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B-Fitting: An Estimation Technique With Automatic Parameter
Selection.

Abstract

The problem of model selectionis endemicin the machine vision literature, yet largely unsolved
in the statistical eld. Our recert work on a theoretical statistical evaluation of the Bhattacharyya
similarity metric has led us to conclude that this measurecan be usedto provide a solution. Here
we describe how the approach may be extended to solve the problem of model selection during the
functional tting process.This paper outlines the motivation for this work and a preliminary study of
the useof the technique for function tting. It is shavn how the application of the method to polynomial
interpolation provides some interesting insights into the behaviour of these statistical methods and
suggestionsare given for possibleusesof this technique in vision.

1 System ldenti cation

In someareasof machine vision the correct model required to describe a system can be derived without any real

ambiguity. These situations are exemplied by the processof camera calibration where a good understanding

of the physical processesnvolved allow us to de ne models which encompassthe main optical and electronic

e ects. In other cases,however, selectingthe correct model to describe a set of data is somethingthat cannot be

speci ed uniquely a-priori. Complicated models result in reduced ability to make predictions, but simple models

may not adequately describe the data. This is the problem of model selectionand unfortunately it is endemicin

much machine vision researd eg: object recognition, tracking, segmeration, 3D modelling and in fact most scene
interpretation schemes!Needlessto say, if the wrong function is selectedto describe a particular data setthen the

assaiated machine vision algorithm will fail and provide data which is of little or no usefor subsequen processes.
The problem of automatic model selectionshould be regardedas an important researd topic in machine vision.

The method of least-squarestting will give us an estimate of the optimal set of parametersto describe a givendata
setwith a particular model but unfortunately the Chi-squared measureis not directly suitable for model selection.
The standard method for optimal model selectionis that suggestedby Akaike. He showved that the Chi-squared
test statistic is biased towards small values, due to the freedomthat a model hasto match the variation in the
noise. An analysis for large data samples[1] shows that the bias could be estimated and compensatedfor using
the test statistic:

(2: = 2 + m

Where the 2 is a sumover N data points and m is the number of degreesof freedom for the parametric model.
Under somelimited circumstancesthis measureis su cien t to enable model selectionbut the method does have
its limitations which are directly related to the de nitions of the N and m terms and can best be understood by
example. A 3x3 rotation matrix has9 free parametersbut only 3 degreesof freedom, which should we take as our
value of m? The problems are not limited to the model. A well distributed data set can strongly constrain a set
of model parametersbut a tightly grouped set of data may not. Again the bias is data dependert in a way that is
not taken into accourt.

Sudc problems lead to the conclusion that the number of model parameters is not necessarilythe number we
are currently using to de ne the model but needsto estimated in a di erent way, such as the number of linearly
independert model parameters(which will bethe sameregardlessof the speci ¢ choiceof functional represertation).

However, if this is the case(and it is generally acceptedthat it is) we now have a problem becausethe de nition

of linear independenceis data dependert sowe would needa di erent value of m for di erent data setsaswell as
for di erent model parameters.

Both of the above problems have arisen becausethe bias correction term is derived for a limiting caseand doesnot
take account of data dependert variations, particularly for small data sets. These problems will also occur in any
technique whereit is assumedthat the e ects of function complexity are somethingthat can be computed a-priori
and are data independen, suc as [3]. Having said this, the Akaike measurecan be successfullyusedfor automatic
model selectionwhen "calibrated" on simulated data typical of the problem at hand by adjusting the processof
estimation of N and m to give reasonableresults. Over the yearsthis approac hasled to the generation of seeral
"model selection” criteria for various applications. In this paper we try to get to grips with the problem more
directly and suggesta new statistical technique which, although consistert with the standard methods, requires
no problem dependert adjustmert.



