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whereG,(r) is a radial Gaussian weighting from the centre
of the patch ang is the scale parameter. The noise filtered
Noise filtering is a common step in image processing, andifgensityg, is then estimated as a weighted sum of central pixel
particularly effective in improving the subjective qugliof valuesg, for matching locations, typically
images. A large number of techniques have been developed,
many of which .concentrate on the problem of removing noise Ga = Z gpw(a,b) o Z gvexp(—d(a, b)/hQ) (2)
without damaging small structures such as edges. One recent b b
approach that demonstrates empirical merit is the Non4Loca
Means (NLM) algorithm. With the increasing use of imaging/heret is a scale factor that determines the required degree of
in medicine and sciences it might be considered inevitdtae t Similarity. Recently, the NLM algorithm has been shown to be
researchers will try to apply such noise filtering schemes Ygry effective in empirical tests for clinical data [5]. Hewer,
quantitative analysis. In order to do this with confidence wieappears that the theoretical basis for the algorithm s n
need to develop an understanding of the noise removal ppoceéen fully understood in statistical terms. As a consecgienc
that goes beyond subjective appearance. The purpose of thfsapproach has many free parameters (in particutard p)
paper is to develop and test a statistical basis of NLM, ireprcthat influence the behaviour of output data. The application
to try to understand the conditions required for its use. TIféthe approach therefore has to be carefully analysed ierord

theory is illustrated on synthetic data and real MR images f be considered adequate for clinical applications. Fe&r th
the brain. we need a fundamentally deeper understanding of what the

algorithm is doing. As with all estimation tasks, this reggi
us to identify the assumptions necessary to derive theittigor
from the theory of statistical estimation. In particular meed

1 Introduction to understand the patch matching and grey-level weighting
processes in terms of conventional statistics.

MRI de-noising is a common pre-processing step in many I\/g?

. . X . Methods
image processing and analysis tasks, such as segmentation o
registration. Many filtering methods are based on the signal
averaging principle, which uses the spatial redundancyi: . . . .

the image. Gaussian filters have been widely used in so I%e NLM algorithm presented in the introduction does not

applications such as fMRI but they have the disadvantagerg’rf‘p directly onto statistical estimation processes, and/so

: . . lify it in order to make such as association. The aim here
blurring edges due to averaging of non-similar patterns. Ih P o o T
g €dg ging P not to evaluate the modified version in an algorithmic ‘o

order to avoid this problem many edge preserving filters ha\?e . o o
P y edge p 9 t", but to determine the statistical characteristics lod t

been proposed. Probably the best known is the Anisotro&% ] . . : o
Diffusion Filter (ADF) [1, 2]. Such filters respect edgeé)nglnaINLM algorithm through comparison with the modified

by averaging pixels in the orthogonal direction of the locafe"s'on:

gradient. However, they can erase small features and may _ . . . .

change image statistics. Wavelet based filters have ggot?e flrstt mst;incde v;e W'”t.'?ct).dg); e(tquatlon (1) so that it

been applied to MRI de-noising [3] but tend to introduc&®N'orMs to a standard quantitatiye tes

characteristic artifacts that can be problematic for clams. | NN
d(a,b) = Xz = 55 (Aij — Bij)* ®)

The NLM algorithm modifies the intensity, of each location b 202 21: XJ: ! !

of the image(z,y) by comparing many locations within the

image and selecting those regions that appear similar on tigich is valid for independent, identically distributed¥)

basis of local context (ie: the patch of surrounding values fdata. In addition we will investigate a similarity functiomat

the ath patchA andbth patchB). The similarity is defined allows one degree of freedom for grey level scal¢ and



minimises of Expectation Maximisation requires that a weighted meaan i
N N constructed using the conditional probability of classificn.
2 L AR.A2 2 2 Here, this corresponds to the grey-level being drawn froen th
e ;zj:(aA” BBy)" st aZ+ =1 (4) signal distributionP (b = a|xas, g« — g5). The constraint this
' places on the estimated grey-level must also take account of
The required scaling parametee= o/ is given by (Appendix how well g, predictsg, (ie o.5). Clearly, replacing this 2D
A) distribution with a 1D weight factor, dependent only upoa th
similarity function as in NLM, (Figure 1(b)) such as

