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Abstract

A standard formula, given below, exists for renormalising (re attening) a quartity that is the product
of sewral quantities having at probability distributions. However, extensiwe literature seardeshave
failed to reveal an acceptablederivation for the equation. Therefore, we presen derivations using a
variety of techniques: derivations for problems of xed dimensionality using integration in the sample
spacede ned by the problem, derivations in log spaceleading to a derivation for problems of arbitrary
dimensionality, and a short derivation building on the ideasin the previous sectionswhich is suitable
for usein publications. Finally, we extend the original renormalisation formula to cope with non-integer
valuesfor the dimensionality.

1 Intro duction

A standard technique exists to renormalisethe probability distribution of the product of seweral quartites having
at probability distributions [1]. If n quartities ! , ead having a at probability distribution, are multiplied to
produce a product P,

P = 1is Q)
then this product can be normalisedto producea new quartity P° which hasa at probability distribution, using

X1 npP)
po-p (INP) it v @)
=01
This procesds potentially nestable,providing a simple yet statistically principled method for data fusion. Extensive
literature seardeshave failed to reveal an acceptableproof or derivation. This documert provides derivations for
this equation, by direct integration for the 1D, 2D, 3D and 4D cases,and then via a geometrical method for the

2D and nD cases.
Equation 2 can be expandedto give

P°= P(1 InP+ (|n2p)2 (Ing)sr:::); (3)

where the highest term neededof those inside the brackets is determined by the dimensionality of the problem i.e.
a 1D problem gives
PO= P; 4)
a 2D problem gives
P°= P InP); (5)
and soon. The proof for the 1D caseis trivial: if P hasa at distribution, then P°= P alsohasa at distribution.

2 Deriv ation by Integration in Sample Space

This section provides derivations for the renormalisation equation in problems of xed dimensionality, for the 2,3
and 4 dimensional cases by integration in the sample spacede ned by the individual quantities ! ;.



2.1 The 2D Case

Let the individual quantities ! i-1 ., be called x and y. We can then plot the samplespaceshown in Fig. la, where
x and y vary from 0 to 1. We can alsoplot a contour line of constart P, xy = n, wheren is a constart alsovarying
from O to 1. The transfomation to P' such that P' hasa at probability distribution can be achieved by replacing
all P alongthe contour line with the integral of the areaunder the contour line (the shadedarea). The result must
have a at distribution, since 10% of the points lie in the lowest 10% of the space,20% in the lowest 20% etc.
This procedurescalesthe product P = n by the number of ways of achieving P = n or less. The results from the
non-parametric imagessubtraction technique have a at probability distribution for the samereason. Note that
this implicitly assumesno spatial correlation (c.f. the spatial correlation probe usedwith non-parametric images
subtraction, basedon renormalising the product of ead pixel in the subtraction result with the four neighbouring
pixels), sinceit assumesghat the sample spaceis uniformly populated.

The integral can be conveniertly divided into two regions,x < n and x > n, giving
zZ, Z,,
ldx + —dx=n nlinn; (6)
0 n X
or
P°= P InP); )

which is the required 2D result (equation 5).

2.2 The 3D Case

Extending to three dimensionswe can plot the three dimensional sample spaceshown in Fig. 1b. Again we want
to integrate the area of the cube below the contour surfacexyz = n. Again this can be corveniertly divided into
two regions,for xy < n and xy > n. First inspect the shadedarea of the xy plane, wherexy < n. In this part of
the integral z varies from 0 to 1, and this is the integral performed in the 2D case. This leavesthe region of the

cube wherexy > n, so 7.7
1 1 n
volume=n(1l |Inn)+ —dxdy: (8)
n 3— Xy
Concertrating on the integral,
9 9 2.2, Zy
—dxdy = —In—d 9
n ;— Xy Y n y y Y ( )
Z1 n
= —Inn+ —Inydy: 10
oy y nydy (10)
Using 7
In 1 2.
— = E(In )% (11)
this gives N N
= n(In n)? E(In n)? = E(In n)2: (12)
Collecting terms, N
volume=n(l Inn)+ E(In n)2 (13)
or
(In P)?

P°=P@ InP+ ; (14)
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which, inspecting equation 3, is the required 3D result.

2.3 The 4D Case

The proof can be extendedto 4D in the sameway. Using a, b, ¢ and d as the dimensions,the hypervolume belowv
the contour abcd= n is the 3D result plus the integral

z 1 z 1 z 1 n
— 1
abcdadbdc (15)
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= ¢ ln(E) 2_c(|n(E)) c |”(E)dC (18)
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nnn)?2Inn  ninn(nn)? n1 s_ N 3.
= 5 + > Eé(In n)d = E(In n)3; (20)

which is the extra term required in equation 2 for the 4D case.

