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B-Fitting: An Estimation Technique With Automatic Parameter
Selection.

Abstract

The problem of model selection is endemic in the machine vision literature, yet largely unsolved
in the statistical �eld. Our recent work on a theoretical statistical evaluation of the Bhattacharyya
similarit y metric has led us to conclude that this measurecan be used to provide a solution. Here
we describe how the approach may be extended to solve the problem of model selection during the
functional �tting process.This paper outlines the motivation for this work and a preliminary study of
the useof the technique for function �tting. It is shown how the application of the method to polynomial
interpolation provides some interesting insights into the behaviour of these statistical methods and
suggestionsare given for possibleusesof this technique in vision.

1 System Iden ti�cation

In someareasof machine vision the correct model required to describe a system can be derived without any real
ambiguit y. These situations are exempli�ed by the processof camera calibration where a good understanding
of the physical processesinvolved allow us to de�ne models which encompassthe main optical and electronic
e�ects. In other cases,however, selecting the correct model to describe a set of data is something that cannot be
speci�ed uniquely a-priori. Complicated models result in reduced abilit y to make predictions, but simple models
may not adequately describe the data. This is the problem of model selectionand unfortunately it is endemic in
much machine vision research eg: object recognition, tracking, segmentation, 3D modelling and in fact most scene
interpretation schemes!Needlessto say, if the wrong function is selectedto describe a particular data set then the
associated machine vision algorithm will fail and provide data which is of little or no usefor subsequent processes.
The problem of automatic model selectionshould be regardedas an important research topic in machine vision.

The method of least-squares�tting will giveus an estimate of the optimal set of parametersto describe a givendata
set with a particular model but unfortunately the Chi-squaredmeasureis not directly suitable for model selection.
The standard method for optimal model selection is that suggestedby Akaike. He showed that the Chi-squared
test statistic is biased towards small values, due to the freedom that a model has to match the variation in the
noise. An analysis for large data samples[1] shows that the bias could be estimated and compensatedfor using
the test statistic:

� 2
C = � 2 + m

Where the � 2 is a sum over N data points and m is the number of degreesof freedom for the parametric model.
Under somelimited circumstancesthis measureis su�cien t to enable model selectionbut the method does have
its limitations which are directly related to the de�nitions of the N and m terms and can best be understood by
example. A 3x3 rotation matrix has 9 free parametersbut only 3 degreesof freedom,which should we take as our
value of m? The problems are not limited to the model. A well distributed data set can strongly constrain a set
of model parametersbut a tightly grouped set of data may not. Again the bias is data dependent in a way that is
not taken into account.

Such problems lead to the conclusion that the number of model parameters is not necessarily the number we
are currently using to de�ne the model but needsto estimated in a di�eren t way, such as the number of linearly
independent model parameters(which will be the sameregardlessof the speci�c choiceof functional representation).
However, if this is the case(and it is generally acceptedthat it is) we now have a problem becausethe de�nition
of linear independenceis data dependent so we would needa di�eren t value of m for di�eren t data setsas well as
for di�eren t model parameters.

Both of the above problemshave arisenbecausethe bias correction term is derived for a limiting caseand doesnot
take account of data dependent variations, particularly for small data sets. Theseproblems will also occur in any
technique where it is assumedthat the e�ects of function complexity are something that can be computed a-priori
and are data independent, such as [3]. Having said this, the Akaike measurecan be successfullyusedfor automatic
model selection when "calibrated" on simulated data typical of the problem at hand by adjusting the processof
estimation of N and m to give reasonableresults. Over the yearsthis approach has led to the generationof several
"model selection" criteria for various applications. In this paper we try to get to grips with the problem more
directly and suggesta new statistical technique which, although consistent with the standard methods, requires
no problem dependent adjustment.



2 Suitabilit y of the Bhattac haryy a Measure.

The Bhattacharyya measurewasoriginally de�ned on the basisof a geometricargument for the comparisonof two
probabilit y distribution functions P(ajx); P(bjx) [2] 1.