2 Suitabilit y of the Bhattac haryy a Measure.

The Bhattacharyya measurewas originally de ned on the basisof a geometricargumert for the comparisonof two
probability distribution functions P (ajx); P (kjx) [2] *.
z p—P —
dx P(ajx) P(bx)

Later it was found to provide an upper bound on the Bayes classi cation error rate for a two classproblem. In
the meartime it (and the analogousMatusita measure) has been used as an empirical favourite for probability
comparisonin the eld of statistical pattern recognition [5]. We have now shown that the Bhattacharyya measure
is the correct (Maximum Lik elihood) similarity metric for probability distributions. The measurecan be shown to
be both self consistert and unbiased[11]. In addition the Bhattacharyya (or Matusita) measurecan be considered
asa chi-squaredtest statistic with xed bias. Thusin relation to the work of Akaike the measurerequiresno bias
correction.

The relevanceof the Bhattacharyya measureto systemidenti cation is dueto the fact that both measuremei and
model prediction stability can be represerted asa Pdf in the measuremeth domain. Optimal generalisationability
will be obtained when the prediction probability distribution most closely matchesthe obsened data distributions
(an analytic approximation to cross-alidation).

3 Function Fitting
In order to construct the measurefrom measureddata for model selectionwe executethe following steps;

compute the covariance of the function parameters.
estimate the constraint provided by the function on the training data by error propagation.
construct a probability distribution for the prediction of the output from the function.

comparewith the initial data set using the Bhattacharyya measure.

We have independertly suggestedthe measureas the correct way to select models for a Kalman lIter tracking
system, and showved improved results over other approadhes [6]. However, the bene ts of the measuredo not have
to stop here. If we believe that the measureis a suitable indicator of prediction ability we would also be justi ed

in constructing an optimisation procedurebasedon this measure. The reasonfor attempting this is as follows. If
the Bhattacharyya measureis an unbiased estimate of prediction ability it should be possibleto simultaneously
minimise the output mapping accuracy and minimise the required internal degreesof freedom. All without the
need for ad-hoc weighting of the signi cance of eat of these to the combined cost function. We will call this
processBhattacharyya (or B) tting. In the processwe would hope to getimproved tting stability and prediction
accuracy

At this stageit would be right to askthe question; What extra information is being usedin comparisonto standard
techniquesthat makesall of this possible? After all, the "bias/v ariance" dilemma (as it is referredto in the Neural
Network literature [4]) is real sowe must be providing new information if we are to solveit. The answer liesin the
estimate of the errors on the output data. With normal least-squaresno assumption is made about the absolute
error on the output data. All error scaleswill give the same least squaressolution. With the Bhattacharyya
measurethe output is sensitive not only to the mean of the output distribution but alsoits variance. The more
accurate the data the more accurately the function will be required to map it (gure a).

Interestingly, the requiremert that the function “concisely' ts the data emergesas a data driven Maximum Like-
lihood medhanism and doesnot require any assumption regarding prior probabilities of function suitabilit y, unlike
the Bayesiantechniquesdescribed in [3].

4 Prop erties of the Bhattac haryy a Overlap

If we visualise the data as a hyper-sphere PDF in measuremenh spacethen the spaceof all allowable function
parameter valuesde nes a manifold though this spaceand the least squaressolution is the point of closestapproac

lthe de nition given here excludes the prior probabilit y P(x) asit is unnecessary for our purp oses.



(a) E ects of Data Accuracy (b) Chi-square and B-t optima

of this manifold to the certre of the data PDF (Figure b), and the line from the certre of the data PDF to the

manifold must be perpendicular to the manifold. The result of any tting processmust produceallowable parameter
variations which are constrainedto vary along the manifold. It will be seenbelow that the full covariance usedfor

data prediction is a convolution of the data PDF with the function constraint PDF. This must be a hyper-ellipse
with principle axesoriented along the function constraint manifold. For a xed complexity function the optimal

overlap with the data PDF must again be when the certre of the hyper-ellipse and the hyper-sphereare at their

closest,ie at the sameminimum aswith least-squares.Howewer, the solution can be expectedto be di erent once
we allow the functional complexity to vary. Thusthe B tting can be consideredasan extensionto least squares
tting and it is valid to usethe standard techniquesfor estimating parameter covariance.

