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Abstract

This document is intended for those who already know how to implement an Expectation Maximisation (EM)
algorithm but might wish to understandbetter the relationship of the update processto probability theory. It aims to
investigatethe relationship between likelihood estimation of parametersdescribinga curve and parameter estimation
methods used for histogram �tting and mixture modelling. This document lays out what I believe to be the true
origin of theseapproachesfrom probability theory. It is shown that the standard solutions for density parameter
terms can be derived from the de�nition of a Poissonsamplingprocess,via the useof Extended Maximum Likelihood
(EML) 1. This result is then compared to conventional function �tting of data with Gaussianerrors, using the equal
variance relationship. We concludewith somecommentson the construction of histogram similarity measures and
their extension for use with probability density distributions.

In tro duction

The standard proof that the average of a distribution of samples (x j ) is the maximum likelihood estimate of
the mean parameter xc can be derived directly on assumption of a Gaussiandistribution. However, in order to
apply the approach to a set of frequency measurements n i describing a distribution over as spacex i , such as a
histogram, we would be de�ning the likelihood in terms of the measurement variable rather than considering the
stabilit y of the sample estimates n i . In addition, although we could perhaps estimate xc this way, we would be
unable to de�ne a likelihood estimate for the normalisation of the distribution (A) using this approach. Under
somecircumstances,this could be consideredasconfusingmeasurement repeatabilit y (error) with data distribution
(signal), and therefore not necessarilya valid use of likelihood. Yet this processis exactly what is done in many
situations when we wish to determine the parametersdescribinga distribution of data. The key questionaddressed
hereis; What is the relationship between;likelihood, estimation of the meanfrom a distribution and the Expectation
Maximisation (EM) algorithm?

Conventional usesof the EM algorithm have the advantage that parametersfrom a distribution can be estimated
via a very simple process(for example taking the weighted mean of a set of samplevalues). This avoids the need
for downhill search. If we can convert a measurement and curve �t process(basedupon an assumptionof Gaussian
residuals),such asa least-squares�t, into the equivalent of a sampleof data we may be able to usetheseapproaches
to our advantage in the �tting of more generalfunctions. At the sametime it should give us someinsight into the
origins of parameter update schemesfor mixture modelling.

The method to achieve this will be to makeuseof the square-root transform for Poissonsampledata [6]. Generally,
we usethis relationship to transform a set of Poissonvariables(eg: n �

p
n) to data with closelyapproximate equal

variance (d � 1=2), in order to construct the likelihood for a set of data points with uniform variance (Figure 1);

� logP = 1=4
X

i

(di � f (x i ))2 � 1=4
X

(
p

ni � f (x i ))2

This makesit possibleto generatesimpli�ed solutions for systemsof Poissonvariables. Although an approximation,
this approach is expected to be more accurate for determination of parameter estimates describing the density
funciton � (x i ), from Poissonsamples,than simply applying standard � 2 measures,ie;

� 2 =
X (n i � � (x i ))2

� (x i )

due to the improved Gaussianapproximation of Poissondata achieved following the square-root transform.

We wil show that for the EM algorithm, it is the Poissonnature of the data which makessimple closedform solution
possible. We will therefore use the equal variance relationship in the other direction, to estimate an equivalent
likelihood solution for Gaussian residual distributions from exact solutions for Poisson statistics. We will then
comparethe likelihood basedand equivalent EM style parameter estimation.

1Previous drafts included a derivation which implied that sample moments were always Lik elihood estimates, this contained an
error and had been removed.
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Figure 1: Transformation of a uniform variance data set to a statistically equivalent Poisson sample.

Fitting a Data Curv e

If we wish to �t the curve yi = Af (x i ; xc) to a set of data di with independent uniform random Gaussiannoise,
we should minimise;

X

i

(di � Af (x i ; xc))2 =
X

i

d2
i +

X

i

A2f 2(x i ; xc) � 2
X

i

di Af (x i ; xc) � (1)

di�eren tiation with respect to A and setting to zero we get the exact likelihood estimate for A;

A =

P
i di f (x i ; xc)

P
i f 2(x i ; xc)

= d:f =jf j2

Which, by setting jf j = 1 can be written as

A = jdjcos(� )

where the cos(� ) is the angle between the data and model vectors in the data space. This term is a measureof
the detailed match betweenthe `shape' of the data and the function, such that if the model is not located over the
data the normalisation term will be penalised. From the point of view of curve �tting this is a perfectly reasonable
behaviour.