Z
dx

p
P(ajx)

p
P(bjx)

Later it was found to provide an upper bound on the Bayes classi�cation error rate for a two classproblem. In
the meantime it (and the analogousMatusita measure)has been used as an empirical favourite for probabilit y
comparisonin the �eld of statistical pattern recognition [5]. We have now shown that the Bhattacharyya measure
is the correct (Maxim um Likelihood) similarit y metric for probabilit y distributions. The measurecan be shown to
be both self consistent and unbiased[11]. In addition the Bhattacharyya (or Matusita) measurecan be considered
as a chi-squared test statistic with �xed bias. Thus in relation to the work of Akaike the measurerequires no bias
correction.

The relevanceof the Bhattacharyya measureto systemidenti�cation is due to the fact that both measurement and
model prediction stabilit y can be represented as a Pdf in the measurement domain. Optimal generalisationabilit y
will be obtained when the prediction probabilit y distribution most closelymatchesthe observed data distributions
(an analytic approximation to cross-validation).

3 Function Fitting

In order to construct the measurefrom measureddata for model selectionwe executethe following steps;

� compute the covariance of the function parameters.

� estimate the constraint provided by the function on the training data by error propagation.

� construct a probabilit y distribution for the prediction of the output from the function.

� comparewith the initial data set using the Bhattacharyya measure.

We have independently suggestedthe measureas the correct way to select models for a Kalman �lter tracking
system,and showed improved results over other approaches [6]. However, the bene�ts of the measuredo not have
to stop here. If we believe that the measureis a suitable indicator of prediction abilit y we would also be justi�ed
in constructing an optimisation procedurebasedon this measure. The reasonfor attempting this is as follows. If
the Bhattacharyya measureis an unbiased estimate of prediction abilit y it should be possible to simultaneously
minimise the output mapping accuracy and minimise the required internal degreesof freedom. All without the
need for ad-hoc weighting of the signi�cance of each of these to the combined cost function. We will call this
processBhattacharyya (or B) �tting. In the processwe would hope to get improved �tting stabilit y and prediction
accuracy.

At this stageit would be right to ask the question; What extra information is being usedin comparisonto standard
techniquesthat makesall of this possible?After all, the "bias/v ariance" dilemma (as it is referred to in the Neural
Network literature [4]) is real sowe must be providing new information if we are to solve it. The answer lies in the
estimate of the errors on the output data. With normal least-squaresno assumption is made about the absolute
error on the output data. All error scaleswill give the same least squaressolution. With the Bhattacharyya
measurethe output is sensitive not only to the mean of the output distribution but also its variance. The more
accurate the data the more accurately the function will be required to map it (�gure a).

Interestingly, the requirement that the function `concisely' �ts the data emergesas a data driven Maximum Like-
lihood mechanism and doesnot require any assumption regarding prior probabilities of function suitabilit y, unlike
the Bayesiantechniquesdescribed in [3].

4 Prop erties of the Bhattac haryy a Overlap

If we visualise the data as a hyper-spherePDF in measurement spacethen the spaceof all allowable function
parameter valuesde�nes a manifold though this spaceand the least squaressolution is the point of closestapproach

1 the de�nition given here excludes the prior probabilit y P(x) as it is unnecessary for our purp oses.
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of this manifold to the centre of the data PDF (Figure b), and the line from the centre of the data PDF to the
manifold must beperpendicular to the manifold. The result of any �tting processmust produceallowableparameter
variations which are constrained to vary along the manifold. It will be seenbelow that the full covarianceusedfor
data prediction is a convolution of the data PDF with the function constraint PDF. This must be a hyper-ellipse
with principle axesoriented along the function constraint manifold. For a �xed complexity function the optimal
overlap with the data PDF must again be when the centre of the hyper-ellipse and the hyper-sphereare at their
closest,ie at the sameminimum as with least-squares.However, the solution can be expected to be di�eren t once
we allow the functional complexity to vary. Thus the B �tting can be consideredas an extension to least squares
�tting and it is valid to usethe standard techniques for estimating parameter covariance.

