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Abstract

Imagesubtraction is usedin many areasof medical imageanalysisto identify small changesbetween
equivalent pairs of images. Typically only a subsetof thesedi�erences will be of interest. One example
is the identi�cation of enhancing lesions in patients with multiple sclerosis(MS) from MRI scansof
the brain. Such lesionscan be identi�ed by subtraction of scanstaken before and after the injection
of GdDTPA contrast agent, which highlights the lesions. However, the presenceof the contrast agent
also alters the global characteristics of the post-injection scan. Simple image subtraction highlights all
di�erences regardlessof their source,making interpretation of the di�erence image problematic. We
intro duce a new non-parametric statistical measurewhich allows a direct probabilistic interpretation
of image di�erences. We expect this to be applicable to a wide range of image formation processes.

1 In tro duction

Image subtraction is a common tool for the analysis of changein pairs of images,usedin a wide range of circum-
stances.Most researcherswill already be familiar with the di�culties of interpreting the resulting di�erence image
[4]. Taking a simple subtraction betweentwo imagesand identifying regionsof changeusing a threshold is directly
equivalent to forming a null hypothesistest statistic, with the assumption of a single distribution for the expected
level of changedue to uniform noise. In order for the technique to be usedsuccessfullygreat care has to be taken
to ensurethat the only di�erences betweenthe two imagesare due to the biological mechanismsof interest. This
may require realignment or pre-processingof the data in order to remove grosschangesbefore a subtraction can
be performed. The result can always be used immediately to identify regions of maximal change,but ultimately
we would also like to be able to put a quantitativ e statistical interpretation on the signi�cance of the observed
change. The formation of such an interpretation using conventional statistics is generally prevented by the lack
of a known statistical model of the expected scenecontents or often even of the imaging process.However, most
imagescontain su�cien t data that in theory we might extract sensiblemodels of data behaviour from the data
itself. This approach has been used widely in recent image registration techniques [8], particularly in medical
applications [9]. The technique generally referred to as maximisation of mutual entropy is in fact a boot-strap
approach to the construction of a maximum-likelihood statistic [6]. It therefore seemsreasonableto attempt to
adapt thesemeasures,and equivalent approaches,to the problem of image subtraction in order to investigate the
possibility of obtaining quantitativ e and statistically well-de�ned measuresof di�erence for arbitrary image pairs.

2 Metho d

2.1 Non-P arametric Image Subtraction

Non-parametric image subtraction bootstraps a model of data behaviour from the data itself in the form of a
scattergram of a pair of images. Let the imageplotted on the abscissaof the scattergram be called the �rst image,
and that plotted on the ordinate the secondimage. The scattergram for two imagesof the samescenewill show a
ridge along the line y = x. Global changesto one of the imageswill result in the movement of this distribution as
a whole: for example, a uniform o�set to the grey-level values in the secondimage will move the ridge vertically
in the scattergram. Conversely, localiseddi�erences betweenthe two imageswill produce secondarydistributions
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Figure 1: A vertical cut through the scattergram. The integration (the shadedregion) is performed over all points
lower than the value at the position de�ned by the original pixels (f p).

in the scattergram away from the main distribution. Taking a vertical cut through the scattergram identi�es a
set of pixels in the �rst image which all have the samegrey-level value g1. The distribution of data along this cut
f (g2; g1) gives the grey levels g2 occurring at the corresponding pixels in the secondimage. If the scattergram is
normalised along all vertical cuts, then thesedistributions becomethe probabilit y distributions for the grey level
value in the secondimage given the grey level value in the �rst,

f (g2; g1)
R1

�1 f (g2; g1)dg2
= f n (g2; g1): (1)

The grey levelsof corresponding pairs of pixels from the �rst and secondimagesde�ne coordinates in the normalised
scattergram. An integration can then be performed along the vertical cut in the scattergram passingthrough that
point, summing all of the values smaller than the value at that point, f p. Let the limits for this integration be
called g2l and g2h . This follows directly from the original de�nition of a con�dence interval, due to Neyman [1]. In
addition, the ordering principle implicit in the integration results in the shortest possiblecon�dence interval [3].
The result is the probabilit y " of �nding a more uncommon pairing of grey levels, given the grey level in the �rst
image g1, than that seenat the original pixel pair,