In order to try out the basic statistical ideasbehind calculation of the Bhattacharyya measureand B tting we
have rst con ned ourselvesto the relatively simple problem of polynomial function tting with a xed number
of parameters. This will be done to establish that the tting metric has a minimum at the expected number of
parametersbefore allowing the number of free parametersto be modi ed to automatically locate this minimum.

5 Fixed Order Polynomial Fitting.

Assuming a locally quadratic least-squaresminimum (which is always true at a su cien tly small error scale)the
inverse covariance matrix for a set of parametersa of a function f (x;;a) can be estimated from a set of data y;
from

X . . X
‘C,t = %(%) (%) = S LS |
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where 2 is an estimate of the data measuremen accuracyvar(Y;) and J; is the Jacobian. For the particular caseof
polynomials, the secondderivativescomputed this way can be shown to be independert of the data measuremeis
Y; and only dependert on the ordinal location of the data x;. This meansthat the expected parameter accuracy
can be estimated once the measuremei ordinates are specied. Similarly, therefore the parameter covariance
is completely independert of the estimated parameter values. This represers a considerable simpli cation in
comparisonto more complicated models such as those used for cameracalibration or neural networks, where the
covarianceon the data would be expectedto be parameterand measuremen dependen, (As parameter correlations
can remove degreesof freedomfrom the “e ectiv e' network function.).

To calculate the overlap measurewe rst needan estimate of the functions ability to estimate the data. In order to
generatean unbiased estimate of the Bhattacharyya measurethe estimated covariance on the parametersmust be
constructed in a manner that excludesthe data value usedin the Bhattacharyya overlap. This can be achieved if
the B tting processis visualisedasa “leave one out' chi-squared tting processof m ts, ead excluding one data
point. Such a tting processwhen optimally combined, would still give the sameresult asa chi-squared t on the
ertire data set (exactly aspredicted above) but givesus someinsight on how to compute the unbiased covariance.

We can de ne the inversecovariance for the excludeddata point j as

igj |

The covariance of the optimally combined setof ts would then be given by the averageof the parameter covariance



estimated from
X

Ca = 1IN IC,
I

This estimation processcan be consideredas an extensionto the normal technique for unbiasedvariance estimation
on n data points whenweighting with afactor of 1=(n 1). It would bewrongto computethe full covariance matrix
from these ts from the summedinversecovariance,in the normal fashion for optimal combination, asin this case
the data setsare almost perfectly correlated. The adequacyof this multiple t interpretation of B-tting can be
validated by comparing the data prediction capability with that predicted by C,. This particularly cumbersome
calculation can be rationalised by making use of the matrix inversion lemma (Appendix A). The errors on the
predicted data points will be correlated and the constraint on the data given the model must be propagated fully
bad to the measuremen domain.

Cy = 1 of Car of T

wherer ,f is the matrix of function derivativesfor the erntire data set. Computation of the ability of the tted
function to predict the data is now given by
Ci = Cy+ 2

where ? is the diagonal matrix of independert measuremen errors. The overlap between this probability dis-
tribution and the data distribution can not be computed directly and the data needsto be rotated into a space
wherethe principle axesare orthogonal to the ordinates. This is achieved using Singular Value Decomposition [9].
The full Bhattacharyya measureis then estimated along the axesde ned by the eigenvectors of this matrix by
multiplying ead independert cortribution from the 1 D form of the Gaussianoverlap (App endix B). As explained
above, when tting with this technique with a xed number of parameters, we would expect to nd the same
function minima aslocated by least squares.