In order to try out the basic statistical ideas behind calculation of the Bhattacharyya measureand B �tting we
have �rst con�ned ourselves to the relatively simple problem of polynomial function �tting with a �xed number
of parameters. This will be done to establish that the �tting metric has a minimum at the expected number of
parametersbefore allowing the number of free parameters to be modi�ed to automatically locate this minimum.

5 Fixed Order Polynomial Fitting.

Assuming a locally quadratic least-squaresminimum (which is always true at a su�cien tly small error scale) the
inversecovariance matrix for a set of parameters a of a function f (x i ; a) can be estimated from a set of data yi

from

t C � 1
a =

NX

i

1
� 2

i
(

@f i

@an
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where� 2
i is an estimate of the data measurement accuracyvar(Yi ) and J i is the Jacobian. For the particular caseof

polynomials, the secondderivativescomputed this way can be shown to be independent of the data measurements
Yi and only dependent on the ordinal location of the data x i . This meansthat the expected parameter accuracy
can be estimated once the measurement ordinates are speci�ed. Similarly, therefore the parameter covariance
is completely independent of the estimated parameter values. This represents a considerablesimpli�cation in
comparison to more complicated models such as those used for cameracalibration or neural networks, where the
covarianceon the data would be expectedto be parameterand measurement dependent, (As parametercorrelations
can remove degreesof freedom from the `e�ectiv e' network function.).

To calculate the overlap measurewe �rst needan estimate of the functions abilit y to estimate the data. In order to
generatean unbiasedestimate of the Bhattacharyya measurethe estimated covarianceon the parametersmust be
constructed in a manner that excludesthe data value used in the Bhattacharyya overlap. This can be achieved if
the B �tting processis visualisedas a `leave oneout' chi-squared �tting processof m �ts, each excluding one data
point. Such a �tting process,when optimally combined, would still give the sameresult as a chi-squared�t on the
entire data set (exactly as predicted above) but givesus someinsight on how to compute the unbiasedcovariance.

We can de�ne the inversecovariance for the excludeddata point j as

j C � 1
a =

NX

i 6= j

1
� 2

i
J T

i 
 J i

The covarianceof the optimally combined set of �ts would then be given by the averageof the parameter covariance

4



estimated from

Ca = 1=N
NX

i

j Ca

This estimation processcan be consideredasan extensionto the normal technique for unbiasedvarianceestimation
on n data points whenweighting with a factor of 1=(n� 1). It would be wrong to compute the full covariancematrix
from these�ts from the summedinversecovariance, in the normal fashion for optimal combination, as in this case
the data sets are almost perfectly correlated. The adequacyof this multiple �t interpretation of B-�tting can be
validated by comparing the data prediction capability with that predicted by Ca . This particularly cumbersome
calculation can be rationalised by making use of the matrix inversion lemma (App endix A). The errors on the
predicted data points will be correlated and the constraint on the data given the model must be propagated fully
back to the measurement domain.

Cy = r a f Car a f T

where r a f is the matrix of function derivatives for the entire data set. Computation of the abilit y of the �tted
function to predict the data is now given by

Cf = Cy + � 2

where � 2 is the diagonal matrix of independent measurement errors. The overlap between this probabilit y dis-
tribution and the data distribution can not be computed directly and the data needsto be rotated into a space
wherethe principle axesare orthogonal to the ordinates. This is achieved using Singular Value Decomposition [9].
The full Bhattacharyya measureis then estimated along the axesde�ned by the eigen vectors of this matrix by
multiplying each independent contribution from the 1 D form of the Gaussianoverlap (App endix B). As explained
above, when �tting with this technique with a �xed number of parameters, we would expect to �nd the same
function minima as located by least squares.