3 Deriv ation by Integration in Log Space

In the above derivations the highest order term emergeslast from the iterated integrals. This implies that a
di erent technique is required to derive the equation in the general,jD casé, and also indicates that the correct
approach might be a geometrical one. Therefore, we will rst derive the 2D result using a geometrical method,
and then extend the samemethod to jD.

3.1 The 2D Case

The basis of this approacd is the sameasin the previous sections: to integrate the area under the curve xy = n,
boundedby a unit cube, and then replaceall probabilites lying alongthat curve with the result of the integration.
Transforming into log space attens this curve, since

n
y= X (21)
Iny = In(;) =Ihn Inx 22)
Let

Inx = x° (23)
Iny = y° (24)
Inn=n° (25)

Therefore,
yo=n% x° (26)

This equation is linear: in fact, the form in jD log spaceis the corner form of a hypercube (i.e. an jD simplex
with one corner consisting entirely of edgesmeeting at right angles),and sois a right isoscelegriangle in the 2D
case,asshown in Fig. 2. This is cornveniert sincea standard result exists for the hypervolume of such a form (see
Appendix). If the side length is a, then

(a)’

hypervolume = J—' 27)

In the two dimensional casethis reducesto the familiar equation for the area of a triangle,
1 2
area= E(a) (28)

i.e. the areais one half multiplied by the baselength multiplied by the height. Of course, this form lies above
and not below the curve, but sincethe integration is constrained within the unit hypercube, we can perform the
integration of the areaabove the curve using the standard result and then subtract the result from oneto give the
areaunder the curve.

1The symbol j is being usedto indicate arbitrary dimensionalit y, since the more usual symbol n has already beenused as the product
of the at probabilities.



However, the transformation to log spaceintro ducesan additional complexity by changing the data density. The
data density in the original spaceis uniform, since the quantity showvn on ead axis in a uniform probability
distribution. The transformation into log spacewill result in non-uniform data density, and so we must nd an
expressionfor the data density at ead point in the log space.If the transformation is given by

0

X = e (29)

y=¢" (30)
then we can considersomeunit of areaat coordinates x% y® with sidesof length x°and y° which has an areain
log spaceof x° y° In normal spacethe area of this elemert is given by
)™ Y

0 0

(e x &)= e’’’ 1)EeY 1) (31)

Now, the exponertial function hasthe seriesexpansion

2 3

e =1+ +?+?+::: (32)

Assuming that x® and higher powers are negligible, this givesa normal spacevolume of
e’ (1+ x 1A+ y 1)=e’e(xy) (33)

and sothe data density of a unit areain log spaceis e"e"’ times the data density in the unit areain normal space.
Furthermore, the data density in log spaceis constart along any line for which this expressionis constart, so

e’e’’ = constant = e*™Y) = xy (34)

or
constant = x%+ y° (35)

Therefore the surface which forms the base of the corner form in jD i.e. the surface which bounds the area we
want to integrate, is also a surfaceof constart data density, and sowe can easily integrate the areaby splitting it
into elemens parallel to this basei.e. elemers perpendicular to the height.

The corner form of a hypercube in j dimensionshas one vertex consisting ertirely of edgesmeeting at right angles:
this is the vetex that was originally the corner of the hypercube. The base,i.e. the (j 1) dimensional form
which contains all of the vertices exceptthis one,is an equilateral (j 1) dimensional simplex i.e. all sidesof this
(j 1) dimensional form are equal. This is dicult to seein 2D, sincethe baseis then one dimensionali.e. a line
(or being needlesslytechnical a digon). It is easierto picture in 3D: the baseof a right isocelestetrahedron is an
equilateral triangle. So,the jD right isoscelesimplex which is the corner form of a hypercube can be decomposed
into elemeris normal to its height which take the form of (j 1)D equilateral simplexes. We can then nd the
volume of the corner form by integrating these elemens, suitably weighted by the data density term. However,
equation 27 appliesonly to the right isoscelegype forms. Equilateral forms must have a smaller hypervolume (this
can easily be seenby considering 2D triangles). At this point we introduce a secondstandard geometrical result:
the hypervolume of an jD regular (equilateral-type) simplex of side length a is given by (seeAppendix)

r
i -
hypervolume = ?—! G ; b

(36)

Now, if the distance from the right vertex of the original corner form to the position of the eguilateral simplex
elemert along one of the axesis x, then the length of the sidesof the equilateral simplex is = 2x (seeFig. 2).
This will always be true in any number of dimensions,since we can always pick any two of those dimensionsand
form a right isosceledriangle, the two perpendicular sidesof which will have one vertex the original hypercube
corner vertex, and the hypotenuse of which will be one of the sidesof the equilateral simplex usedasthe elemern
of integration. So,in 2D the areaof the (1D) elemeri will be

p_ . _
(29! Z_F’—o
1 5= 2X (37)