7~ 2AlD = 1B1/|4] :
(1412 = |B[*) + (1A* + [B]?) _ 20 9oL (b = alxab) /oy (5)
25 P(b = alxas) /o2,
Equation (2) is less straightforward to interpret. This isather than
however clearly an estimation task, and we would expect the S g P(b=al — g)/o?
weighting factors to be related to the probability that taetcal Go = 900 0 = AIXab Ja = 96)/9ab (6)

a — 2
grey-level in patchb is drawn from the same distribution as 22y P(b= alxab, ga = 9v) /0y

the grey-level from patcta, using the similarity function as jnyolves making a number of additional assumptions regardi
the basis for this assessment. In general we can expect {his relationship between the full 2D distribution and its
to require us to have knowledge regarding the behaviour @frginal projections.  In particular, a 2D conditional
the data in the joint 2D space of grey level residuals apglopability (as used in equation (6)) would select data as a
similarity. This interpretation is summarised in Figurevhich  function of both variables and be likely to reject data with
illustrates 2D distributions of the difference betweentcan large g, — g due to the increased breadth of the non-match
patch grey-levels plotted against the patch similarity sne@  gjstribution. When using equation (5), or similar, we can
(V/x*/N? = x/N) for corresponding patches$ = a) and therefore justify putting a cut on the difference variakds,

non-corresponding patcheid & a). Our x” is a standard chi- js often done in NLM implementations in the interest of
square variable with meal. Therefore, for the distribution computational efficiency (Appendix B).

b = a, the variabley/N is drawn from a distribution that is

well approximated by a Gaussian with meafand a variance Returning now to the standard NLM formulation. There are

1/N. two simple cases we should consider as an alternative to
exponential weighting (Figure 1(b)). If there is no overlap
between the two distributions then using a single weighting
factor of 1 for all data below a threshold is valid. Howevextal

° - drawn from an approximately uniform continuum of possible

9(2)-g(b) 9(a)-g(b)

patches (such as Figure 1 (c)) has overlap and we can only
| say that the weight factor should be 1 for high patch sintifari

: xm 1 xm and drop to O for statistically dissimilar patches. In eitbase

oo qonsy we can conclude that the exponential distribution embodied

in equation (2) is suboptimal for both low and high similgrit

scores.

In general, without knowledge of the non-match distribatio
] (! = a) we cannot estimate (b, a). However, knowledge of

xm ! @ XN the expected match distributiaR(x.5|b = a) and the total
sample distributionP(x,,) would allow us to compute this

Figure 1:(a) The 2D distribution of difference between Cemr%aictorP(b = aPxa) = Pxarlb = a)/P(xa) (red curve

level val funci fh tch similarit vided by the blue in Figure 1 (d)). We may assume (as in
grey-ievel values as a function oTIh€ patch simiarity neas NLM) that the overlap between true signal and background is
(b) the marginal projection of the conditional probabilitf

the data being d ; th rching distributi b= similar across the image, or estimate the actual distobsti
e data being drawn from the matching distribution ( 'a}’)resentateach location.

(c) data from the brain image (Figure 4(a)), (d) profile o
distribution in (c) (blue) with expected signal distriboi (red).

In this work we take they? hypothesis probability B, =
P(x2,, N?)) as the weighting factor, as an approximation that

consistent with what we expect of the required functiom a

_Thg process of weighted estimation (_ambc_>d|ed n qu".’mon ?r)rs on the side of caution (ie: itis a less efficient estimdty
is directly analogous to parameter estimation (or Maxitsa . = .
situations of no overlap.

step) in the Expectation Maximisation algorithm [4]. Thé
location of the mean value fdr = « would be the likelihood Py

estimate of the noise-free data. The condition for converge w(a,b) o o2,



This can be approximated using error function (erf()).
This has the advantage that the weighting factor reduce
to approximately zero for matching patches that are no
equivalent within the expected variation due to noise.
Calculation of this quantity also supports testing of the
assumed noise distribution. Numerical implementatiorhef t
similarity calculation requires some care in order to awsix
deep nested loop (Appendix B).

