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Abstract

This memocontains proofs that the Shannonentropy is the limiting caseof both the Renyi entropy
and the information. Theseresults are also con�rmed experimentally . We concludewith somegeneral
observations on the utilit y of entropy measures.

1 In tro duction

The growth of telecommunications in the early twentieth century led several researchers to study the information
content of signals. The seminalwork of Shannon[10], basedon papersby Nyquist [6, 7] and Hartley [5], rationalised
these early e�orts into a coherent mathematical theory of communication and initiated the area of research now
known as information theory. Shannon states that a measureof the amount of information H (p) contained in a
seriesof events p1:::pN should satisfy three requirements:

� H should be continuous in the pi ;

� if all the pi are equally probably, so pi = 1=N , then H should be a monotonic increasingfunction of N;

� H should be additiv e.

He then proved that the only H satisfying thesethree requirements is

H (P) = � K
NX

i =1

pi lnpi

whereK is a positive constant. This quantit y hassincebecomeknown asthe Shannonentropy. It hasbeenusedin
a variety of applications: in particular, Shannonentropy is often stated to be the origin of the mutual information
measureused in multi-mo dalit y medical image coregistration.

Extensions of Shannon'soriginal work have resulted in many alternativ e measuresof information or entropy. For
instance,by relaxing the third of Shannon'srequirements, that of additivit y, Renyi [9] wasable to extend Shannon
entropy to a continuous family of entropy measuresthat obey

Hq(P) =
1

1 � q
ln

NX

i =1

pq
i

The Renyi entropy tends to Shannonentropy as q ! 1.

In addition, Kendall [8] de�nes the information content of a probabilit y distribution in the discrete caseas

I q(P) = �
NX

i =1

pq
i

q � 1
+

1
q � 1

which again tends to the Shannonentropy as q ! 1.

We have not beenable to �nd proofs for the assertionsthat theseexpressionsregenerateShannonentropy in the
limit, and we therefore present such proofs here, and con�rm the results experimentally on a sample of uniform
probabilities. We concludewith someobservations on the theoretical validit y of entropy measuresin general.



2 Shannon Entrop y and Renyi Entrop y

Given a sampleof probabilities pi
NX

i =1

pi = 1

the Renyi entropy of the sample is given by

Hq(P) =
1

1 � q
ln

NX

i =1

pq
i

At q = 1 the value of this quantit y is potentially unde�ned as it generatesthe form 0/0. In order to �nd the limit
of the Renyi entropy, we apply l'Hopital's Theorem

lim
q! a

f (q)
g(q)

= lim
q! a

f 0(q)
g0(q)

where in this casea = 1. We put

f (q) = ln
NX

i =1

pq
i g(q) = q � 1

Then
d
dq

g(q) = � 1

and, applying the chain rule

d
dq

f (q) =
1

P N
i =1 pq

i

NX

i =1

d
dq

pq
i

The form ax can be di�eren tiated w.r.t. x by putting

d
dx

ax =
d

dx
ex ln a = ex ln a d

dx
x ln a = ax ln a

Therefore
d
dq

f (q) =
1

P N
i =1 pq

i

NX

i =1

pq
i ln pi

Letting q ! 1, we have

d
dq

f (q) =
1

P N
i =1 pi

NX

i =1

pi ln pi

collecting terms we have

lim
q! a

1
1 � q

ln
NX

i =1

pq
i = �

NX

i =1

pi ln pi

which is the Shannonentropy.

3 Shannon Entrop y and Information

The information of a sampleof probabilities pi where

NX

i =1

pi = 1

is given by

I q(P) = �
NX

i =1

pq
i

q � 1
+

1
q � 1

=
NX

i =1

pi � pq
i

q � 1
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Figure 1: Various entropy measuresfor a sample of uniform probabilities with N = 10. The Renyi entropy and
information convergeto the Shannonentropy for q ! 1.

Put q � 1 = a, so that as q ! 1 a ! 0, and pi = 1 � x i . Then

I a (X ) =
NX

i =1

(1 � x i ) � (1 � x i )a+1

a

Taking out one power of pi immediately gives

I a (X ) =
NX

i =1

(1 � x i )(1 � (1 � x i )a)
a

The binomial expansion

(1 + x)n = 1 + nx + n(n � 1)
x2

2!
+ n(n � 1)(n � 2)

x3

3!
:::

can be applied to the �rst term of this equation to give

(1 � x i )a � 1
a

= � x i + (a � 1)
x2

i

2!
� (a � 1)(a � 2)

x3
i

3!
:::

In the limit of a ! 0 this becomes

= � x i �
x2

i

2
�

x3
i

3
:::

Which is the well known seriesexpansionfor the natural logarithm

ln(1 � x) = � x �
x2

2
�

x3

3
:::

Therefore,

lim
a! 0

(1 � x1) � (1 � x i )a+1

a
= � (1 � x i ) ln(1 � x i )

and

I 1(X ) = �
NX

i =1

pi ln pi

which is the Shannonentropy.

4 Exp erimen tal Testing

The above results werecon�rmed by plotting the Shannonentropy, Renyi entropy, and information against q for a
sampleof uniform probabilities. Ten random samplesfrom a uniform distribution were generatedand normalised
such that they summedto unit y. Then the Shannonand Renyi entropies and information were plotted against q.
The results are shown in Fig. 1. As expected, the three measuresconvergeas q ! 1. The behaviour around this
point is well behaved.
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5 Conclusions

This memo has demonstrated that, in the limit of q ! 1, both the Renyi entropy H q(p) and the information
I q(p) tend to the Shannonentropy. Also, the Renyi entropy is a monotonic function of the information. However,
as Kendall states [8] these measuresare scale-dependent when applied to continuous distributions, and so their
absolutevaluesare meaningless.Therefore, they can generallyonly be usedin comparativeor di�eren tial processes.
The monotonic relationship therefore implies that Renyi entropy and information can be used interchangeably in
any practical applications.

Although theseentropy measureform a self-consistent family of functions, their scale-dependencelimits their utilit y
asthey cannot then be consideredaswell-formed statistics. For instance,conceptsof Shannonentropy can be used
to derive the mutual information measurecommonly used in information-theoretic multi-mo dalit y medical image
coregistration [12]. However, recent work [11, 4, 1, 2, 3] has shown that mutual information is in fact a biased
maximum likelihood technique, and in the original application of Shannon entropy, calculating the information
content of signals composed from a discrete alphabet of independent symbols, Shannon entropy is identical to
the likelihood function. Therefore, although the Renyi entropy could be used to derive a continuous family of
mutual information measuresthat could be applied, for instance, to coregistration, the statistical validit y of such
techniqueswould be questionable.
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