1 �
Z g2h

g2 l

f n (g2; g1)dg2 = 1 � P(g2l < g2m < g2h ; g1) = "; (2)

where g2m is the mean grey level in the secondimage at pixels on this cut in the scattergram. The result of this
calculation is used as the grey level for the corresponding pixel in the di�erence image. Since it depends on the
mean grey level for the pixels on this cut in the secondimage, any processwhich results in a global alteration to
the images,such as a changein the level of illumination, will be ignored.

Localiseddi�erences will result in secondarypeaksalong the vertical cut in the scattergram. In that case,shown
in Fig. 1, the con�dence intervals will span disjoint regions in the scattergram,

1 �
Z g2h 1

g2 l 1

f n (g2; g1)dg2 �
Z g2h 2

g2 l 2

f n (g2; g1)dg2 = 1 � P(g2l 1 < g2m 1 < g2h1 jjg2l 2 < g2m 2 < g2h2 ; g1) = ": (3)

Sincethe integration is performed acrossboth the main and secondarydistributions, the result is the probabilit y
of obtaining a more uncommon pairing of grey levels than that seenat the relevant pixels in the original images
basedon all of the data from those images,including the data in regions showing localiseddi�erences. However,
since the secondarypeaksdue to localiseddi�erences will be lesssigni�can t than the main peak, all of the pixels
contained within them will result in low probabilities. The maximum probabilit y that will be assignedto any
pixel in one of the secondarypeakswill relate directly to the total number of pixels it contains compared to the
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total number of pixels in the vertical cut.2 The grey level values in the di�erence image therefore relate directly
to the frequency of occurrenceof the pairing of grey level values seenat the corresponding pixels in the original
images. This is exactly the type of measureneededto identify outlying combinations of grey-level valuesin a fully
automatic manner.

The non-parametric imagesubtraction technique producesa result in terms of a probabilit y, and so both interpre-
tation and further processingof the di�erence imageare simpli�ed and can be performed in a statistically rigorous
manner. In addition, the grey level valuesin the di�erence imagewill have a uniform probabilit y distribution, since
the integration performed in the scattergram is directly equivalent to a probabilit y integral transform. It follows
that the distribution in the di�erence image is honest i.e. thresholding the di�erence image at somelevel n will
extract the 100n% of the pixels that showed the most uncommonpairings of grey levels in the original images. The
importance of this feature in relation to the work presented here is that knowledgeof the expecteddistribution for
the output provides a mechanism for self-test [5].

2.2 Renormalisation of Pro ducts of Uniform Probabilit y Distributions

A standard technique exists to renormalisethe probabilit y distribution of the product of several quantities having

at probabilit y distributions [2]. If n quantities ! , each having a 
at probabilit y distribution, are multiplied to
produce a product P,

P =
nY

i

! i ; (4)

then this product can be normalised to producea new quantit y P 0, which hasa 
at probabilit y distribution, using

P0 = P
n � 1X

j =0

(� lnP ) j

j !
: (5)

This processis potentially nestable,providing a simpleyet statistically principled method for data fusion. Extensive
literature searcheshave failed to reveal an acceptablederivation or proof for this equation, and so a derivation is
provided in Appendix A.

The probabilit y renormalisation technique can immediately be applied to form a method for analyzing spatial
correlation in the di�erence image produced by non-parametric image subtraction. Low probabilit y pixels in the
di�erence image due to noise will be randomly scattered throughout the images, whereaslow probabilit y pixels
due to localiseddi�erences will exhibit spatial correlation. Identi�cation of this spatial correlation might therefore
be expected to lead to a more accurate identi�cation of localiseddi�erences. A new image can be constructed by
forming the product of the grey-level value of each pixel in the original di�erence image with the grey-level values
of its four nearestneighbours. Each pixel in this new image will therefore be the product of �v e quantities drawn
from uniform probabilit y distributions. The probabilit y renormalisation technique can be applied to this image to
generatea second\re
attened" image. The probabilit y renormalisation technique assumesno spatial correlation
(see Appendix A) and so only the randomly distributed pixels in the background will re
atten correctly. Low
probabilit y pixels situated in localised di�erences, and therefore surrounded by other low probabilit y pixels, will
form very low probabilit y products which fail to renormalisecorrectly due to the presenceof spatial correlation.