6 Predicting Mo del Order.

The Bhattacharyya calculation described above was tested on a simple polynomial expression

y=2 x+x2 x
for ten data points generatedin the range-1to 1. Data generatedfrom this model with a uniform random error
of 0.08 (Figure c) was tted using least squaresand the prediction accuracy of the model for unseendata was
comparedwith the estimated value of log(B+ ) asa function of the number of t parameters. The data shown in
Figure d below demonstratesthe obsened behaviours for the average of the resulting test statistic from 100 ts
("B-stat") in comparisonto the chi-squared ("C-stat").
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The Bhattacharyya measurepredicts correctly the model order of the data and correlatesdirectly with the predic-
tion ability estimate of the obtained t. The least-squarest measurecortin uesto reducewith increasingnumbers
of model parameters as expected while its ability to predict unseendata worsenswith decreasingmodel stability
(Figure e "C"). This result is entirely consistert with the results obtained for model selectionin [6]. Identical
tting results are obtained with both the Bhattacharyya and Chi-squared measuresat this stage.



7 Gating Function Parameters.

The results from the previous sectionscon rm that the Bhattacharyya metric is a reasonablestatistic for estimating
the correct model order asa statistic directly related to generalisationability. Sofar we have describedthe behaviour
of the B tting processon a model of xed complexity, but the whole motivation for using this measureis to allow
function complexity to be modi ed during the tting process. This requires a medanism to eliminate unwanted
degreesof freedomin the tted function.

As SVD is a standard technigue for matrix inversion which identi es linearly independert degreesof freedom we
canusea modied SVD algorithm to identify unwanted parameters. The standard techniquesfor matrix inversion
eliminate the in nite corntributions to the parameter covariance during it's calculation from the inverseaccording
to the “condition' of eacth eigenvalue almost exactly as required. The only change neededis that variancesmust
be eliminated when correlations are consideredsu cien tly strong to remove a particular linear combination of
parameters from the model rather than due to numerical stability ie: when a linearly independert parameter
is consistert with zero. We call this processfunction gating and this procedureis entirely in keeping with our
discussionon the e ectiv e number of linearly independert parameters given above. It is done by modifying the
estimate of the inversesingular valuess; from the eigenvaluese; (returned from SVD) as follows:

s = 1=¢ if ea® > ¢
si = ga¥=c else

Where cis our con dence limit and a°is alinearly independert parameter obtained by rotating the initial parameter

setusing the i th eigenvector v;.
0 —

a = av
The covariance for the initial parameter setis then computed in the usual manner from the outer products of the
eigenvectors. X

Ca = SiVi Vi

i
This combined processcan be thought of as a probabilistic weighting of cortributions to the matrix inversefrom
the signi cant linearly independert parametersin the model t.

We repeatedthe multiple t testsperformedin the previous sectionsbut now with gated parameters. As expected
for the B tting process,the unnecessaryparameters were eliminated and their contribution to the parameter
covariance was reducedto zero. More importantly the generalisationability of the tted model achieved optimal,
least-squarest, performance for the correct model order, regardlessof the number of parametersin the tted

model (Figure e "B-SVD"), eliminating ertirely the problem of over- tting.

Finally we turn our attention to parameter correlation. We wish to establish that the B tting technique is
independert of the particular choice of equivalent function parameterisation. To do this the parameters must be
allowed to correlate in a manner dependert on the parameter values.

The e ects of parameter correlation are best described by giving examples. In the caseof a simple polynomial
function, aswe have already said, the covariance of the parametersis a constart, xed oncethe ordinates of the
measuremets are speci ed. It is independert of both the actual data measuremets Y; and therefore also the
parametersdescribing the data. Howewer, if we construct a function of the form

y = (ao(l+ ax(1+ axx(1+ agx(::))))

we seethat if at any point an a, becomeszero all following terms e ectiv ely get switched o thus giving a limited
form of gating and improved generalisationcharacteristics. The simplest function which identi es individual terms
for elimination is

y = agjaoj + arjarjx + azjanjx? + agjasjx® +
Under normal circumstancesthesefunctions would behave inconsistertly both in terms of performanceof the tted
function and estimation of the least-squaresand Akaike measures.When B tting however, both functional forms
give equivalent and optimal (least squaresgeneralisationfor the true number of parameters) performanceregardless
of the number of t parametersoncethe data complexity is matched (Figure e "B-gatl","B-gat2").

