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Abstract

This document explains the proof of convergence for the EM algorithm. It presents a deriva-
tion based upon the ‘classic’ approach found in many texts [2, 1], formulating the problem as a
likelihood maximisation. This is then evaluated to make explicit what is being optimised and
the class of problems for which it is appropriate. We explain that strictly we should not expect
this method to be capable of solving the model selection problem. We go on to show how the
method can be applied to tissue labelling in medical image analysis tasks in the form of mixture
modelling.

Introduction

The EM or Expectation-Maximisation algorithm is a maximum likelihood based function optimisation strat-
egy applied to semi-parametric problems, in particular those methods based on mixture models. It is formu-
lated as a procedure for updating the model parameters for each of the component models, in a direction
which, it is claimed, is guaranteed to increase the log-likelihood of the data given the parameters.

Definitions

It is particularly important when working with probabilities to define clearly our notation, as often even
relatively trivial algebraic manipulations lead to confusion due to subtleties in the definitions.

Expression Meaning

x = {x1, x2, ..., xn} a set of n observed (continuous) measurements.
Z = {Z1, Z2, ..., Zj} a set of j unobserved discrete variables.
θ = {α1, α2, ..., αm} the set of m model parameters.
P (x) = p(x)∆x the prior probability of the data being within an interval ∆x.
P (θ) = p(θ)∆θ the prior probability of the model parameters within an interval ∆θ.
P (x|θ) = p (x|θ) ∆x the conditional probability of the data being within the interval ∆x.
P (x, θ) the joint probability of the data and the model parameters.
L(θ) = ln (P (x|θ)) the log-likelihood of a particular parameter set.

So what should the EM algorithm buy me?

A problem typical of the use of the EM algorithm is the labelling of image data (voxels or pixels), for medical
data analysis these labels may be tissues. In order to label each of the pixels with a particular tissue we need
to be able to calculate the probability that a particular grey-level is representative of a particular tissue [3].
That is, we want to know the probability that a particular model (tissue) θj is responsible for producing a
particular measurement xi (grey-level), P (θj |xi). To be able to do this we need, for each of the tissues, a
model of how likely each of the grey-levels would have been been caused by that tissue. These models will
likely take the form of probability distributions such as probability density functions (pdf).

Although the basis form of these models can be chosen a priori (such as a Gaussian) the model parameters
will depend on the data. The task is to modify the parameters of each model so that collectively they explain
all of the data. It is necessary to use the data itself to parameterise the distributions, though it is not known
a-priori how data is associated with each part of the model. This is the kind of problem the EM algorithm
is able to tackle.



The question we need to ask ourselves is; What assumptions are made in order to achieve this? Knowledge
of the answer to this question allows us to form conclusions regarding the kinds of problem which can be
addressed using this technique. For example; Can EM solve the model selection problem? or; Is EM based
upon Bayes theory?

Tissue labelling is an example of a problem where multiple distributions are used because it is known that
multiple processes are involved; the three (or more) tissue types. The procedure is also valid in the case where
a collection of models (distributions) are used to approximate another, perhaps more complex model. The
classification labels can be, and often are, used as a form of missing data. The EM algorithm is specifically
derived to deal with problems where there is incomplete data and the discussion at the end of this document
attends to whether we believe the model selection and missing data problems can be reconciled in this way.

The ‘Classic’ Derivation

This section covers the derivation of the EM algorithm in a form which is related to that found in the
majority of texts, though we have made an effort here to distinguish between probabilities ‘P ’ (which obey
the laws of probability) and probability densities ‘p’ (which do not). The intention here is to gain some
insight into appropiate use of the EM algorithm, and in particular to understand the form of the statistical
optimisation measure.