It is relatively straightforward to show that, if the probabilit y distribution for the original di�erence image is
composedof a background of random probabilities P together with an additional contribution of lower probabilit y
pixels � due to localiseddi�erences, asshown in Fig 2, then the localiseddi�erences must again lie below the other
pixels in the product. In the absenceof the additional contribution, the product of somenumber i distributions
Pi would be

�P =
Y

i

Pi (6)

In the presenceof the additional contribution of low probabilit y pixels, the probabilit y distribution for the back-
ground pixels P 0 can be written as

P0 = P(1 � � ) + � (7)

and so the product of i of thesedistributions becomes

�P0 =
Y

i

P0
i =

Y

i

(Pi (1 � � ) + � ) =
Y

i

Pi (1 � � +
�
Pi

) (8)

2 It will also depend on the extent of the overlap, if any, between the main and secondary distributions in the scattergram. Th us
di�erences ceaseto be detectable when the distributions overlap at the 1� points or more.

4



d P'

n

Figure 2: If localiseddi�erence pixels in the subtraction result (the shadedregion) are assignedlower probabilities
than background pixels, then they are guaranteed to still have lower probabilities than background pixels after
application of the �v e-way re
attening technique.
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Figure 3: The enhancing features identi�ed by various possiblepairings of pre and post contrast agent injection
imagesfrom two visits (1 and 2).

The term � � + � =Pi must always be positive (since Pi � 1), and so

�P0 � �P (9)

The background pixels are pushed to higher probabilities in the presenceof the localised di�erences, and so the
localised di�erence pixels must lie at lower probabilities. Furthermore, the renormalisation processapplies a
simple scaling to the values,and so the localiseddi�erence pixels must still lie at the lower end of the probabilit y
distribution after renormalisation.

The probabilit y distribution for the re
attened image will show a 
at distribution for background pixels together
with a spike at zero for localiseddi�erence pixels. In somecircumstancesthis may lead to a method for volumetric
estimation of the localiseddi�erences, through thresholding at the level of this spike and counting the number of
pixels extracted.

2.3 Application to MS Lesion Iden ti�cation

In order to demonstrate the applicabilit y of the non-parametric image subtraction technique to identifying small
but signi�can t changesin medical images, it was applied to the problem of MS lesion identi�cation. Pre- and
post-contrast T1 weighted images were obtained in a single patient at each of �v e visits. Visits were spaced
approximately two months apart over a one-year period. Imaging consistedof contiguous 3mm T1 weighted spin
echo images(TR/TE, 650/12, FOV 50mm2, matrix 2562). The contrast agent injection consistedof 1mmols/kg
of GdDTPA (Omniscan, Nycomed, Oslo, Norway). All volumeswere coregisteredto the pre-injection scansfrom
the �rst visit, using the rigid co-registration software within Tina [7], and then re-sliced using normalised sinc
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interpolation with a 5x5x5 kernel to produce the coregisteredvolumes. Binary masks covering the brain (grey
matter and white matter) were produced for these images,using a simple gradient-based segmentation technique.
This allowed the subtraction to be performed only on the tissuesof interest.