In fact, closer consideration of this equation shows that there is one more complexity. In log spacewe will be
integrating these elemeris in the negative x direction, sincethe quantities plotted along the axesof our original
spaceare probabilities (i.e. lie betweenO and 1) and the log of a number lessthan 1 is negative. Howewer, the
areawe want to nd remainsa positive quartity: if we calculate it as negative quartit y, then the answer returned



for the renormalised probability will be negative and thus clearly unphysical. Therefore, the variable in equation
37 should be x rather than x.

There is only one more consideration before the integration can be performed. It might appear that, sincewe are
integrating elemerts perpendicular to the height, then the natural direction to intergrate along is the direction of
the height vector. However, this would involve manipulaion of the equation for the elemen of integration to rotate
into the new coordinate system. The alternativ e is to integrate with respext to one of the exsisting axesof the log
space,with suitable consideration of the relationship of an elemert of height, h to an elemen of x', x° Clearly
the two manipulations will be identical, and so neither has an advantage: here we usethe original log spaceaxis.
The derivation of an expressionlinking x°to h requiresa third standard result from geometry: the hypervolume
of any triangular-faced gure in j dimensionsis given by (seeAppendix 3)

hypervolume = j}bh (38)

where b is the area/volume/hypervolume of the baseand h is the height. In fact this holds for any pyramid,
regardlessof the form of the base, but we will only useit for triangular faced gures. In 2D it reducesto the
familiar formula for the area of a triangle: one half multiplied by the base multiplied by the height. Inspecting
Fig. 2, we can construct a right isosceledriangle where the perpendicular sidesare of length x% and the height
is of length h. In this 2D caseit is easyto relate h to x°using Pythagoras' Theorem, giving

h=p= (39)
2
but in generalthis will be more di cult. Therefore, we can again use equations 27, 36 and 39: if the area of the
right isosceledorm de ned by x%and y®is given by equation 27, this can be equatedto the areain terms of the
base,an equilateral form whoseareais given by 39, and the height, h° using 36. This will be explored in detail
in the next section.

We now have all three terms required to construct an integral. These will be referred to as the simplex term,
giving the baseof the corner form, the density term, giving the data density along the simplex, and the elemern
term, translating h into x°% Only one small point remains: sincethe data density is constart along the elemert
of integration, it can be equatedto the data density at the point y°= 0 on the elemen, and sois simpli ed to e’
The integral that must be performed for the 2D caseis therefore

Zo p 1 Zo
e’ 2( xYp=dx®=  ( x9e’dx° (40)
Inn 2 Inn
This integral respondsto treatment by parts. Let
u= x% du= dx° (41)
and . .
dv= e dx’) v= ¢ (42)
giving
Z, z 0 Z,
x%°dx% = uv vdu= x%° +  &'dx° (43)
no "o no
0 0
= x%° +e” =%’ +1 (44)
no no
Remetering that the areawe want to nd is one minus this area,
1 n%’+e’+1=¢" n%’ (45)

Then, substituting for n®= Inn, and then for P = n asin the previous section, we obtain for the probability of
any point P' along the curvexy = n

P=€"™ Inne""=n ninn=P@ InP) (46)

which is the desiredresult for the 2D case.



3.2 The jD Case

Unlike the derivation by direct integration in normal space,the derivation by integration along one axis in log
spaceusing geometrical argumerts can be generalisedto arbitrary numbers of dimensionseasily We must deal
with three terms, identied in the previous section as the simplex term, the data density term and the elemen
term.

3.2.1 The Data Density Term

The generalisationof the data density term is trivial: it is obvious given the rules of logarithms and the argumerts
in the previous section, but we will gothrough it in detail for the sake of completeness.So, if we havej dimensions
XiO:l oy

X = e (47)

The volume in normal spaceof a hypercube elemen in log spaceat coordinates x‘f:::xjQ with sidelengths x9:: xjO
is given by
¥ ¥
@+ X ely=  eleX 1) (48)
i=1 i=1
Using the seriesexpansionof the exponertial function givenin equation 32, and assumingthat any term in ( x?)?
or higher is negligible, this gives
0 YooY
e+ xP 1)=& X (49)
i=1 i=1 i=1
The secondproduct on the R.H.S. is the volume of the elemen in normal space:the rst is the required scaling
for the data density. As in the previous section, sincewe will be integrating along one axis (which we are at liberty
to choose: choosex:), and sincee?e® = e** b = €2 if b= 0, we obtain

0

et (50)

asthe required data density term for the jD case.