Finding the optimal decription of a set of data x using a model θ is the same as maximising the joint
probability;

Maximise (P (x, θ))

In this case the goal of the EM algorithm is generally expressed as;

Maximise (L (θ) = ln P (x|θ))

where P (x|θ) is directly computed from the density distribution which we intend to use to descirbe the data
sample. Which (in common with all likelihood based methods) is equivalent to the joint probability on the
assumption that the prior probabilities of each possible model P (θ) are all equal1.

In order to optimise this expression in an iterative algorithm the aim is to find a model parameter set θ
which has a greater likelihood than the current parameter set, θ′; a new estimate of the parameters which is
more likely to have caused the data than the current set. Substituting in the definitions of likelihood from
above;

L (θ) − L (θ′) = lnP (x|θ) − lnP (x|θ′) = ln
p (x|θ)

p (x|θ′)
≥ 0 (1)

This states nothing more than the update of the parameters at each step should increase our likelihood
function L(θ). In fact the correct statistical interpretation involves Extended Maximum Likelihood (EML)
which can be explicitly derived for Poisson samples. This involves another term which cancels in the ratio
of probability densities in this first step of the proof of convergence2. The full Likelihood is given later in
the section describing application to mixture models.

The whole point of the EM approach is that if the density function can be constructed in a particular way,
such that

p (x|θ) =

J∑

j

p (x|Zj , θ)P (Zj |θ) (2)

then the likelihood can be optimised using iterative use of the EM algorithm.

θ = arg maxθ

J∑

j

(P (Zj |x, θ′)ln(p(x|Zj , θ)P (Zj |θ))) (3)

1It is debatable whether parameter estimation needs to be defined in the first place as a joint probability, as Likelihood has

well defined quantitative statisticalproperties, independent of this assumed origin.
2see: Tina memo. 2004-006 .
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The interpretation of this formulation ( equation 2) should be that we are attempting to account for the data
in terms of a set of J mutually exclusive events Zj where the expected number of such events is P (Zj |θ).
For example; in the case of tissue labelling these unseen variables could be regarded as a particular tissue
type, i.e. grey matter, white matter or CSF. If properly constructed, running the EM algorithm would
result in a functional description of the form of the distribution and also a tissue classification for each
measurement. In system terms this process can be regarded as decoupling the driving function (the model)
from the measurement process (the image) by inserting a classification layer.

We can now write equation 1 as;

L (θ) − L (θ′) = ln

∑

j p (x|Zj , θ) P (Zj|θ)

p (x|θ′)
≥ 0 (4)

Proof that the EM algorithm satisfies this inequality can be achieved using Jensen’s inequality which is
expressed as;

ln
∑

j

λjyj ≥
∑

j

λj lnyj such that λj ≥ 0 and
∑

j

λj = 1

In order to apply this relationship we need to organise equation 4 into the correct form, identifying suitable
λ coefficients.

Note: In the classic derivation the posterior probability of Zj , P (Zj |x, θ′) is used as λ. In the MR tissue
example P (Zj |x, θ′) represents the probability that a pixel was located within a particular tissue. The tissue
classes must be an all inclusive group (there is no other choice) and thus the probabilities for each class must
sum to unity, i.e.;

∑

j

P (Zj |x, θ′) = 1 (5)

Also as a probability P (Zj |x, θ′) ≥ 0. Therefore, it does fulfil Jensen’s criteria. However, Is P (Zj |x, θ′) the
only choice here? What are the implications if an alternative substitution is made?

We will not make such a definite substitution for λ at this point, instead we will insert a λ ratio thus;

L (θ) − L (θ′) = ln
∑

j

(
p (x|Zj , θ) P (Zj|θ)

p (x|θ′)

λj

λj

)

In this form we can now apply Jensen’s inequality;

L(θ) − L(θ′) ≥
∑

j

(

λj ln
p(x|Zj , θ)P (Zj |θ)

p(x|θ′)λj

)

Which can be re-written to allow a bound on L(θ) to be defined thus;;

L(θ) ≥ L(θ′) +
∑

j

(

λj ln
p(x|Zj, θ)P (Zj |θ)

p(x|θ′)λj

)

To simplify things we shall identify a ∆ term thus;

L(θ) ≥ L(θ′) + ∆(θ, θ′) (6)

where ∆(θ, θ′) =
∑

j

(

λj ln
p(x|Zj, θ)P (Zj |θ)

p(x|θ′)λj

)

(7)

Now in order to ensure that L(θ) is increased it is clear that the ∆ term must be positive.