The collection of both pre and post GdDTPA injection scansacross�v e visits provided a total of ten MRI volumes,
and subtractions usingthe newtechnique wereperformedon a variety of combinations of theseimages.Subtractions
betweenthe pre- and post-contrast scansfrom a singlevisit identi�ed any tissueshighlighted by the contrast agent.
This included both enhancing lesionsand vasculature. Subtraction between post-contrast scansfrom two visits
identi�ed any changesin the enhancingtissuesbetweenthesevisits. The subtraction routine is asymmetric: only
enhancing tissues in the image plotted on the ordinate of the scattegram which are not present in the image
plotted on the abscissawill be identi�ed. Therefore, subtractions betweenpost-contrast scansfrom two visits can
separately identify either enhancing lesionswhich have arisen since the last visit, or those that have ceasedto be
enhancing,depending on which imageis usedon the ordinate of the scattergram. The possibilities for subtractions
betweenvarious pairs of tissuesare summarisedin Fig 3.

3 Results

3.1 (P ost-Con trast)-(Pre-Con trast)

Subtractions betweenthe pre- and post-contrast injection scansfor a single visit reveal all of the tissueswhich are
highlighted by the presenceof the contrast agent. This includesenhancingMS lesionsand vasculature. Fig. 4 shows
the pre- and post-contrast scansfor a slice featuring two large MS lesions. The result of a simple pixel-by-pixel
subtraction of the grey levels is alsoshown. Fig. 5a shows the result of applying non-parametric imagesubtraction
to these images. The lesionscan be seenas dark areas(low probabilities) against a background of random noise
with a 
at probabilit y distribution. Visual interpretation of the di�erence imageis di�cult, but the main advantage
of this technique lies in the fact that it provides a direct statistical measureof image di�erences. For instance,
applying a threshold at the 1% level extracts the 1% of the pixels in the imageshowing the least commonpairings
of grey levels. The resulting image, Fig. 5b, clearly shows the lesions,together with the vasculature.

The renormalisation technique described above can be applied to the subtraction result to remove the smaller
di�erence regions and any noise. The resulting image, Fig. 5d, can then be thresholded at much lower levels to
extract di�erence regions. Fig. 5d shows the result of thresholding at the 0.001%level. The lesionsand larger
vascular regionsare extracted.

The technique is capableof detecting di�erences betweenthe original imagepair at the level of around 1:5� , which
for these images is approximately 4 grey-levels in a dynamic range of 256 grey levels. Given that the human
visual system is only capable of distinguishing 32 grey-levels (without image windowing), the technique should
be signi�can tly more sensitive than human inspection of the original images. In that case,the critical question
becomesone of evaluation. Several approacheswere adopted to demonstrate that the di�erences detected by the
new technique represented genuine physical structures, rather than noise.

Firstly , there are several logical arguments to support the hypothesis that the pixels extracted at the thresholds
used represent physical structures. For instance, 0.001%threshold applied to the 5x re
attened image extracts
99 pixels. Given that after application of the mask the image contains around 15000pixels, we would expect this
threshold to extract 0.15 background pixels. It is therefore safe to conclude, at least on statistical grounds, that
none of the di�erences extracted at this level could be due to noise. In addition, the imageswere inspected by a
radiologist, and the pixels extracted at this level were identi�ed as either MS lesionsor vasculature.

In order to demonstrate this more clearly, a minimum intensity projection (MIP) of several adjacent slicesfrom
around the slice shown in Figs. 4 and 5 was produced, and thresholded the 1% level (the sameas applied to
the subtraction result). If the pixels extracted using this threshold with the subtraction result represent physical
structures, then pixels extracted using the samethreshold applied to the MIP should show somespatial correlation,
forming either clusters or linear structures depending on the orientation of the underlying structures. Fig 6 shows
the resulting image,and it is clear that the majorit y of the pixels do indeedshow spatial correlation: many obvious
linear structures are present.

3.2 (P ost-Con trast)-(P ost-Con trast)

A common feature in all of the subtractions performed so far is that the vasculature is extracted together with
any MS lesionspresent. However, if subtractions are performed betweenpost-contrast scanstaken during di�eren t
visits then the vasculature, highlighted in both scans,will not represent a localiseddi�erence. In practice, slight
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(a) (b) (c) (d)

Figure 4: MS data from the �rst visit: pre-contrast (a), post-contrast (b), simple subtraction (c) and scattergram
(d).

