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1 abstract

The recognition of shapesin imagesusingPairwiseGeometricHistogramshaspreviously beencon�ned to �xed scale
shape. Although the geometric representation used in this algorithm is not scaleinvariant, the stable behaviour
of the similarit y metric as shapesare scaledenablesthe method to be extended to the recognition of shapesover
a rangeof scale. In this paper the necessaryadditions to the existing algorithm are described and the technique is
demonstrated on real image data. Hypothesesgeneratedby matching sceneshape data to models have previously
been resolved using the generalisedHough transform. The robustnessof this method can be attributed to its
approximation of maximum likelihood statistics. To further improve the robustnessof the recognition algorithm
and to improve the accuracyto which an objects location, orientation and scalecan be determined the generalised
Hough transform has beenreplacedby the probabilistic Hough transform.

2 In tro duction

The existing Pairwise Geometric Histogram (PGH) algorithm provides a robust solution for the recognition of
arbitrary , 2D shape in a manner which is invariant to position and orientation but which is not invariant to
changesin shape size or a�ne transformations of the shape data [1]. Current work in this area has focusedon
establishing this technique as a generic solution to the problem of rigid object recognition by tackling the scale
and view constraints. A recent analysis has shown that the algorithm is highly scalableand may be applied to
recognition tasks involving very large numbers of models [2, 3] { this is a necessaryrequirement if 3-dimensional
objects are represented by largenumbersof 2-dimensionalviews. The technique hasalsobeenshown to be complete
in the sensethat a model shape may be reconstructed from the set of PGHs which describe it [4] con�rming that
the complete representation for a shape is unambiguous.

Recognition is performed by �nding edge data in sceneimages which is consistent with edge data from stored
model shapes. The use of edge information ensuresrobust performance as these features are reliably extracted
from images. The complete algorithm comprisesthe following steps:

1. Model imagedata (during training) and sceneimagedata (during recognition) are processedto extract edges
which are then approximated by line segments.

2. Model histograms (during training) and scenehistograms (during recognition) are constructed for each line
segment (referenceline) by comparing this line to all other lines and making histogram entries according to
the measuredrelative angle and perpendicular distances. This representation encodes local shape geometry
in a manner which is invariant to rotation and translation.

3. Sceneline labelling is performed by �nding good matches betweenscenehistograms and model histograms
using the Bhattacharyya metric. This statistical metric is appropriate as PGH's are joint probabilit y distri-
butions of local shape geometry. Each sceneline label is a hypothesisof the scenecontent.

4. Object classi�cations are con�rmed by �nding consistent labelling (hypotheses)within a sceneusing a hough
transform.

In this paper we explain how the algorithm can be extended to the recognition of scaledshapes with reasonable
computational overhead. Although the PGH representation is not scaleinvariant an analysis of the e�ect of scale
on the similarit y metric shows that it is stable acrossrangesof scale. This property may be utilised to recognise
shapesat any scale.

When the constraint of �xed scaleshape is removed the processof resolving hypothesesbecomesmore demanding.
Previously this was doneusing generalisedHough transforms. The robustnessof this method can be attributed to
its approximation of maximum likelihood statistics. To further improve the robustnessof this stageof recognition
it has now beenreplacedby an implementation of the probabilistic Hough transform [5].

3 The E�ect of Scale on the Similarit y Metric

Good correspondencesbetween scenelines and model lines are found by matching scenePGHs to model PGHs
using the Bhattacharyya similarit y metric. The e�ect that scaling shape data has on the representation and,
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consequently , on the similarit y metric is described in this section.

Becausedistancesareencoded in PGHs the representation is not scaleinvariant somatching histogramsconstructed
from the sameshape data but at di�eren t scalesdoesnot result in perfect match scores.The e�ect on a histogram
as the shape data it represents is continuously increasedin scaleis a continuous stretching of the entries along the
perpendicular distance axis. This is demonstrated in �gure 10.1 (a) for histograms constructed for the line data
in �gure 10.1 (b) as it is scaled.

d1

Reference Line

d0

(b)

Perpendicular Distance

sd sd10

(a)

Scale

Increasing

Figure 1: (a) Crosssectionsthrough PGH entries for the line data at scales. (b) The line data usedin this example

BecausePGHs changesmoothly as the shape data is scaledthe similarit y metric degradessmoothly as a function
of scale. This is shown is �gure 10.2 for a geometric histogram constructed from real shape data (The line data
usedin this example was taken from the shape model usedin section 5). Becausegood match scoresare attained
over a reasonablerangeof scaleindividual PGHs, although not scaleinvariant, can e�ectiv ely represent a range of
scale. Although the changein the similarit y metric is always smooth the rate at which it degrades,and therefore
the rangeof scalethat can be reasonablyrepresented, dependsupon the actual line data encoded in the histograms.
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Figure 2: The e�ect of scaleon the similarit y metric

To improve the performance of recognition in the presenceof sceneclutter and to provide some robustnessto
shape deformation, PGHs are constructed from lines which lie in a locally de�ned region { typically a circular
window centered on the referenceline is used. To maintain the stabilit y of the similarit y metric it is important
that lines entering or leaving the region of interest as the shape data is scaleddo not intro duce sudden changes
in the representation. By weighting each histogram entry by the length of line within the region of interest, each
entry degradessmoothly to nothing as the line data responsible for it is scaledbeyond the region of interest.