3.2.2 The Simplex Term

The form that we are integrating is the form obtained by chopping the corner o of a jD hypercube, sudc that
the distance betweenthe remaining vertex of the original hypercube and all of the other vertices, i.e. the distance
betweenthe remaining hypercube vertex and the points of intersection of the chopping plane with the edgesof the
hypercube, are all equal. Thus we might call the shape a right isoscelessimplex by analogy to the right isoceles
triangle obtained in the 2D case. The shape therefore has two types of side: those for which one vertex is the
original hypercube vertex that was retained, and sidesfor which neither vertex is this vertex. Sidesof the rst
kind have length Inn = n% Sidesof the secondtype form the hypotenuse of a right isosceledriangle in somepair
of the j dimensions, and the other t\ﬁo_sidesof this projected triangle will be sidesof the rst type. Therefore,
sidesof the secondtype have length = 2n°.

The form of the hypervolume usedas the elemern of integration isa (j 1)D simplex consisting ertierly of type
2 sides,and so we might call this an equilateral simplex in analogy to the equilateral triangle we would obtain in
the 3D case. Using equation 36 we obtain

C2xp0 0 G DrI_Py () G D1
G 2601y (G 1! 20 D

(51)

asthe simplex term in jD, using x$ asthe variable since we will be integrating along the negative x§ direction
(the result will be invariant under change of this variable, so we could pick any of the dimensionsto integrate
along, but getting the signsright is essetial for the reasonsoutlined in section5).

3.2.3 The Element Term

Referingto Fig. 2, it canbe seenthat a jD hypercube corner form can again be constructedto nd the reIatiBrlship
between x? and h. Again the baseof this gure is an equilateral type (j 1)D simplex with sidelength = 2 x9.
As stated in section 5, we can express x{ in terms of h using equations 27, 36 and 39. Firstly, note that the



hypercube corner form hastwo typesof side: thosefor which onevertex is the vertex of the original hypercube, and
hich have length x?, and those for which neither vertex is the original hypercube vertex, and which have length
2 x9. The volume of the hypercube corner form can be expressedusing both equations 27 and 39: equating
theseand solving for the height gives ' '
x 1 ) h= x¢ 1
it (G Db
he baseis an equilateral type simplex in (j-1)D, consisting ertirely of sidesof the secondtype i.e. with length
2 x9, and soits hypervolume can be expressedusing 36,

(52)

Pr oo 1
o (2x) V[ el

G &7 53)
Substituting 54 into 53 givesthe elemert term,
XO
h= — g+t 54
p§ 177G (54)
21

The interesting point hereis that, comparing the elemert term 54 with the simplex term 52, most of the numerical
guantities will cancelout in the product of theseterms, leaving

( XO)(j 1)
simplex element= ~——1__ x9? (55)

(G 1

This is expected sincethe construction of the elemer term is almost the inverseof the construction of the simplex
term, and simpli es the expressionfor the integration (although it doesnot simplify the integration itself, since
none of the cancelledterms involve the variable of integration).

3.2.4 The Integration

Collecting the three terms, we have an integration for the hypervolume under the curve in the jD caseof,

Z, R (S
P 1( x9) G D+1 dx§
1 R S — : e 56
inn G 200 P 17§ pu (%0)
2l 1
Zo 0y D
=1 et LX)~ g0 57
Inn (J 1)! ! ( )
This integration respondsto treatment by parts. Let
)N G LY
u= T ) du= 0 2 dxy (58)
and , ,
dv=e1dx?) v= ¢t (59)
sothe result for the hypervolume is
oG % Zo N
1 eX?(_L + exg&dx‘f (60)

(J 1)! Inn (J 2)!

Inn
This expressionalso contains an integration which can be performed by parts in the same way, and thus the
sequenceis clear: the integrations will corntinue to lower the power to which x§ is raised by one in eac of the
sequenceof terms, and also lower the highest term in the factorial in the denominator by 1. The signs require
someconsideration: every term will be negative before substitution of the limits. However, every term except the
last will also contain a power of x, and so the upper limit of O will have no e ect. Since substituting the lower
limit reversesthe sign of the term, every term will becomepositive. The upper limit on the integration will only
produce a term when applied to the last term in the sequence,n which caseit will produce -1 (due to the term
originally being negative), which removesthe 1 in the equations above. Therefore, oncethe negative sign in front
of the x? in the simplex term has been considered,all the terms in odd powers of x¢ will be negative, and all



the terms in even powers of x$ will be positive. Every term in the sequencewill cortain e?. Therefore, the nal
sequenceafter all the integrations have been performed, and substituting for n®= Inn, will be
1 i 1 i
gnn(CInm't _XT i’
il il
i=0 i=0

(61)

Substituting for n = P and equating the result to P', the renormalised probability, gives

X 1 |
P( InP)

0_
P™= il

(62)
i=0

QED.

