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Introduction

• There is some underlying ideal image f(x,y) 
• Noise n(x,y) is added
• We observe I(x,y)

I(x,y) = f(x,y) + n(x,y)

• We want to fit some model M(qq’ ) where qq’ are some 
parameters 

• These wil l differ from the ideal qq i.e. we have errors
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Introduction

• So, we need to characterise the errors as well as the 
parameters: without them, we cannot
– fully characterise the result
– combine the result with other results in a larger vision 

system

• AIM: to provide practical examples of error evaluation for 
machine vision algorithms



Introduction

• Four levels of complexity:
– discrete functions: error propagation
– hypothesis testing: testing the distribution
– maximum likelihood: minimum variance bound
– empirical evaluation: testing the model fit

Introduction

• Four examples:
– image arithmetic and data transformation
– image differencing
– mutual information registration
– medical image segmentation

Aside: Noise Estimation

• We may need an estimate of image noise
– S.I. Olsen, “Estimation of Noise in Images: An Evaluation” , 

Graphical Models and Image Processing 55, pp.319-323, 1993.

• Noise is high-frequency spatial variation
– but so are structure and texture

• Subtract a fil tered image from the original

– susceptible to image structure
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Aside: Noise Estimation

• Find standard deviation of a structure-free region
– find minimum over multiple blocks
– susceptible to texture
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Aside: Noise Estimation

• Gradient histogram has Rayleighdistribution

– standard deviation = peak
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Example 1: Error Propagation

• Simple algorithms (e.g. image arithmetic) may be 
amenable to error propagation: for independent x, y…

• So, directly from calculus of variations
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Example 1: Error Propagation

• Simple examples: 
– image addition or subtraction

– product or ratio
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Example 1: Error Propagation

• Error propagation may be needed in pre-processing
• Classic example: colour space transformations



Example 1: Error Propagation

• HSI (hue, saturation, intensity)
– also called HLS
– hue = “colour”
– saturation = “contrast”
– intensity = “brightness”

• So if R=G=B, S=0, so H is 
undefined and sH=¥

Example 1: Error Propagation

• E.g. colour segmentation
– convolve image data in colour space with a kernel to 

find density

– find peaks
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Example 1: Error Propagation

• Data space transformations change the meaning of P(x)
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Example 1: Error Propagation

• No transformation can change information content
– so no transformation should change segmentation result

• So either:
– kernel should represent data location accuracy
– or, always work in equal variance domain (see Thacker)
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Example 2: Hypothesis Tests

• Hypothesis tests represent an under-used area of statistics 
in algorithm design (see Thacker)

• The resulting hypothesis probabili ty is in some sense 
intrinsically correct (honest)
– the implementation can be checked directly via the 

distribution
– the probability defines its own accuracy
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Example 2: Hypothesis Tests

• Example: image differencing
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Example 2: Hypothesis Tests

• Simple subtraction leaves behind much of the image 
structure
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Example 2: Hypothesis Tests

• Hypothesis: voxel pair is drawn from the same distribution 
as the rest of the data

g1

p(g2|g1)
g2

g2
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Example 2: Hypothesis Tests

• This is an integral transform: the result must have a 
uniform distribution (honest probabil ity)
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Example 2: Hypothesis Tests

• So, thresholding at 0.1 gives 10% of the pixels

• Threshold via ROC curves (see Thacker)
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Example 3: Maximum Likelihood 

• Measurements X=X i=1…n

• Hypothesised data generation model m(A), where A are 
parameters
– for independent X i (see Thacker)

• As f(X), this is a joint probabili ty
• As f(A), this is a likelihood (R.A. Fisher, 1924)
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Example 3: Maximum Likelihood

• The likelihood equation gives the estimator of A, E(A)

• Equivalently
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Example 3: Maximum Likelihood

• Minimum Variance Bound (MVB)

– also called Cramer-Rao bound, Fréchet inequality
– MVB is achieved where log L is quadratic

• It can be written in various forms using 

– this is called the Fisher Information
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Example 3: Maximum Likelihood
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Example 3: Maximum Likelihood
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Example 3: Maximum Likelihood

• Example: Mutual Information registration
– linked to Shannon entropy and information theory
– commonly used with multi-modality medical images

• Can it be expressed as a ML estimator?
– apply the MVB to find the errors
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Example 3: Maximum Likelihood

• Mutual information is the Kullback-Leibler divergence 
between p(i,j) and p(i).p(j) for images I and J

– sum performed over a joint image histogram
– maximise it to maximise the dependence (alignment) of 

the images.
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Example 3: Maximum Likelihood

20
03

-0
02

 2
00

4-0
01

�

-MI

Example 3: Maximum Likelihood

• A. Roche, Proc. MICCAI 1999

– if image I is fixed (target) image and is constant

– N = no. of voxels 
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Example 3: Maximum Likelihood

• Bootstrapped from the histogram
– log P(I|J) changes e.g. with bin size
– optimisation will produce a biased result

p( i ,j )

p( j ) p( j )/2 p( j )/2

p( i ,j ) /4

p( i ,j ) /4

p( i ,j ) /4

p( i ,j ) /4
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Example 3: Maximum Likelihood

• Consider an arbitrary PDF

– set norm=1: this is Fisher’s original definition
– derivation of MVB remains valid 