Expanding ∆ gives;
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∆(θ, θ′) =
∑

j

(λj ln(p(x|Zj, θ)P (Zj |θ))) −
∑

j

(λj ln(p(x|θ′)λj))

If we assume λj is independent of θ then the second term in this equation is fixed relative to θ as θ′ is our
current, known estimate of the model parameters. It is also always either zero or negative in magnitude
(ln(x) ≤ 0 when 0 ≥ x ≤ 1). For similar reasons the first term is always negative;

∆(θ, θ′) =
∑

j

(λj ln(p(x|Zj, θ)P (Zj |θ)))

︸ ︷︷ ︸

−
∑

j

(λj ln(p(x|θ′)λj))

︸ ︷︷ ︸

(8)

−ve − − ve

Thus if we are to ensure that the ∆ term is positive, which we must if we are to increase the likelihood, the
magnitude of the first term must be made as small as possible. Given that this term is always negative this
is the same as finding the maximum value. This implies that we choose θ on the basis of;

θ = arg maxθ

∑

j

(λj ln(p(x|Zj, θ)P (Zj |θ))) (9)

It is not yet obvious that by maximising equation 9 it can be guaranteed that the likelihood L(θ) is also
maximised. In particular, how can it be claimed that finding the maximum of equation 9 ensures that
L(θ) ≥ L(θ′) when the maximum of equation 9 is independent of the second term in equation 8? As we
are maximising ∆ with respect to θ one way to ensure this would be if ∆(θ′, θ′) = 0. From this we can
identify a value for λ.

∆(θ′, θ′) =
∑

j

(

λj ln
p(x|Zj , θ

′)P (Zj |θ
′)

p(x|θ′)λj

)

if ∆(θ′, θ′) = 0 then;

p(x|Zj , θ
′)P (Zj |θ

′) = p(x|θ′)λj

which may be rearranged as;

p(x, Zj |θ
′)

p(x|θ′)
= λj

λj = P (Zj |x, θ′)

Thus if θ = θ′ it follows that ∆(θ′, θ′) = 0. In an iterative algorithm θ′ is available as a potential solution
to θ. Therefore, ∆(θ, θ′) should at least be zero and with this specific choice for λj L(θ) = L(θ′) becomes a
lower bound on L(θ).

Thus we have;

θ = arg maxθ

∑

j

(P (Zj |x, θ′)ln(p(x|Zj , θ)P (Zj |θ)))

which is the same as equation 3 (QED).

Equation 3 may be simplified further using p(x|Zj , θ)P (Zj |θ) = p(x, Zj |θ) and equating over the expected
value of Z thus;

θ = arg maxθ EZ|x,θ′p(x,Z|θ) (10)

Where EZ|x,θ represents the expectation of Z given x and θ′.
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Mixture Modelling

For a Poisson sample of independant data points xi we can write the extended maximum likelihood (EML)
as;

L(θ) =

n∑

i

ln
∑

j

p (xi|Zj , θ)P (Zj|θ) − k

∫
∑

j

p (xi|Zj , θ)P (Zj |θ) dx (11)

where k is an unknown arbitrary constant which relates probability densities to probabilities and the last
term is simply the integrated density of the model.

P (Zj |θ) (the density normalisation) is effectively a prior term for each model component which can be
optimised independently (due to the EML form of the likelihood) giving the likelihood estimate up to the
unknown (constant) scale factor.

P (Zj |θ) =
1

k

n∑

i

P (Zj|xi, θ
′) s.t.