Now by di�eren tiating (1) with respect to xc and setting to zero we can determine a constraint for the likelihood
estimate of xc

A2 @jf j2

@xc
+ 2A

X

i

di
@f (x i ; xc)

@xc
= 0

Once again de�ning jf j = 1 and for A 6= 0 gives

X

i

di
@f (x i ; xc)

@xc
= 0 � (2)

Solution of which should give the likelihood estimate of xc.

A True Lik eliho od for EM

We will now consider the processof estimating the parameters for a distribution which models a sample of data
measuredas a set of n i frequencies. The aim is to de�ne the probabilit y of observing a set of sample data x i in
a multi-dimensional (continuum) spacebasedupon a speci�c probabilit y density function � (x i ). To do this we
must de�ne a �nite set of samplecells (X i ) and compute the probabilit y of observing data within each and take
the continuum limit. The correct statistical model for this is the Poissondistribution, so that the probabilit y of
observing a given number of sampleswithin each discrete region within the non-zero portion of the probabilit y
density is;

P(n i ; � ) =
exp(� � )� n

i

n!
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We can therefore write down the log probabilit y for the model in terms of the data as the sum of independent
terms for each quantit y of observation n i = 0 ,n i = 1,n i = 2 ...;

log(P(� )) =
N 0X

i

log P(0; � (X i )) +
N 1X

i

log P(1; � (X i )) +
N 2X

i

log P(2; � (X i )) + :::

the �rst being N0 empty cells, the secondbeing N1 cellscontaining onesampleand N2 cellscontaining two samples,
etc. Equally we can write this as;

log(P(� )) =
N 0 + N 1 + N 2 + :::X

i

log P(0; � (X i )) +

N 1X

i

log P(1; � (X i )) � log P(0; � (X i )) +
N 2X

i

log P(2; � (X i )) � log P(0; � (X i )) + :::

Substituting the appropriate Poissonterms gives;

log(P(� )) =
N 1X

i

log(� (X i ) exp(� � (X i ))=1!) + (� (X i )) +
N 2X

i

log(� 2(X ) exp(� � (X i ))=2!) + (� (X i )) + :::

�
N 0 + N 1 + N 2 + :::X

i

� (X i )

Which simpli�es to;

=
N 1 + N 2 + :::X

i

ni log(� (X i )) �
N 0 + N 1 + N 2 + :::X

i

� (X i ) + k1

where k1 is a constant2 de�ned by the sample of data and n i is the quantit y of data at X i . In this form we can
seethat the secondterm (which corresponds to the probabilit y of a zero entry in every location) is simply the
integrated probabilit y density which we can make constant as part of the model de�nition. Therefore, only the
�rst term is data dependant. This has the obvious bene�t that we do not needto attempt to compute probabilit y
terms for the empty cells. In addition, this expressionsupports the calculation of the normalisation parameter B ,
for arbitrary data distributions . Writing � (X i ) = B f 2(X i ), di�eren tiating with respect to B and setting
equal to zero in the usual way gives;

N1 + 2N2 + 3N3:::
B

�
N 0 + N 1 + N 2 + :::X

i

f 2(X i ) = 0

Solving with
P N

i f 2(X i ) = 1 givesthe standard mixture update estimate of B = N1 + 2N2 + 3N3 + :::. That is
the total num ber of observ ations M .

We can write;

log(P(� )) =
NX

i

ni log(� (X i )) � v + k1

where v is the integral of the density function and N is the number of non zero cells. Summing now over the M
individual data entries j , the log probabilit y is given by;

log(P(� )) =
MX

j

log(� (X j )) � v + k1

This approach is also directly applicable to the continuum (x j ).

log L =
MX

j

log(� (x j )) � k2

Z
� (x) dx � (3)

2Provided we do not respecify the sampling process,such as happens in some bootstrap lik elihood techniques [8].
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Where k2 is an unknown constant which relates probabilit y density � (x j ) to discrete probabilit y � (X j ) 3.

As a consequencethe data dependant term of the log probabilit y lo oks lik e a likelihood formulated using the
probabilit y density � (x j ). Perhapsbecauseof this, the measure(�rst described by Fermi) is referred to asExtended
Maximum Likelihood (EML) [1]. It is extended in the sensethat, rather than simply computing the likelihood
for a �xed density distribution it allows parameters describing the density distribution to also be determined.
A-priori knowledgeof the density distribution allows the regenerationof the conventional likelihood 4 (�rst term
in equation (3)). This result also tells us that this �rst term is su�cien t for joint determination of the parameters
of the density model provided that we �x the normalisation 5.