• likelihood normalised to any constant, not just unity

– normalisation to distribution peak

.loglog)(log

.)(

NormShapexp

ShapeNormxp

i

i

+=

´=

20
03

-0
02

 2
00

4-0
01

Example 3: Maximum Likelihood

• For Gaussian L (i.e. at MVB), this gives

• So (see Thacker)

2log2 c=- L
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Example 3: Maximum Likelihood

• Or

– v represents the individial data (voxel) terms
• Then, in matrix form
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Example 3: Maximum Likelihood

• Impose the F2 style normalisation to MI

• First term = F2 

• Second term = bias: assume this varies slowly (see 
Thacker)
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Example 3: Maximum Likelihood

• So

• Expand using the chain rule and substitute

0
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Example 3: Maximum Likelihood

• T1 and T2 weighted (simulated) MR volumes
• Gaussian noise added at 1% of the dynamic range
• 9 parameter aff ine registration
• 1000 iteration Monte-Carlo simulations
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Example 3: Maximum Likelihood

• Text

Translation in x Translation in y

Translation in z20
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Example 3: Maximum Likelihood

• Text

Rotation about x Rotation about y

Rotation about z

20
04

-0
01



Example 3: Maximum Likelihood

• Text

Scaling in x Scaling in y

Scaling in z
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Example 4: Empirical Techniques 

• Example: medical image segmentation

20
01

-0
09

 2
00

4-0
06

 2
00

4-0
09

 

Example 4: Empirical Techniques 

• Several methods:
– image space

• manual 
• edge detection
• edge + model: snakes, AAMs
• region growing

– feature space
• thresholding
• region growing / spli t-and-merge
• classifiers
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Example 4: Empirical Techniques 

• MR image formation is linear, so we have
– pure tissues, convolved with noise
– partial volumes: linear combinations of pure tissues, 

convolved with noise

• Multi-dimensional segmentation
– acquire several MR images
– fit nD model to scattergram using EM
– produce tissue volume fractions for each voxel
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Example 4: Empirical Techniques 
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Example 4: Empirical Techniques 

• Compare to gold-standard data
– takes a long time to prepare
– is it accurate?

• We want model fi t failures, not model parameter estimates
• OR: simply test how well the model fi ts the data

– likelihood used in the fitting: not available for testing.
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Example 4: Empirical Techniques 

• 4D data
• 6 tissue model

– GM, WM, CSF, air/bone, skin/muscle, fat
– segment

• Use segmentation result + mean tissue grey levels to 
regenerate noise-free images
– compare to original images
– find fit failures
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Example 4: Empirical Techniques 

IRTSE VE (PD)

VE (T2) FLAIR
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Example 4: Empirical Techniques 

IRTSE VE (PD)

VE (T2) FLAIR
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Example 4: Empirical Techniques 

• Two measures:
– Monte-Carlo Stabili ty

• add Gaussian noise to input image
• find proportional change on output image
• measure noise removal

– Residual Outlier Measure
• estimate noise
• find no. pixels moved by >3 s.d.
• measures model failures
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Example 4: Empirical Techniques 

• For comparison, apply to noise fil tering techniques
– Gaussian smoothing
– Median fi ltering
– Tangential smoothing

• (smooth across three pixels along tangent to 
maximum local slope)
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Example 4: Empirical Techniques 
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Summary

• Image = scene + noise
• Noise addition is a random process described by 

probabili ty theory
• Quantitative statistics is the inverse process

• You have invented a new algorithm: either
– it is equivalent to existing statistical procedure
– you have invented a whole new theory of probability
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Summary

• Image = scene + noise
• Noise addition is a random process described by 

probabili ty theory
• Quantitative statistics is the inverse process

• You have invented a new algorithm: either
– it is equivalent to existing statistical procedure
– you have invented a whole new theory of probability 

(your Nobel Prize is in the post)
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Summary

• If you find the link to quantitative statistics you can:
– get error estimates using standard techniques

• characterise your algorithm
• combine it into a larger vision system

• Or, it might be better to start from the quantitative 
statistical approach.
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A1: RGB to HSI Error Propagation

• R,G,B must be scaled to lie between 0 and 1
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A1: RGB to HSI Error Propagation

• So the error propagation equations are

– b minimum

– g minimum

– r minimum

( )
( ) ( )22222

2

3
RGBs BRG

BGR
ssss +++

++
=

( )
( ) ( )22222

2

3
RBGs GRB

BGR
ssss +++

++
=

( )
( ) ( )22222

2

3
GBRs RGB

BGR
ssss +++

++
=

222

3
1

BGRH ssss ++=

A1: RGB to HSI Error Propagation

• So the error propagation equations are
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A2: Derivation of the MVB

• The expectation value of a function of the data is given by

• What is the variance of an unbiased estimator?

– diff w.r.t A (Â is a function of X, not A)

[1]
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A2: Derivation of the MVB

• Now, L must be normalised

[2]   

• but this is just the expectation value of

• N.B. the likelihood could be normalised to any constant!
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A2: Derivation of the MVB

• So [1]-A[2] gives

• Now use the Shwarz inequali ty
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A2: Derivation of the MVB

• This gives

• So

• MVB is achieved where log L is quadratic
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