4 Deriv ation using lIterativ e Techniques

The above sectionsclearly illustrate the techniques applied in the derivation of the renormalisation equation. A
shorter derivation, basedon an iterativ e technique, is also possible. This doesnot illustrate the problem asclearly,
but is more suitable for inclusion in publications.

41 The nD Case

Given n quartities ead having a uniform probability distribution pj=1.,, the product p = Q:Ll pi can be renor-
malised to have a uniform probability distribution F,(p) using

X 1 [ X 1 i
Fa(p) = p ¢ Inpy lir:p) =p+p ( Iir:p)
i=0 ) i=1 ’

(63)

The quartities p; canbe plotted on the axesof an n dimensionalsamplespace,boundedby the unit hypercube. Since
they are uniform, and assumingno spatial correlation, the sample spacewill be uniformly populated. Therfore,
the transformation to F,(p) suc that this quartity has a uniform probability distribution can be achieved using
the probability integral transform, replacing any point in the samp@spacep with the integral of the volume under
the contour of constart p passingthrough this point, which obeys in:l pi = p = constant. This can be expressed
in terms of the volume of a hyper-region of one lower dimension by integrating over one dimension (let this be

called x) z,

Fa(P) = P+ Fo 2(D)d (64)
P
This is equivalert to dividing the integration into two regions using a plane perpendicular to the x axis which
intersectsthe axis at x = p. Fig. 5 shows the elemen of integration that would be usedin the 3D case,to relate
the voulme of the unit cube under the contour of constart probability to the 2D case.

Now, in the simplest caseof n = 1, clearly F,(p) = p, asno renormalisation is required. The solution for higher
dimensions can then be dervied by iterativ e application of Equation 13. This involves integration of terms in
(P=X)[ In(p=x)]" which enter in the n=3 and higher cases. This integration can be performed using a simple
substitution x = pu, dx = pdu

Z, Z 12
p Pyin gy — 1 n
S GOL mCorNdx=p. - (lin ul"du (65)
_ 1 n+ln+l1 _— p n+
= pl—nu™ "t = [ "t (66)

Iterativ e application of Equation 13 therefore producesthe series

(np? (np°® (np* .
> p 5 +p T

Fa(p)=p plnp+p (67)

which can be written as

X 1 i
Fo@=p (69

i=0

QED.



5 Extension to Non-In teger Dimensionalit vy

The renormalisation formula hasbeenapplied in conjunction with the non-parametric image subtraction technique
[2, 3, 4, 5, 6] to produce a spatial correlation analysis method. The renormalisation formula assumesno spatial
correlation in p, sincethe derivation assumeghat the samplespacede ned by the original quartities multiplied to
produce p is uniformly populated. The non-parametric image subtraction technique producesa di erence image
with a at probability distribution, with randomly distributed valuesfor badkground pixels and spatially correlated
regionsof low valuesfor localiseddi erence regions. A new image can be produced by taking the product of eat
pixel value in the non-parametric image subtraction result with the values of the four nearestpixels. Since this
is equivalent to the product of v e quartities ead having a uniform probability distribution, the result can be
renormalised using the expressiongiven above. Pixels that do not form part of a localised di erence region will

re atten correctly. Pixels that do form part of a localiseddi erence region will form spatially correlated clusters of
low probability pixels in the di erence image, and sowill form very low probability products that will not re atten

correctly. The probability distribution for the re attened image will therefore feature a uniform distribution for
badkground pixels, together with a spike closeto zerofor localiseddi erence pixels.

There is an additional consideration that will modify the behaviour described above. The presenceof spatial
correlation will result in an e ectiv e reduction in the number of degreesof freedom, since the imageswill not
be fully independert, and therefore applying the re attening formula with n = 5 will result in over attening.
Examples of this e ect are given in [5]. If the correct value for n to produce a at probability distribution
for background pixels could be found, than the di erence betweenthis and n = 5 could provide a quartitativ e
measureof the total amount of spatial correlation in the di erence image. Furthermore, measuremeis of this
guantity for Monte-Carlo data to which Gaussian blurring with various kernel widths had been applied would
relate the quantit y to a meaningful scale. However, it is highly likely that the reduction in the number of e ective
degreesof freedomwould be fractional, and sothe rst requiremert of this technique would be a generalisation of
Eqn. 2 to non-integer valuesof n.