(a) (b) (c) (d)

Figure 5: Subtraction results for pre- and post-contrast scans from the �rst visit: NPI subtraction (a), NPI
subtraction threshold at 1% (b), 5x re
attening (c) and 5x re
attening threshold at 0.001%(d).

(a) (b)

Figure 6: Minim um intensity projection of the �rst visit pre- minus post-contrast subtraction results (a), and 1%
thresholding of the MIP (b).

changesdue, for example, to atrophy will result in the vasculaturebeing identi�ed to someextent, but the amount
identi�ed shouldbe greatly reducedcomparedto the subtraction results shown in the previoussections. In addition,
the results will show only the changesin the MS lesions,rather than identifying all of the enhancinglesions. Since
the primary useof MRI scanningwith MS patients is for monitoring the progressof the disease,either in relation
to patient management or to therapeutic trials, this may be a more useful way in which to processthe data. It is
alsoimportant to remember that the subtraction technique is non-symmetrical: only new lesions(or lesiongrowth)
in the image usedon the vertical axis of the scattergram will be identi�ed. Therefore, depending on the order of
the subtraction it is possible to identify either new lesionsthat have appeared or lesionsthat have ceasedto be
enhancingduring the interval betweenthe scans.

To illustrate such subtractions, Fig. 7 shows two post-contrast scansfrom the samepatient, taken approximately
two months apart. Two enhancinglesionsare present in the �rst scanand have ceasedto be enhancingat the time
of the secondscan, and the secondscan contains one new enhancing lesion. The result of a simple subtraction
is also shown: the new lesion appears dark and the old lesions bright. Note that changesare identi�ed in the
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sagittal sinus at similar levels as the changesdue to the lesions: this demonstratesthat signi�can t changesoccur
in the vasculaturebetweenvisits, and so indicates that completeelimination of the vasculature from the NP image
subtraction result may be impossiblewithout resorting to a more complex technique, such as using an angiogram
to identify vascular regions. Fig. 8 shows the result of an NPI subtraction betweenthesescanswith the later scan
plotted on the vertical axis of the scattergram, so that only new lesions are identi�ed. As stated above, there
is somesmall amount of contamination by vasculature, but this disappears almost completely on application of
the spatial correlation analysis technique. Fig. 9 shows the results of subtracting the imagesin the other order:
in these images, only the lesionspresent in the �rst scan, which have ceasedto be enhancing in the later scan,
are identi�ed. Again there is somesmall contamination with vasculature, but in general these imagesshow clean
detections of the development of MS lesionswith negligible identi�cation of background features.

Figure 7: Slice 27 post contrast for the �rst (a) and second(b) vists, and simple image subtraction (c).

Figure 8: NP image subtraction (a), thresholding at 1% (b), 5x re
attening (c), and thresholding at 0.001%(d)
for a subtraction of the post-contrast scanfrom the �rst visit from that from the secondvisit.

Figure 9: NP image subtraction (a), thresholding at 1% (b), 5x re
attening (c), and thresholding at 0.001%(d)
for a subtraction of the post-contrast scanfrom the secondvisit from that from the �rst visit.
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4 Conclusion

Identi�cation of MS lesions in MRI scans of the brain is an important issue in relation both to tracking the
progression of the (chie
y pre-clinical) disease,and to therapeutic trials. The lesions can be highlighted by
injection of GdDTPA contrast agent which concentrates at the lesion sites and producesa strong signal in the
scannerdue to the presenceof the paramagnetic Gd ion. However, the most widely used method for identifying
lesionsin thesescansremains visual inspection.

This paper has presented a new technique for the subtraction of a pre-contrast scan from the post contrast-scan
in a statistically rigorous manner, identifying signi�can t changesbetween the scansby comparison to a model of
data behaviour extracted from the data itself in the form of a scattergram. The technique is basedon the standard
formulation of a con�dence interval and quotesa result in terms of a probabilit y, and sois morestatistically rigorous
than a simple subtraction of grey levels, making the results more amenableto further analysis. In addition the
probabilit y distribution for the di�erence images is uniform (
at) and therefore honest. A standard technique
exists for renormalising the product of several quantities, each having a 
at probabilit y distribution, and this has
beenexploited here to produce a spatial correlation analysis technique.