6 Predicting Mo del Order.

The Bhattacharyya calculation described above was tested on a simple polynomial expression

y = 2 � x + x2 � x3

for ten data points generatedin the range -1 to 1. Data generatedfrom this model with a uniform random error
of 0.08 (Figure c) was �tted using least squaresand the prediction accuracy of the model for unseendata was
comparedwith the estimated value of log(B tot ) as a function of the number of �t parameters. The data shown in
Figure d below demonstratesthe observed behaviours for the averageof the resulting test statistic from 100 �ts
("B-stat") in comparisonto the chi-squared ("C-stat").
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The Bhattacharyya measurepredicts correctly the model order of the data and correlatesdirectly with the predic-
tion abilit y estimate of the obtained �t. The least-squares�t measurecontinuesto reducewith increasingnumbers
of model parameters as expected while its abilit y to predict unseendata worsenswith decreasingmodel stabilit y
(Figure e "C"). This result is entirely consistent with the results obtained for model selection in [6]. Identical
�tting results are obtained with both the Bhattacharyya and Chi-squaredmeasuresat this stage.
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7 Gating Function Parameters.

The results from the previoussectionscon�rm that the Bhattacharyya metric is a reasonablestatistic for estimating
the correct model order asa statistic directly related to generalisationabilit y. Sofar wehavedescribedthe behaviour
of the B �tting processon a model of �xed complexity, but the whole motivation for using this measureis to allow
function complexity to be modi�ed during the �tting process. This requires a mechanism to eliminate unwanted
degreesof freedomin the �tted function.

As SVD is a standard technique for matrix inversion which identi�es linearly independent degreesof freedom we
can usea modi�ed SVD algorithm to identify unwanted parameters. The standard techniquesfor matrix inversion
eliminate the in�nite contributions to the parameter covariance during it's calculation from the inverseaccording
to the `condition' of each eigenvalue almost exactly as required. The only changeneededis that variancesmust
be eliminated when correlations are consideredsu�cien tly strong to remove a particular linear combination of
parameters from the model rather than due to numerical stabilit y ie: when a linearly independent parameter
is consistent with zero. We call this processfunction gating and this procedure is entirely in keeping with our
discussionon the e�ectiv e number of linearly independent parameters given above. It is done by modifying the
estimate of the inversesingular valuessi from the eigenvaluesei (returned from SVD) as follows:

si = 1=ei if ei a02
i > c

si = ei a04
i =c2 else

Where c is our con�dence limit and a0
i is a linearly independent parameterobtained by rotating the initial parameter

set using the i th eigenvector vi .
a0

i = a:vi

The covariance for the initial parameter set is then computed in the usual manner from the outer products of the
eigenvectors.

Ca =
X

i

si vi 
 vi

This combined processcan be thought of as a probabilistic weighting of contributions to the matrix inversefrom
the signi�can t linearly independent parameters in the model �t.

We repeated the multiple �t tests performed in the previous sectionsbut now with gated parameters. As expected
for the B �tting process,the unnecessaryparameters were eliminated and their contribution to the parameter
covariance was reducedto zero. More importantly the generalisationabilit y of the �tted model achieved optimal,
least-squares�t, performance for the correct model order, regardlessof the number of parameters in the �tted
model (Figure e "B-SVD"), eliminating entirely the problem of over-�tting.

Finally we turn our attention to parameter correlation. We wish to establish that the B �tting technique is
independent of the particular choice of equivalent function parameterisation. To do this the parameters must be
allowed to correlate in a manner dependent on the parameter values.

The e�ects of parameter correlation are best described by giving examples. In the caseof a simple polynomial
function, as we have already said, the covariance of the parameters is a constant, �xed once the ordinates of the
measurements are speci�ed. It is independent of both the actual data measurements Yi and therefore also the
parametersdescribing the data. However, if we construct a function of the form

y = (a0(1 + a1x(1 + a2x(1 + a3x(:::))))

we seethat if at any point an an becomeszero all following terms e�ectiv ely get switched o� thus giving a limited
form of gating and improved generalisationcharacteristics. The simplest function which identi�es individual terms
for elimination is

y = a0ja0j + a1ja1jx + a2ja2 jx2 + a3ja3jx3 + :::

Under normal circumstancesthesefunctions would behave inconsistently both in terms of performanceof the �tted
function and estimation of the least-squaresand Akaike measures.When B �tting however, both functional forms
giveequivalent and optimal (least squaresgeneralisationfor the true number of parameters)performanceregardless
of the number of �t parametersoncethe data complexity is matched (Figure e "B-gat1","B-gat2").