As an aside, there seemsto be someinconsistencyin the literature over the naming convertion for the various
members of the family of gammafunctions (the incomplete, regularisedetc.). In order to avoid any confusion, the
naming corvertion usedhereis laid out in full in Appendix B.

5.1 Non-In teger n Extension to the Renormalisation Formula

The aim hereis to generalisethe equation

) _
p°= px LA (69)

il
j=o 1
to non-integer values of n. The presenceof the factorial in the denominator immediately demandsthe use of
the complete gamma function to generaliseit to non-integer argumerts. This in turn suggeststhe possibility of
rewriting the whole expressionin terms of gamma functions. The lower incomplete gammafunction (a;z) hasa
seriesexpansion

X1z
(;z)=(a (1 e? i_|) (70)
i=0
Also
(a)=(a 1) (71)
SO X1
(a;2) _ 2
(3 - 1 ~ T (72)
Rearranging and using Eqn. 6 gives
X7 (@2) _ (a) (@2 _ (&2
I T - - R ) (73)

Notice that the R.H.S. is itself a gammafunction: the regularisedupper incomplete gammafunction Q(a; z). Now,
putting a= nandz = In(p) gives

X Inp) _

i

0:

p=p Q(n; In(p) (74)
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The original probability renormalisation equation can therefore be expressedin terms of the regularized upper
incomplete gamma function, generalisingit to non-integer values of n.

Fig. 6 shows plots of the two formulations of the probability renormalisation equation against n for a range of
valuesof p. The points were plotted using the original formualtion (Egn. 2) and show the valuesat integer n for
n = 1to 5. The lines were plotted using the regularised upper incomplete gamma function Q(n; In(p)). The
two formulations of the equation are equal at integer values,and Q(n; In(p)) is smooth and cortin uous between
integer valuesof n.

5.2 Reason for the Link to Gamma Functions

In the courseof providing a non-integer extensionto the renormalisation formula, the proof given above raisesa
further question: why doesthe renormaisation formula take the form of a gamma function? In order to answer
this question, a further derivation for the renormalisation function, this time using purely statistical argumens,
must be explored.

The original quantity p, which the renormalisation equation seeksto transform into a uniform distribution, is the
product of a number of quantities drawn from uniform distributions

Y
p= Li= 1ol gty (75)

Transforming into log space,this can be expressedas a sum

X
logp = log!i=log!q+log!,+ log! s+ :::+ log!q (76)

The rst stagein the proofisto nd an expressionfor the distribution of logp, which in turn requiresa distribution
forlog! ;. If !'; hasa uniform distribution in x,
P(x)=1 (77)

then in the histogram of ! ;, there will be equal numbers of data points in bins of equal width in x. Considering a
bin of width x at position x,
width = (x + Xx) X (78)

Transforming into log space,suc that x°= logx and x = e’
width = ™ *° &’ = &’(e " 1) (79)

The exponertial function hasthe seriesexpansion
2 3

e =1+ + T 3 (80)

Ignoring terms in x® or higher gives

width = e’(1+ x° 1)=& x° (81)
Soin log space,bins of equal width x°in x° contain e’ data points, and so

Px9)=¢e’ for xX°= 1 t00 (82)

This is an exponertial distribution i.e. it hasthe form
PX)= e *° (83)
with = landx°= logx.
In orderto nd the distribution of a quartity beingthe sum of n quartities drawn from exponertial distributions,
we must perform the n-fold convolution of the exponertial distribution, i.e. repeat
zZ,,
if Z=X+Y Pz(z)= Px (z  y)Py(y)dy (84)
1
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n 1times. Using the generalform of the exponertial distribution

Z o Z o
Py(x% = e K" ¥)g vy OdyO: 20 ¥ OdyO: 2,0 x° (85)
0 0
P(XO)_zXoe O ) 20 yOdO_Zone vigyo= X g xf (86)
3 T y y = . y y = >
and z x? 0 0 y(12 0 z x? y(12 0 X(B 0
Pa(x% = e (K Y)3_g Vigy= 42 e Yidy’= “=_e X (87)
0 2 0 2 6
Clearly the serieswill become
an D 0
P,(x9)= " e * (88)

(n 1)
A more formal proof that this is the form of the seriescan be performed by induction, by assumingEgn. 88 and
convolving with an exponertial distribution to show that P,.; (X% also obeysthe seriesform

Z 0 )

an X0
p = GOy n Y T oy o 0= net X o x 89
n+1 (X9) ; e CEN y e (89)

In order to transform a the distribution of a quantity having a distribution given by Eqn. 88 into a uniform
distribution, we can simply apply the probability integral transform: that is, replacethe value of any given data
point x° with the integral of the distribution below that point