∑

j

P (Zj |θ) = n/k

Updating the model parameters so as to fix the total density normalisation at a value equal to the sample
size n (the EML likelihood estimate) allows us to otherwise ignore the last term in equation (11) during
optimisation.

Based upon 3, all other terms can therefore be computed as though we were optimising;

θ = arg maxθ

n∑

i

∑

j

P (Zj |xi, θ
′)ln(p(xi|Zj , θ)P (Zj |θ)) (12)

where (p(xi|Zj, θ) is the probability of obtaining xi from the Zj component of the underlying data generation
process.

To use this in an iterative scheme requires two steps; the Expectation of P (Zj|x, θ′) followed by a Maximi-
sation of p(x|Zj , θ)P (Zj |θ) over θ and Z.

The first term in equation 12 can be computed from Bayes theory for the correct model as the Expectation
step;

P (Zj |xi, θ
′) =

p(xi|Zj , θ
′)P (Zj |θ

′)
∑J

k (p(xi|Zk, θ′)P (Zk|θ′))
(13)

prior to estimation of the paramters.

The above form of the optimisation function makes Maximisation possible by optimising in turn each mixture
component of the model θj .

θj = arg maxθj

n∑

i

P (Zj|xi, θ
′)ln(p(xi|Zj , θj)P (Zj |θj)) (14)

Pure scaling on the probability density of this part of the model by P (Zj |θj) has no effect on the estimates
of other mixture component parameters θj . So this is now equivalent to;

θj = arg maxθj

n∑

i

(P (Zj|xi, θ
′)ln(p(xi|Zj , θj)) (15)

Which simply results in a probability weighted version of the standard parameter estimates for each term in
the model.

For example the mean value of a density component xm

xm =

∑n

i P (Zj|xi, θ
′) xi

∑n

i P (Zj |xi, θ′)

All other parameters are computed in a similar fashion, for example a sample variance Cm around xm is
given by;

Cm =

∑n

i P (Zj |xi, θ
′) (xi − xm)2

∑n

i P (Zj |xi, θ′)
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Discussion

The classic derivation for proof of convergence of the EM algorithm begins by defining the goal of the EM
algorithm maximising equation 4 which is based on likelihoods (specifically EML). Suggestions that the EM
algorithm actually optimise other quantities are spurious [1].

In answer to the questions in the introduction, though aspects of its implimentation require Bayes formula,
the definition of the data analysis process could not strictly be described as ‘Bayesian’. There is no role for
prior probabilties, independant of normalisation terms which are determined using Likelihood.

The use of data density terms in EML derives directly from the conventional definition of likelihood and
should not be interpretted as any form of bias correction (in the Akaike sense), which may have made
model selection a possibility. A likelihood, by definition, quantifies the expectation of measuring that data
given the model. The model is therefore already specified and we would not expect EM to be capable
of performing model selection (ie: correctly identifying the required number of parameters in a mixture
model). The likelihood function being optimised will simply continue to reduce with the addition of extra
model components until there are sufficient parameters in the model to describe the entire distribution
and measurement noise. However, as EM is a likelihood based approach, it should be possible to compute
covariances on estimated parameters and so perform a Bhattacharyya overlap with the original data PDF
in order to confirm the requirement for each model component [4, 5]. Otherwise the method can only be
applied in problems where the number of mixtures can be specified a-priori.

Application of the the method to mixture modelling involves splitting the optimisation process into a set
of separate stages, one for each part of the model θj . The fact that the algorithm will converge when the
P (Zj |xi, θ

′) term is fixed by the previous estimate of parameters θ′ is crucial to allowing this process.

The proof of convergence shows that in any problem where the underlying density distribution model can
be written as a sum of terms (mixtures) can be optimised using an EM approach. This freedom has been
exploited in the probability estimation techniques used on the IERAPSI project in a way which allows partial
volume terms to be included in the tissue labelling model [6].
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