2.1 Reaults (a) (b)

_ Figure 2:(a) Simulated data with no illumination variation and
211 Simulated data (b) consequent change in input values following filterinthwi
equation (7).

The similarity measure used in the first experiment is given

by equation (3), where data is sampled in a region around the . . .
central pixelg, ando is an estimate of the level ofimage noiser.’r.]"’ltclhlng patchh?atg\ :hergf(_)re presents 3 problem with this
This sets the scale for our definition of similarity accoglin Simple approach to determining correspondence.

the level of evidence in the image. . . .
To alleviate this problem and recover more samples, theémag

regions were instead matched using a free scale parameter, a

Here, filtered pixels are estimated using discussed in the previous section

Go = o9 Pav/o8y 3y 96 Pav/Xas
> Pav/03, 22 Pav/ X%

whereo,;, is the standard deviation (width) of the difference
distribution for g, — g,. For matching patches we expect
ou = o. The use of an estimate of local variance derived froiith v calculated usingB|/| A| for purposes of computational
patch similarity reduces the dependency of the algorithtthen efficiency. This was not found to result in an observable
assumed value of global image noise Regions that do not change in the sampled distributions (see below). Our vieriab
match take no part in the weighted average &3¢/ xa, = 1 is expected to be ? statistic withV — 1 degrees of freedom.
by definition. Pixels that do not change their value upohhe variable\/x?/(N — 1) is drawn from a distribution that

application of this filter ¢, — g, = 0)* represent statistically iS approximately a Gaussian with mear) and a variance
unique locations. k/(N —1). The value ok = 0.9 was set to adjust empirically

for the extra instability introduced into the variable daetror
In order to test this process, simulated data was genenatedni (& similar problem to that accommodated by the Student t-
32/32 square regions with grey levels drawn randomly frotast). The hypothesis probability was again be computetgusi
a Gaussian distribution of width 32 grey levels. Independeie error function, and weighted averaging was computedjusi
uniform Gaussian random noise was then added with a variance
of 1 grey level (Figure 2(a)). Matching image patches were - 9P/ (X2, (1 +72)) 8
soughtin a 23x23 region about the central pixelThe relative Ja = >y Pan/ (02, (1 +42)) ®
change in grey level produced by filtering using an 11x11kpatc
similarity calculation is shown in Figure 2(b). Notice thafhis takes appropriate account of the accuracy of each@istim
unique regions of the image (corners of each square pateh) @fy,), such that each data point is weighted by the expected
generally left unmodified (O difference) as expected. difference between the sample and the underlying true value
The difference between filtered values and the original data
In a second simulation, a uniform slope in grey level (1/4/gre(Figure 3(a)) is shown in Figure 3(c). Following the scaling
levels per pixel) was applied to the image prior to the additi modification the filtering results are comparable to theinsily
of noise (Figure 3(a)). For this data more pixel locationgsult (Figure 2(b)), with only unique locations being left
are considered statistically unique and left unmodifiedi® tunmodified. The quantitative validity of the method can be
averaging process (Figure 3(b)). This problem is consistagsted by observing the sample distribution (histogram) of
with a spatially varying illumination, as present in manyiypothesis probabilities for this data (Figure 3 (d)). The
images and field inhomogeneity in MR data. This lack dfistribution is uniform, as should be the case for hypothesi
Final results are represented as integer values so thatdéfisition pmbabllltle? P, except for the_ peak at Z.ero that corresponds
identifies unique locations as a lack of change at a level rfessithan intrinsic {0 NON-equivalent regions. This also validates our chofce o
image noise. and the use of the approximation fer