8 Conclusions.

In this work the Bhattacharyya statistic, a maximum likelihood estimator, has been described and compared to
standard techniques for model selection. A method has beendescribed for computing this measurefrom expected
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data variance estimates for the purposesof function �tting. The method appears to be able to correctly identify
the model of appropriate order with which to describe the data. Fitting results in a model with a generalisation
abilit y that is consistent with an optimally selectedleast squaressolution. We have intro duced the concept of
`gating' and showed how parameters can be eliminated from the Bhattacharyya evaluation function during the
minimisation process.This processresults in optimal least-squaresperformancefor the �tting processregardless
of the number of �t parameters.

B �tting can be regardedas n simultaneous least-squares�ts on n data points, where each �t excludesone of the
data. The net e�ect producesa parameter covariance which can be estimated as the averagefrom all �ts. This
interpretation is also in agreement with a minimum which is co-incident with the standard LSF on the full data
set. Thus B �tting can be regarded as an analytic approximation to the jack-knife cross validation procedure.
However, in this casewe can now �t with all of the data and the resulting �t value gives a direct estimation of
generalisationcapabilities of an individual solution rather than a set of solutions.

The abilit y to compute a statistic which directly estimates a model's capabilities for data prediction gives us a
valuable tool for modelling and interpretation. B-�tting will eliminate the ad-hoc selectionof an appropriate �tting
model (or equivalently function priors), replacing this instead with a functional mapping with the minimum number
of linearly independent parametersrequired to accurately account for the data from the classof functions selected.
This is an important result even if the `true' underlying model of the data is not representable. We are currently
applying the technique developed here for stereo mapping of image data between known edgecorrespondences,
this application is described in a companion paper at this conference [7]. The value of this technique is shown in
�gures f and g where the technique has been used to constrain the mapping solution to the one which describes
the data with the minimum functional complexity 2.

The statistic is also being used to develop a neural network training algorithm which will literally optimise the
network generalisationabilit y. Such an approach is not supported by standard statistical measuresdue to limita-
tions such as those described in this paper. This work is to be evaluated on the analysis of SPOT imagesfor land
usemanagement. The measureis very similar to one suggestedpreviously in this area of network selection [13].
Previously the samestatistical measurehasbeenusedin the development of object recognition and neural network
auto generationalgorithms [10, 12]. The measureand the �tting technique described here would also clearly have
use in the problem of image segmentation and geometric approaches to model basedvision as an alternativ e to
approachessuch as those described in [3]. In fact the formulation of this technique for ellipse �tting is found to
have many similarities to the empirically motivated "bias corrected Kalman Filter" [8].

2Thanks are due to Tony Lacey for helping us to generate these �gures
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App endix A. Recursiv e estimation of Covariance

For the particular caseof estimating j Ca from

j C � 1
a = t C � 1

a � J T
i 
 J T

i =� 2
i

we can use the matrix inversion lemma to get the equivalent form for the inverse,where K is often called the Kalman Gain;

j Ca = (I � K 
 J j ) t Ca K = t Ca J T
j (J t

j Ca J T
j � � 2

i ) � 1

App endix B. Analytical 1D Bhattac haryy a

With Gaussian distributions the Bhattac haryya integral becomes

B l = � ln
1

p
2� � a � b

Z 1

1

exp �
1
4

(( x � � a )2=� 2
a + (x � � b)2=� 2

b )dx

= � ln
exp ( � a � � b ) 2
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4� 2
a � 2

b
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x �

� 2
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a � b

� 2
a + � 2

b

� 2
!

dx

= � ln(
p
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a + � 2
b

) +
(� a � � b)2

4(� 2
b + � 2

a )
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