8 Conclusions.

In this work the Bhattacharyya statistic, a maximum likelihood estimator, has been described and compared to
standard techniquesfor model selection. A method has beendescribed for computing this measurefrom expected
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data variance estimates for the purposesof function tting. The method appearsto be able to correctly identify

the model of appropriate order with which to describe the data. Fitting results in a model with a generalisation
ability that is consistert with an optimally selectedleast squaressolution. We have intro duced the concept of
‘gating' and showed how parameters can be eliminated from the Bhattacharyya evaluation function during the
minimisation process. This processresults in optimal least-squaresperformancefor the tting processregardless
of the number of t parameters.

B tting canbe regardedasn simultaneous least-squarests on n data points, whereead t excludesone of the
data. The net e ect producesa parameter covariance which can be estimated as the averagefrom all ts. This
interpretation is alsoin agreemem with a minimum which is co-incidert with the standard LSF on the full data
set. Thus B tting can be regarded as an analytic approximation to the jack-knife crossvalidation procedure.
However, in this casewe can now t with all of the data and the resulting t value givesa direct estimation of
generalisation capabilities of an individual solution rather than a set of solutions.

The ability to compute a statistic which directly estimatesa model's capabilities for data prediction givesus a
valuable tool for modelling and interpretation. B-tting will eliminate the ad-hoc selectionof an appropriate tting
model (or equivalently function priors), replacingthis instead with a functional mapping with the minimum number
of linearly independert parametersrequired to accurately accourt for the data from the classof functions selected.
This is an important result even if the “true' underlying model of the data is not represenable. We are currently
applying the technique deweloped here for stereo mapping of image data between known edge correspondences,
this application is described in a companion paper at this conference [7]. The value of this technique is shown in
gures f and g where the technigue has beenusedto constrain the mapping solution to the one which describes
the data with the minimum functional complexity 2.

The statistic is also being usedto dewelop a neural network training algorithm which will literally optimise the
network generalisationability. Sudch an approadc is not supported by standard statistical measuresdue to limita-
tions such asthose described in this paper. This work is to be evaluated on the analysis of SPOT imagesfor land
use managememn. The measureis very similar to one suggestedpreviously in this area of network selection [13].
Previously the samestatistical measurehasbeenusedin the developmert of object recognition and neural network
auto generationalgorithms [10, 12]. The measureand the tting technique described herewould also clearly have
usein the problem of image segmemation and geometric approachesto model basedvision as an alternativ e to
approachessudc as those described in [3]. In fact the formulation of this technique for ellipse tting is found to
have many similarities to the empirically motivated "bias corrected Kalman Filter" [8].

2Thanks are due to Tony Lacey for helping us to generate these gures



App endix A. Recursiv e estimation of Covariance
For the particular caseof estimating ! C, from
lc,t = et 3 aT=¢
we can usethe matrix inversion lemma to get the equivalent form for the inverse,where K is often called the Kalman Gain;

Ica = ( K J)'Ca K = 'Cd'(/Cyf HF?

App endix B. Analytical 1D Bhattac haryy a

With Gaussian distributions the Bhattac haryya integral becomes

1

1 1
Bl = Inpz==——= exp Z(x a)’=Z+(x b)’=p)dx
2 a b 1 4
]
(a_ p?27Z :
eXpyror oy T 1 2, 2 2 L 2 2
= In—paip) exp a_ b x ba- ab dx
2 awp 1 4 3 b at p
P
_ In(p 2 a b ) + (a b)2
= P
2+ 2 A( 2+ 3)
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