Equation (3) is the statistical basis for the EM algorithm . In the context of the useof an EM optimisation
we can therefore estimate a new set of parameters by minimising the �rst term subject to the constraint of �xed
normalisation of the density function, (so that the arbitrary constant k2 plays no role in the solution).

The presenceof an unknown constant term (k2) prevents determination of an absolutenormalisation when applied
to a density function over a continuous space. This is an expected consequenceof transforming to continuous
probabilit y densities. Notice also that the de�nition of a probabilit y density in this context is as the large sample
limit of a Poissonsampling process.

As menitioned above, it is well known that the likelihood estimate of the meanof a Gaussiandistribution is givenby
the meanof the sample. However, more generalsolutions can be derived from the above likelihood. Di�eren tiating
log L with respect to xc (the translation parameter 6) we get the constraint;

X

j

@� (x j )
@xc

=� (x j ) = 0 � (4)

Comparison of Gaussian Lik eliho od and EML

We now compare the above results with parameter estimation for Gaussian based likelihood. The method for
estimation of the normalisation constant from a sampleof n i data follows from EML and can be written as;

B =
X

i

ni

This correspondsto the simplest casefor the EM algorithm, whereall data hasbeenidenti�ed with onecomponent
of the EM model. The more general caseis obtained by intro ducing the appropriate probabilit y weighting terms
(which can be justi�ed on the basisof the standard proof for convergenceof the EM algorithm [2]).

Applying the variance normalising transform to the previous result n i ! d2
i this would be equivalent to

B � A2

The approximation here is due to the approximation of the Poissondistribution to a Gaussianvia a square-root
transform. Which can strictly only be expected to be exact for large samples.

Comparing thesetwo approacheswe have;
X

i

ni �
X

i

d2
i !

X

i

d2
i cos2(� )

The implication seemsto be that the normalisation parameter in the EM algorithm ignoresthe shape dependency
of the agreement betweenthe data and �tted curve (ie cos(� ) = 1).

Considering now the localisation parameter xc. Taking the same approach as previously , the single mixture
component EM algorithm is of course;

xc =

P
i ni x iP

i ni
�

P
i d2

i x iP
i d2

i

3Strictly k2 is the interval on x which speci�es an independant sample and in order for it to take the form of a simple constant (and
not be a function of x , k2(x i )), we must assume that this interval is the same everywhere within the measurement space; ie: we are in
an equal variance domain [9].

4A tribute to the self consistency of probablit y theory.
5The probabilit y densitities must also be speci�ed in the equal variance domain.
6Notice that the derivativ e of the integral of the density function with respect to pure translation is zero.

5



For the speci�c caseof a Gaussiancurve �t

f (x i ; xc) = G(x i ; xc; � ) = k exp � (x i � xc)2=2� 2)

constraint equation (2), for the �tting of data with Gaussianresiduals,becomes;

X

i

di (x i � xc)G(x i ; xc;
p

2� ) = 0

which we can write as
X

i

d2
i (x i � xc) +

X

i

di (x i � xc)(G(x i ; xc;
p

2� ) � di ) = 0

In this form, we can seewe must assumethat the secondterm is on averagezero for the correct model (which is
true onceagain when cos(� ) = 1), then X

i

d2
i (x i � xc) = 0

such that the standard solution for xc is generated.

For the generalcaseof centroid estimation, the two constraint equations ((2) 7 and (4)) can be related directly;

X

i

ni
@� (x i )

@xc
=� (x i ) � 2

X

i

d2
i

@f (x i ; xc)
@xc

=f (x i ; xc) !
X

i

di
@f (x i ; xc)

@xc

Onceagain this association can be resolvedby assumingthat the data and the model match exactly at the solution.

Conclusions

This document has described the likelihood estimation of parametersfrom data with Gaussianerrors and Poisson
samples. It has then comparedthe form of thesesolutions via the useof the equal-variance (variance normalising)
transform.

We are now in a position to understand how the Maximisation step in the EM algorithm managesto directly
estimate the key parameters of Gaussianmixture distributions. Transformation of the result for arbitrary distri-
butions of data illustrates that the main di�erence betweenthe methods is due to the inabilit y to form a solution,
from a Gaussianderived likelihood, without assumingthat the data and model will be identical at the solution.
This would only appear to be true in the limit of in�nite samplesizes,where both solutions coverge 8.

Becauseof the relationship between least-squares�tting and Poissonstatistics via the equal-variance transform,
we would appear to have a choice for ways of estimating parameters A and xc for a curve �t of data di to the
function Af (x i ; xc).

