can be expressedn its most generalised,matrix form as
Vi= GV G’

Sinceit is basedon a Taylor expansion, this is an approximation to the true error. The accuracyis dependert on
the rate of change of the derivativesaround the point of expansion;it is reasonablyaccurate if the derivativesdo
not change much over a few standard deviations.
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Commen ts from Neil Thacker

The conventional de nition for a likelihood is basedupon the use of probability densitiessuc asin the derivation
above.

Y]
p(rj )= p(rij) (a)
i=1
Fisher's stated aim wasto de ne likelihood such that \the ratio of lik eliho ods for two sets of parameters
should tell us the ratio of the number of times that the data would have been generated by the
two models" . It was also Fishersintention to de ne a unique estimation process.lIt is commonly known that a
likelihood is not a probability. There appear to two reasonsfor this, aswill be discussedbelow.

point 1

Beware, the cornvertional use of likelihood (as equation (a)) is not guaranteed to satisfy Fisher's requiremerts.
In particular, in situations where the probability densities cannot be provided by theory, but must be sampled
from data, we will get di erent sampledistributions and consequetly dierent (non-unique) likelihood results for
non-linear transformations of the measuremeis. We can understand this problem better if we take a closerlook
at the stepsleading up to (a).

Fisher's requiremerts are true for likelihood if we can write

InL = In[P(rj )] + const
where v Zos = v
P(rj)= p(rij ) dr p(rij ) i (b

i=1 i =2 i=1

Consequettly, his aims can be met by de ning likelihood according to equation (b), provided we can de ne the
i terms consisterily. The most obvious de nition would seemto be the one which links  to the measuremen
accuracy thereby de ning the probability in accordancewith the evidence.

It canbeimmediately obsenedthat xed ; factorswill cancelin any ratio of P(rj ). However, this rst requires
that they are independert of . This can be guaranteed if the probability densitiesp(rij ) usedin (a) are de ned
such that r is the homoscedastioneasuremenh space(seeTina Memo 2004-005. This explainswhy the apparertly
geneal interpretation of least-squaresasa BLUE estimater explicity mentions homoskedasticity, while the speci ¢

Likelihood interpretation doesnot.

point 2

Another thing which is often said regarding likelihood, is that p(rj ) is not a probability asit de nes a function
over , which doesnot satisfy the axioms of probability. Clearly therefore, likelihood terms can never be just ed
asa substitute for P(rj ) 4. Howewer, taken at facevalue, suc a statemert might alsoimply that equation (b) in
point 1 (which is alsoa function of the parameters) could not be a probability either.

In fact these considerationsappear when attempting to justify comparisonof likelihoods. Then we would want to
be surethat any terms we compareduring optimisation are consisterily de ned accordingto Kolmogoro's axioms.
However, as Fisher's intent is to make predictions regarding the number of times that data would be generated,
likelihood is therefore basedon a “frequertist' de nition of probability (seeTina Memo 2007-00§. Provided wetake
stepsto maintain a quartitativ e link betweendata and probability we can do more with the resulting likelihoods.
In particular, we can assesghe relative merits of parameter estimates on the basis of absolute quantities. We do
not then needto rely upon an axiomatic de nition of probability to believe that a comparisonis meaningful. In
this respect it is enoughthat P(rj ) is consistert with the axioms of probability when consideredover all possible
measuremets, rather than parameters. Equation (b) is a perfectly good expressionof frequertist probability,
and under somecircumstanceslikelihood will be equivalent. There is no sudc justi cation however under a strict
Bayesianinterpretation, for useof either L or (it would seem)P (rj ) °.

summary

It seemsthat if we look at Fisher's motivation for suggestinglikelinood, there is a more geneal form which relates
directly to probability underlying it. Unfortunately, functions basel upon (a) can fall short of the intended gaals.
There was however, always enoughin the original work to undo these shortcomings, if one knew where to look.

4This last statement appearsto atly contradict popular practice.
51t is beyond the scope of this document to explain the logical messanyone will get into if they want to justify Bayesian estimation.
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