Z ooy

. " 1)!e X “dx° (90)

Note that the limits correpsondto the range over which the original exponertial distributions are de ned in the
speci ¢ caseat hand. This integral respondsto treatment by parts, di erentiating the term in x and integrating
the term in €*

" Z an 1) 4 x °4,0 " x" e * o 2 x° 1 o an 2) 0#
= - 1 1
G X e " dx CEE] i . e “ (n 1)x dx (91)
nlml XOZXO nl(InZ) XOdO
- — + 2
" 1)!x e e 2)!x e X (92)
Z o
(x9" 1 Lo nt X an 2)n x °4,0
==~ +
CE] o2, X e " dx (93)
which also reposndsto parts in the sameway, and so the sequencebecomes
X 1 [
Dn(XO) —e X ° ﬂ (94)
i=o "
Substituting in the values = 1and x°= logp, and equating the soultion to the re attened variable p° gives
X logp)
p=p (1090 “g ) (95)

i=0
QED.

In a Poissonprocessthe distibution of waiting times to the next Poissonevert is an exponertial distribution, with

in the above equations corresponding to the rate parameter. Therefore, the distribution of waiting times to the n™
next evert is given by the sum of n quantities drawn from exponertial distributions i.e. the n-fold convolution of
the exponertial distribution, and this distribution is known asthe gammadistribution, sinceit canbe expressedn
terms of gammafunctions. The product of n drawings from uniform distributions can alsobe expressedasthe sum
of n drawings from exponertial distributions by transforming into log space,and the probability renormalisation
equation is the integral of the distribution of this sum. So, the distribution de ned by Eqn. 88 is the gamma
distribution, and its cumulativ e density function Eqn. 94 givesthe probability renormalisation equation Eqn. 95.
The coincidenceoccurs becauseboth situations involve summing quartities drawn from exponertial distributions.
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6 Summary

This documert has provided derivations for the standard probability renormalisation technique in 1D (trivial), 2D,
3D and 4D by direct integration, and in 2D and nD using a more complex geometrical method, and in nD using
an iterativ e method.

As an aside, it should in theory be possibleto derive the jD result by an equivalent approac to the geometrical
method, but performed in the original space. The expressionfor the elemer of integration will involve the arc

length of the curve x1x2::: = n, which in 2D can be derived using the standard equation
i Zog z," ;
L) = 1 [f9x)])2dx = 1 X—4dx (96)
a n

However, this integration is not trivial and sothis approac has not beenexplored further.

This report has also shown that the probability renormalisation equation can be expressedin terms of the regu-
larised upper incomplete gamma function,

X Inpy _

i !

0=

p=p Q(n; In(p) (97)

extending it to non-integer valuesof n. The function is equal to the previous expressionat integer n, and smooth
and continuousin the rangesbetweenthesevalues. Thusiit is possibleto correct for the reduction in the e ective
number of degreesof freedom when the equation is applied to a quantity p formed from quartities ! featuring
spatial correlation, and thus alsoa method for estimating the extent of this spatial correlation. It hasalsoshown the
reasonfor the link between at probabilities and gammafunctions, providing another proof for the renormalisation
formula.

A Pro ofs for Standard Results

Three standard geometrical results have beenusedin the jD derivation above:
1) The hypervolume of any triangular-faced gure in jD can be expressedas

hypervolume = j}bh (98)

where b is the hypervolume of the baseand h is the height.

2) As a special caseof (1), if the cornerof a jD hypercubeis choppedo suc that the distancesbetweenthe vertex
of the hypercube that is retained and the new verticesformed at the intersectionsof the chopping hyperplane with
the edgesof the hypercube are all equal (let this distance be called a), the hypervolume of the resulting gure
(which might be called a right isosceledorm, seeabove), can be expressedas

i
hypervolume = ?—| (99)

3) The hypervolume of an equilateral (or regular) simplex in jD, with side length a, can be expressedas

r
h | _ad j+1
ypervolume = j_! 5

(100)

Since these are standard results, detailed derivations or proofs will not be preseried here. However, some brief
commerts can be made.