The standard derivation from likelihood (normalising the function with jf j = 1) would give;

A =
X

i

di f (x i ; xc)

Which can be usefully applied in the context of an iterativ e optimisation schemesuch as the `Simplex' algorithm
of Nealder and Mead. This algorithm iterativ ely adjusts a set of parameters and evaluates the successof this
manipulation by estimating the cost function. Results such as the one above can be used to eliminate one free
parameter prior to each function evaluation, within the function evaluation subroutine. In particular this has
beenused in the TINA software to eliminate the scaleparameter during �tting of contrast time coursecurvesfor
analysisof MRI perfusion [4]. In fact this idea is just a simple exampleof the more generalmethod of partitioning
the free parameters in terms of linear and non-linear terms. The linear terms can be estimated by direct solution
(such as this above) before calculation of the cost function using the remaining non-linear terms. In many cases
the e�ectiv e reduction in dimensionality of the search spacecan have real bene�ts in execution speedat no cost to
theoretical rigour. An example of the useof this technique in medical image analysis can be found in [10].

7Notice we are summing over locations x i not samples j .
8Lik e conventional lik elihood it strictly requires that we work in a measurement domain of equal variance.
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The equivalent form basedupon the mixture model update approach would be;

A �
s X

i

d2
i

The advantage of this formula over the previousonebeing that it is independent of the agreement betweenlocation
and shape of the �tted function.

The analysispresented in this document also makesit possibleto identify three di�eren t approachesto the �tting
of histogrammesof discrete bins X i with frequency valuesn i to a density function � (X i ). In order of accuracy of
approximation to the Poissondistribution, we can minimise;

the conventional � 2

� 2 =
X

i

(n i � � (X i ))2

� (X i )
� (5)

the equal variance approximation (expected to be twice as accurate);

log(P) �
1
4

X

i

(
p

ni �
p

� (X i ))2 � (6)

or the Extended Maximum Likelihood

log(L ) =
X

i

ni log(� (X i )) � v � (7)

which will give an exact likelihood estimate for Poissondistributed data.

However, we should remember that the probabilit y calculations (for the probabilit y of the data given the model),
from which theseexpressionsare derived, strictly only deliv er valid probabilit y estimates for the true value
of the parameters � � (x i ). This is a subtle but important point, as � (x i ) movesaway from the true value the
computed statistics no-longer have construct validit y. In fact the exact likelihood basis for (7) may be of less
value than we might think, as the likelihood estimate for � (x i ) will always be slightly di�eren t to � � (x i ). Though
parameter estimatesare possibly unbiased(as de�ned over a seriesof possibleestimations), this di�erence accounts
for the well known bias of likelihood basedstatistics.

Equation (7) also has the advantage that we can extend this to continuous probabilit y densities � (x i ) (equation
(3)). It is this last property which makes this measurethe statistical basis for parameter estimation within the
EM algorithm. It follows from the standard proof of convergencethat any valid likelihood estimate for mixture
model terms can be usedwithin the EM framework.

Additional Commen ts

Given the material I have written regarding this subject previously [9], it would be remissof me not to comment
on the relationship of these conclusionsto pattern recogntiion. We can extend the above analysis further and
for the limit of in�nite sample sizeswe can derive expressionsfor the comparison of probabilities distributions
from histogram similarit y measures.At �rst sight this might seemto suggestthat equation (7) will generatethe
appropriate way to compareprobabilit y densities.

L K L =
Z

p(x)log(� (x)) dx

This would lead to the Kullback-Liebler divergence.This obervation may be one of the reasonsfor the widspead
acceptanceof this measureas the `correct' metric. However, simple inspection of this result tells us that something
has gone wrong. The measureis not symmetric under interchangeof p(x) and � (x). The reasonfor this is that
although we have been careful to approach p(x) from the de�nition as a Poisson limit, we were not so careful
regarding � (x). As a consequence,the Kullback-Liebler measuregivesthe correct similarit y measureonly for the
trivial caseof two identical probabilit y densities,away from this point it reverts to an approximation.

The correct way to compareprobabilit y distributions acrossa spacemust formulate a similarit y measurewith more
care. Speci�cally , for a Euclidean form this must be done in an equal variance domain (as explained in [5]) in
order to be consistent with the conceptof Fisher information. Following this approach we seethat it is the second
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of these alternativ es (equation (6)) which (being exact in the probabilit y limit (n=M ! p and also l=M ! � ))
leadsto the correct way to compareprobabilities using the Matusita measure.

L M =
Z

(
p

p(x) �
p

� (x))2 dx

Similarly, we would probably prefer to use equation (6) rather than (7) if we wish to de�ne a distance between
dissimilar histogrammesrather than trying to establish equivalence.
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