4 Scene Line Lab elling

Each sceneline is labelled with a hypothesis of the scenecontent according to the best correspondencesfound
between it and the set of model lines. The positions and orientations of models suggestedby these labels are
implied by the positions and orientations of the scenelines themselves. When the constraint of �xed scaleshape
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is removed a strategy has to be employed which ensuresthat good correspondencesare still identi�ed. Labels for
variable scaledata must be extended to include a hypothesisof the scaleof the sceneline.

As previously shown, although the PGH representation is not scaleinvariant a singlePGH is capableof representing
a range of scalebecauseof the stabilit y of the similarit y metric. This property can be utilised to recogniseshapes
at any scale.

4.1 The Training Algorithm

A model line may be represented acrossa speci�ed range of scaleby storing a number of histograms for the line
at suitable scaleintervals. The actual number and scaleof stored histograms depends upon both the scalerange
speci�ed and upon how closelyall scaleswithin the range needto be represented.

The training algorithm we have used takes a range of scalede�ned from Smin to Smax and a threshold on the
similarit y metric, D th , and storesmodel histograms is such a way that any known shape which is later encountered
within the scalerange will result in match scoresof at least D th , in the absenceof noise.
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Figure 3: Adding histograms to represent a new model line acrossa range of scale

The algorithm is depicted in �gure 10.3. Initially a temporary histogram is constructed at scaleSmin and this is
compared to temporary histograms constructed at larger scalesuntil the scaleS0, where the match scoreequals
D th , is found. The most e�cien t way to do this is to usea bisectionssearch acrossthe scalerange. By symmetry,
a histogram stored at scaleS0 is guaranteed to result in match scoresabove D th when compared to histograms
constructed at scalesbetweenSmin and S0. The stored histogram is then comparedto histograms constructed at
scalesgreater than S0 until the scalewhere this match scoreequalsD th is found. A temporary histogram is then
constructed at this scaleand then in a similar manner this used to �nd the scaleS1 where the secondhistogram
is stored. This processis continued until the complete range of scaleis covered.

After matching scenePGHs to model PGHs which are stored in this way, the scalesassociated with the best
matches provide estimates of the scale of the scenedata. If models can appear in a sceneat any scale within
the speci�ed range then each estimate will have a corresponding uniform error which extends either side of the
scaleestimate to the points where the temporary histograms were constructed during training. Figure 10.4shows
the best match scoresobtained when matching a PGH constructed from a model line at di�eren t scalesto model
histograms which were stored using this algorithm (D th was speci�ed as 0.9). For this scalerange and similarit y
metric threshold an averageof 6 histograms were stored per model line, so labelling shapes over this scalerange
results in a six-fold increasein computation.

5 The Probabilistic Hough Transform

The recognition processis completed by �nding sceneline labelling which is consistent with stored models. For
�xed scale data each label hypothesisesthe presenceof a shape at some position and orientation. Consistency
amongst these parameters for a set of scenelines was previously found using generalisedHough transforms. For
variable scaleshape each sceneline label alsoprovides a scalehypothesisand this additional information must also
be considered.

Although the generalisedHough transform used in the existing PGH algorithm performs reliably for �xed scale
data an improved method has to be adopted to account for the e�ect of scaleerror in a coherent fashion when the
�xed scaleconstraint is removed. To achieve this we have implemented a probabilistic Hough transform (PHT)
which takesproper account of errors, resulting in improved robustnessand more accurate determination of model
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Figure 4: The best match scoresas a function of scale

position, orientation and scale. In fact, becausethe PHT is derived from robust, maximum likelihood statistics
the results it givesare the most probable in a maximum likelihood sense.To constrain the entries made into the
PHT a singleentry is made for each pair of scenelines and only when the pair of lines are in reasonableagreement
about the position, orientation and scaleof the model.

The probabilistic Hough transform is in general constructed from a set of N input features. In this application
each input feature is a pair of sceneline labels which hypothesisesthe position, orientation and scaleof a model
in the scene.The probabilistic Hough transform H (m) usedto �nd the position m of a model in a sceneis given
by the expression:

H (m) =
N � 1X

i =0

log[P(hi jm)] + K (1)

Where hi is the position of the model hypothesisedby the i th pair of sceneline labels and P(hi jm) is conditional
probabilit y density function that a pair of scenelines will hypothesisea position h i given that the model is actually
positioned at m. In other words, the error on the model location given a pair of scenelines.

5.1 Mo delling the Error on the Mo del Lo cation Hyp otheses

The hypothesisedlocation of a model is subject to error becauseof the variabilit y of the line segmentation process
and becauseof the uniform error on the scaleestimates. By modelling theseerrors the entry which should be made
in the PHT for a pair of scenelines can be determined.