The new subtraction technique is superior in applications that require small but signi�can t localised changesto
be detected against a background of global changesbetweenan image pair, and the identi�cation of MS lesionsin
MRI scansis an example of such an application. We have shown that the new technique is capable of detecting
either the MS lesionsor changesin MS lesionsover time, with a greater sensitivity than visual inspection.

This paper has illustrated the application of the basic non-parametric image subtraction technique to MS lesion
detection, but several extensionsare immediately apparent. Firstly , MS lesionsoccur only in white matter. Some
segmentation technique could be used to identify the white matter, allowing other tissues to be ignored and
thus re�ning identi�cation of the lesions. Similarly, an angiogram could be used to identify and thus ignore the
vasculature. Once the lesionspositions have beenidenti�ed an estimate of partial volumesin the pixels around the
edgesof the lesionscould easily be obtained, since the grey-level valuesof these pixels would depend on a linear
combination of the mean grey levels of white matter and MS lesion. This would allow accurate estimatesof lesion
volumes to be obtained. However, in order to assessthe utilit y of the technique in clinical applications, further
clinical work would be required to demonstrate a relationship betweensomeparameter of the lesion distribution
(e.g. position, volume or number), and someindicator of diseaseseverity or progression.
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A Probabilit y Renormalisation

Figure 10: The sample spacefor the probabilit y renormalisation in 3D, showing the element of integration (the
shadedregion) usedto relate this to the 2D problem. The contour of constant probabilit y is shown by the curved
surfacein the upper corner of the unit cube.

Given n quantities each having a uniform probabilit y distribution pi =1 ;n , the product p =
Q n

i =1 pi can be renor-
malised to have a uniform probabilit y distribution Fn (p) using

Fn (p) = p
n � 1X

i =0

(� ln p) i

i !
= p + p

n � 1X

i =1

(� ln p) i

i !
(10)

The quantities pi canbeplotted on the axesof an n dimensionalsamplespace,boundedby the unit hypercube. Since
they are uniform, and assumingno spatial correlation, the sample spacewill be uniformly populated. Therfore,
the transformation to Fn (p) such that this quantit y has a uniform probabilit y distribution can be achieved using
the probabilit y integral transform, replacing any point in the samplespacep with the integral of the volume under
the contour of constant p passingthrough this point, which obeys

Q n
i =1 pi = p = constant. This can be expressed

in terms of the volume of a hyper-region of one lower dimension by integrating over one dimension (let this be
called x)

Fn (p) = p +
Z 1

p
Fn � 1(

p
x

)dx (11)

This is equivalent to dividing the integration into two regions using a plane perpendicular to the x axis which
intersectsthe axis at x = p. Fig. 10 shows the element of integration that would be usedin the 3D case,to relate
the voulme of the unit cube under the contour of constant probabilit y to the 2D case.

Now, in the simplest caseof n = 1, clearly Fn (p) = p, as no renormalisation is required. The solution for higher
dimensions can then be dervied by iterativ e application of Equation 13. This involves integration of terms in
(p=x)[� ln(p=x)]n which enter in the n=3 and higher cases. This integration can be performed using a simple
substitution x = pu, dx = pdu

Z 1

p
(
p
x

)[� ln(
p
x

)]n dx = p
Z 1=p

1
(
1
u

)[ln u]n du = p[
1

n + 1
[ln u]n +1 ]n +1 =

p
n + 1

[� ln p]n +1 (12)

Iterativ e application of Equation 13 therefore producesthe series

Fn (p) = p � p ln p + p
(ln p)2

2
� p

(ln p)3

6
+ p

(ln p)4

24
:::: (13)

which can be written as

Fn (p) = p
n � 1X

i =0

(� ln p) i

i !
: (14)
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