A.1 Standard Result 1

Here is a brief proof by induction for this formula for the caseof triangular-faced simplices. A jD simplex can be
decomposedinto (j-1)D simplex elemeris along its height e.g. a tetrahedron can be decomposedinto a stack of
triangular elemens. Now, ead dimension of the elemen will vary linearly with the height, sothe hypervolume of
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the elemert will vary as (height)U V. Let the height and baseof the jD simplex be h; and y, and the height and
baseofits (j 1)D elemers be h; 1) andby; 1y. Then

1
B =G vb o (101)
Sothe hypervolume of the elemert is given by
1 x( D
volume(x) = mh(j 1l 1)de (102)
J
where x is the dimension along which the height of the gure lies. Integrating between0 and the height, h;
Z h; . h;
h: , h; i
— m(jli)x(J Ddx= — lq(jll)x'_ (103)
o ( D (i Dh Iy
1 h o1 1
= mh(j 1l DWJ_ = j_bihi (104)

So, if the formula is true for (j-1)D it is true for jD. It then only remainsto proveit for 2D. Consider Fig. 3. Any
triangle is divided into two right-angled triangles by its height. Each of these has half of the area of its exscribed
rectangle. Thus the total area of the original triangle is given by

area—§+g;—c(a+b)—}
T2 27 2 T2

base height (105)

A.2 Standard Result 2

The secondstandard result is an extension of the rst, and can be derived from it. ConsiderFig. 4. Let the sides
of a jD right isoscelesimplex which terminate at the right-angled vertex be of length a. Let one of these sidesbe
the height. The form of the baseis then also a right isoscelesimplex with right-angled vertex sidesof length a,
but this time it isin (j-1)D. In turn, the base gure will have height a and a basewhich is a right isoscelesimplex
in (j 2)D with right-angled vertex sidesof length a. The sequencecontinuesuntil we reac the 2D case,and so
the hypervolume of the original gure can be expressedas

hypervolume—é a a_.. a =
iGg e 277 ¢ o

|2

(106)

A.3 Standard Result 3

This formula is a special caseof a much more generalresult, the most powerful of all those usedhere. For a general
corvex polytope in nD r

1

hypervolume = —

z iDn au (107)

2i

Here D is the determinant of ann n matrix containing the distancesbetweenthe vertices of the polytope, and u"
denotesa unit cubein jD that courntably tesselatesthe jD space.This is known asthe Cayley-Menger deteminant
formula, and is in fact itself a special caseof the more generalHeron's formula. No attempt will be madeto prove
or derive this equation here. Howewer, it can easily be shown to give the well-known equations for the area of an
equilateral triangle

P32
area= ia (108)
and for the volume of a regular tetrahedron
a3
volume = —p= 109
&3 (109)

where a is the side length in both cases. These formulae can easily be proven in a number of ways (geometrical
construction, integration or using standard result 1) if desired.
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B Gamma Functions

There seemsto be someinconsistencyin the literature over the naming (though not the de nitions) of the gamma
function and related functions. Therefore, the de nitions usedhere are as follows. The complete gamma function
( a) extendsthe de nition of the factorial to non-integer valuesand is given by
z 1
(a)=(a 1)= t2 le 'dt (110)
0

This can be generalisedto the upper incomplete gammafunction ( a;z) and the lower incomplete gammafunction

(a;2), Z,
(a;z) = 2 le tdt (111)
Z,
(a;z) =t le 'dt (112)
0
Clearly
(a)= (a2)+ (a2) (113)

Two more functions, the regularisedincomplete gamma functions P (a;z) and Q(a; z), can also be de ned,

P(az)=1 Q(az)= ((a;) (114)
Q(a;z2) =1 P(ajz) = % (115)

These will be referred to here as the regularised lower incomplete gamma function P(a;z) and the regularised
upper incomplete gamma function Q(a; z).
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C Figures

(@) (b)

Figure 1: Samplespacesfor the 2D and 3D cases.

Figure 2: The 2D casein log space. The curve of y = % is linear in log space,and thus enclosesa right isosceles
simplex. The shadedareashownsthe elemert of integration. This will in generalbe an equilateral simplexin (j-1)D:
a line in this case.The expandedregion shows the construction usedto obtain dx' from dh, again consisting of a
right isoscelessimplex.

b a

Figure 3: Construction usedto prove that the area of a generaltriangle can be expressedas one half of the base
times the height, by consideringthe two right-angled triangles into which it is divided by its height, ead of which
has half of the area of its exscribed rectangle.
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Figure 4: Construction usedto prove standard result 2 for right isoscelesimplexes: seemain text for explanation.
Notice that, if one of the right-angled vertex sidesis de ned as the height, then the baseis itself a right isosceles
simplex of right-angled vertex side length a, but with its dimensionality lowered by 1.

Figure 5: The sample spacefor the probability renormalisation in 3D, shawing the elemer of integration (the
shadedregion) usedto relate this to the 2D problem. The contour of constart probability is showvn by the curved
surfacein the upper corner of the unit cube.

p=0.9

p=0.5

p=0.1

Figure 6: Plots of the probability re attening equation against n, for p=0.1, 0.5 and 0.9. The points show the
values at integer n, plotted using the original equation (expressedas a sum) and the lines were plotted using

Q(n;  In(p)).

17