Line A
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d
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B

Figure 5: The line segmentation error model

The line segmentation processcan be approximately modelled by assuminggaussianerrors on the position of the
line end points, as shown in �gure 10.5. During training the perpendicular distance, d, from each model line to
an arbitrary referencepoint on the model shape is recorded. Consequently , for each pair of scenelines, extended
lines at the appropriate perpendicular distance will intersect at the hypothesisedposition of the model. Applying
standard error propagation [6] the error on the point of intersection � I is given by:
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� I = r f T Cend r f (2)

Where f describes the point of intersection in terms of the two pairs of endpoints and Cend is endpoint error
covariance matrix.

The validit y of this model is checked by measuring the error on the position of a shape predicted by pairs of
scenelines. Figure 10.6 shows a frequency distribution of the normalised residual errors for a typical scene. The
approximately gaussianshape of this plot with an extendedtail implies that the error model is su�cien tly accurate.
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Figure 6: Distribution of normalised residual errors on predicted shape position

The e�ect of the uniform scaleerror, asdescribed in section3, on the hypothesisedmodel position is demonstrated
in �gure 10.7. The scalesand scaleerrors associated with Lines A and B constrain the position of the model to
lie within the bands de�ned between the dotted lines. However, if both of these lines belong to the sameshape
then the model position must satisfy both constraints and lie in the shadedregion. Furthermore, if the scenelines
belong to the sameshape then they must also be at the samescalewhich givesthe constraint represented by the
dashedline. The section of the dashedline which intersects the shadedregion satis�es all of the constraints so if
both lines A and B are from the samemodel its position must lies on this section.
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Figure 7: The possiblepositions of a shapesorigin constrained by a pair of lines

Becausethe scaleand segmentation errors are independent P(hi jm) may be determined by convolving the seg-
mentation and scaleerror functions. This is then usedto make entries in the PHT.

5.2 The Orien tation and Scale Hough Transforms

The PHT described is used to locate models using the positions, orientations and scaleshypothesisedby scene
line labels, but it doesnot determine the orientations or scalesof models explicitly . This is done separately using
1-parameter Hough transforms.

For each model position determined a 1-parameter orientation Hough transform and a 1-parameter scaleHough
transform is constructed then scenelines which are consistent with the model position are usedto make orientation
and scaleentries. The orientation entry is determined from the di�erence in orientation betweenthe sceneline and
the model line to which it matched. The scaleentry is determined by comparing the perpendicular distance from
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the sceneline to the model position to this samedistance in the model itself. Peaks in these Hough transforms
give the orientation and scaleof the model at this position in the scene.

6 Demonstration

The modi�cations to the algorithm aredemonstratedhereon cluttered scenescontaining viewsof real 3-dimensional
objects at di�eren t scales.To allow control of the scaleof the data the scenewas imaged at one scalethen scaled
appropriately before being segmented into lines. In these examplesthe models were stored over a range of scale
from 0.5 to 2.0, requiring on averagesix histograms to be stored per model line. Figure 10.8shows that the person
model hasbeensuccessfullylocated in scenesof scale0.75and 1.5. The probabilistic Hough transforms constructed
for the personmodel for each of thesesceneare shown in �gure 10.9 (the intensity of the background entries have
been arti�cially increasedso that they can be seen). Finally, the scaleHough transforms for the located models
are shown in �gure 10.10{ note that positions of the peakscorrespond to the scalesof the models.

7 Conclusions

Object recognition using PGHs has previously been con�ned to shapes of �xed scalebecausethe geometric rep-
resentation used in the algorithm is not scale invariant. The similarit y metric used to match sceneand model
line data, however, has beenshown to behave in a stable manner over rangesof scale. This property enablesthe
recognition of shape over scalerangeswith reasonablecomputational overhead. In fact the lack of scaleinvariance
provesto be useful asthis providesa constraint on the position of a model in a scenewhich is usedwhen combining
individual model hypothesesto complete the recognition process.

To takecorrect account of the constraints imposedby individual model hypothesesthe generalisedHough transform
(usedpreviously) hasbeenreplacedby a probabilistic Hough transform. This not only takesaccount of hypothesis
parameterssuch as position and scalebut also takesaccount of the errors on thesequantities. This both improves
robustnessof the algorithm and allows the position, orientation and scaleof encountered models to be determined
more accurately (the most probable parametersare determined in a maximum likelihood sense).

Finally, the improved algorithm has beensuccessfullydemonstrated on views of real objects at di�eren t scalesin
highly cluttered scenes.
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(a) (b)

Figure 8: Scenescontaining views of model shapesat (a) a scaleof 1.5, (b) a scaleof 0.75

(a) (b)

Figure 9: The probabilistic Hough transforms usedto locate the models in the scenesabove
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Figure 10: The scaleHough transforms for the models located at (a) a scaleof 1.5, (b) a scaleof 0.75
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