() ) N N
2 2
Xab = 307 1 42) zz: Zj:(%‘li;‘ — Bij)




(b)
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I Figure 4:Magnetic resonance data for a normal subject taken
at the level of the top of the brainstem (a), and correspogdin
change in each pixel (b). Figure (c) shows the differences
produced with a conventional NLM filter for comparison.
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a region that satisfies the hypothesis test. A less consarvat
@ weighting, such as weighting with the likelihoedp(—x?),

as suggested in the original papers, removes noise even in

unique regions (Figure 4(c)) even without adjusting foraloc
rey-level scale changes. This implies that filtered egtéma
ust necessarily include datag,) from patches that cannot

justifiably be expected to be from the same distribution as th
Bntral pixel.

Figure 3: Data with illumination variation changing left to
right (a) and resulting change due to filtering (b). Th
distribution of hypothesis probabilities when data is fi
with a scaled matching process (c) using equation (8) is al
shown (d). This histogram is uniform for data drawn from
the assumed distribution, as expected, with a peak at zero

corresponding to unique locations. . . .
P 9 q 3 Discussion and Conclusions

2.1.2 Real Data There are several notable differences between the statlgti
based filtering scheme described above and the original
The above (scale adjusted) filtering scheme was also agpliedhethod of NLM. Firstly, we have not used a spatial Gaussian
a 256x256 MR image of the brain (Figure 4(a)) from a 1.5 Teskeighting function in the construction of the regional damity
machine. Noise was directly estimated from the image in th@easure. This implies a change in the statistical variables
region of the brain and patch similarities computed overa 7and in order for this formulation to remain within the realm
region. The magnitude of pixel change due to filtering is shovef conventional statistics, (and the principles of quaititie
in Figure 4(b), and illustrates that as in the simulated dgvaobability as required for scientific validity) the assuiop
many locations are left unmodified on the basis of statistioaf independent uniform Gaussian noise must be applicable to
unigueness. This result is typical of clinical data. these new variables. This represents an assumption ragardi
the differences likely to be obtained between samples of
A magnified portion of this image and the filtered output imatching patches rather than the intrinsic measurement
shown in Figure 5(a) and (b). This process can be consideprdcess. This can only be considered as a justifiable syrateg
a safe strategy for noise filtering in these images. Datalig oiif an effort is made to confirm these distributions empitical
modified when each estimate of the central pixel comes fraand we must expect them to vary between data sets. There is



quantitative patch comparison causes immediate problems
for the realistic image formation scenario of illumination
variation, with many locations unable to identify matching
patches. Therefore the basic simple grey level compariasn h
been modified to include estimation of local patch intensity
variation (equation (4)). This has been found to be sufficien
to recover many matches, without invalidating the quatitiga
interpretation of the method.

Even with scale estimation, real data exhibits unmodified
regions of pixels, consistent with unique grey-level stinoes.

We can reduce these areas by reducing the region defined
for similarity, in other tests we found shrinking the sinnitg
region from 7x7 to 5x5 (which we consider to be a reasonable
minimum) reduces the proportion of non filtered pixels withi
the brain from 30% to 15%. However, this is not necessarily
a genuine improvement in the behaviour of the filter as
reduction is achieved by degrading the certainty with which
we can associate corresponding image structure. The power
of the technique to combine data from similar regions would
therefore also be diminished. More conventional apprasche
using exponential weight factors (i.exp(—x?)) and spatial
Gaussian weighting, do not have regions of unmodified
pixels. Our analysis therefore suggests that conventidhisl
methods may be modifying data inappropriately, by comlgnin
data that cannot be considered equivalent at the level of the
information present, potentially introducing an imagestare
dependent bias on the filtered values. This casts doubt on
their optimality in clinical or quantitative applications A
guantitative statistical method leaves these areas aloute,
consequently performs no noise filtering. This introduces a
®) further problem, which is that the noise characteristicthef
output image are spatially varying.

Figure 5: Magnified region illgstrating noise fi_ltering (a). an.dWe believe that a strict demand for identicality betweengema
(b)'. Defsplte-many areas be|r_19 I(_aft unmodified there is IIttI:)eatches is the root cause the inability to filter some regions
subjective evidence of under-filtering. The issue could be alleviated if similar data were processad
more sophisticated manner, such as constructing an eigtenve
model of patch variation using PCA, as done in appearance
also a significant difference in the way that weighted edtma modelling. This is an avenue that we intend to explore furthe
are computed (equation [5]). We have explained how @mfuture. Software and further documents relating to thiskw
optimal combination of grey level estimates (such as one titan be found at our web site [6].

minimised the expected error on the filtered value), would be

expected to involve a monotonic function of the probabilityhere is a simple analogy that can be identified here between
that data is drawn from a signal distribution of equivaleribe process of NLM noise filtering and the biology of human
pixels. This would need to be based on some knowledgsion. There seems to be some evidence that micro textures
of possible contamination (distribution overlap) from nonin images are analysed in the brain by looking for common
identical patches. If there were no contamination then @lsim patterns (or templates), and representing the data in isnage
threshold (such as taking the average for all values ab@&the conjunction of such patterns. The idea that matching
a probability of 99%) would be appropriate. The selectioprocesses occur in early vision has been long established,
scheme used here is therefore cautious by comparisand this explanation supports tasks such as ‘pop-out’, evher
Weighting with a value ofP,;, allows us to at least eliminateunusual image structure is immediately identified. If trEs i
values that cannot be from a statistically equivalent negiothe case, then we can say that the process of representgtion i
When we investigate the behaviour of this process in siradlatin itself, a noise filtering system analogous to NLM. The main
and real data we find genuine instances that have no matctiference here being that the templates might be pre-&ghim

that can justifiably be considered statistically similasulting human vision, and have to be worked out on the fly for NLM.
in extended regions of unmodified pixels. Further, a fullptherwise, the computational processes required to stippor



NLM are entirely biologically plausible, ie: computableng Appendix B: Numerical Details
local calculations thought to be supported by neurons.

Additional psychophysical support for this hypothesis esm The main approach used here to avoid lengthy execution times
from the observation that humans have no difficulty ideinigy Was to compute the patch similarity measure

the noise in noisy images, to the extent that we believe we can 1 N
tell, just by looking, if the output from a noise filtering mess Xf = 55 Z(ﬂ" — Jn)?
has worked (e.g. Figure 5). The noise filtering schemes that o?(1+?) n

give the best subjective performance will be those, perhqﬂﬁhe form
like NLM, which work in a similar way to the vision system

and so produce what we expect to see. We might therefore 1
p " g : 1L LR MR BES

expect that in clinical applications, such a filter will nestroy Xij = o2(1++2

information that would have been considered significanhéo t
radiologist. computing the quantities

A:i]ﬁ B=>"J7 and C=> I.J,

from differences in precomputed integral images 12, J?2
Application of the variational principle to the problem ofand IJ, allows the efficient calculation of = /B/A, for
matching two scaled noisy image patchleand.J, results in one hypothesised shift of the match patch across the entire

Appendix A: Estimating Normalisation

the following optimisation function image, and all of the other factors required. This allows
implementation of the algorithm to be performed within a 4

x> Z(OJn —BJn)? st P4+ 57 =1 deep rather than 6 deep nested loop, delivering executiosti
n of minutes rather than hours. Additional improvements in

efficiency can be gained by rejecting scale values that do not

lie in the range0.5 < v < 2.0, and also by rejecting new
estimatesyg; to the weighted sum wheng; — g;|/o > 8.0.

Puttinga: = sin(6) andg = cos(#) we can now determine the
scaling that minimises thg? function as follows

2
% o 2 (cos(0)In+sin(6).J,)(sin(0)I,—cos(6)J,) = 0
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where¢ = 0 for similar patches. 2Stored in double precision to avoid numerical issues.




