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Introduction

» Thereis sme underlyingided image f(x,y)
* Noisen(x,y) is alded
* Weobsavel(x,y)

I(x,y) =f(x,y) + n(x,y)

* Wewant to fit some model M(q') whereq' are some
parameters

* Thesewill differ fromtheideal qi.e. we have erors
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* S0, we ned to characterisethe arors aswell asthe

parameters. without them, we caana
— fully characterisethe result

— combine the reault with ather reaultsin alarger vision
system

* AIM: to provide practical examplesof error evaluation for
madine vision algorithms
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Introduction

» Four levels of complexity:
— disaete functions: error propagation
— hypahesisteding: testing the distribution
— maximum likelihoad:  minimum variance bound
— empirical evaluation: testing the model fit
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Introduction

* Four examples
— image aithmetic and data transformation
— image differencing
— mutual information registration
— medical image s@mentation
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i Aside: Noise Estimation

* We may need an estimate of image noise

— S.I. Olsen, “Estimation of Noisein Images: An Evaluation”,
Graphicd Models and Image Processing 55, pp.319-323, 1993.

* Noiseis high-frequency spatial variation
— but so are structure and texture
» Subtract afil tered image from the original

s =(1(xy)- I(x,Y)AG)

s =(1(x,y)- medl(x y)])
— susceptible to image dructure
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» Findstandard deviation d a gructure-freeregion

— find minimum over multiple blocks
— susceptible to texture
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Aside: Noise Estimation
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» Gradient histogram hasRayleigh distribution

A (NG, all (x,)8
™ o & vV o
— standard deviation = peak
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- Example 1: Error Propagation

» Simple algorithms (e.g. image aithmetic) may be
amenable to error propagation: for independent X, y...

f=f(xy..)

e S0, drectly from cdculus of variations

TiNA
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Example 1: Error Propagation

* Simple examples
— image aldition a subtraction
91 (X Y) =0a(X V) +gu(X,y) 95 (X Y) = Ga(XY) - Gp(X,Y)

SE(XY)=S2(XY) +SE(X,Y)

— product or ratio ga(x,y)
gr (X, Y) = 9a (X, ¥)9p(X, y) gs(x,y) =
9p(%,Y)
2 2 2
5 ¢ B0 -

 Error propagation may be nealed in pre-procesing

» Classc example: colour spacetransformations

Elue (0,0,1) < Cyan (0,1,1)

Green (0,1,0)

Red(1,0,0) Yellow {1,1,0)

TiNA
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Example 1: Error Propagation

e HSI (hue, sauration, intensity)
— asocaled HLS
— hue =“colour” i
— sauration = “contrad” —
— intensity = “brightness” &
. Soif R=G=B, S=0,0His |/
undefined and s | =¥

2001015

Example 1: Error Propagation

» E.g.colour segmentation

— convdve image datain colour spacewith akernel to
find density

— find pe&ks

2001015

Example 1: Error Propagation

» Data acetransformations change the meaning of P(x)
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Example 1: Error Propagation

* No transformation can change information content

— so notransformation should change s@mentation result

» Soeither:
— kernel should represent datalocation acaracy
— or, dwayswork in equal variancedomain (seeThadker)
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Example 2: Hypaothesis Tests

Hypathessteds represent an urder-used areaof statistics
in algorithm desgn (seeThadker)

The reaulting hypdhesis probability isin some seise
intrinsically correct (honed)

— the implementation can be dhecked drectly viathe
distribution
— the probability definesits own acaracy

2002004

» Example: image differencing
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Example 2: Hypaothesis Tests

» Simple subtraction leaves behind much of the image
structure

Example 2: Hypothesis Tests

2002004

» Hypothess: voxe pair is drawn from the same distribution
astherest of the data
P(G219,)
92

O1
O
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Example 2: Hypaothesis Tests
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» Thisis anintegra transform: the result must have a
uniform distribution (honed probabil ity)
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* So,thresholding at 0.1 gives10% of the pixels

» Thresold viaROC curves(seeThadker)

-~ Example 3: Maximum Likelihood

« Measrements X=X_; ,

» Hypothegsed data generation model m(A), where A are
parameters

— for independent X; (seeThadker)
P(X|A) =B P(X, |A)

Asf(X), thisis ajoint probabili ty
» Asf(A), thisis alikelihood (R.A. Fisher, 1929
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Example 3: Maximum Likelihood

» Thelikelihood equation gvesthe estimator of A, E(A)

dlo
gﬂA@AzE(A)

e Equivaently
logL(X |A) =38 logP(X; | A)

AlogL ¢ o
& TA aen
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Example 3: Maximum Likelihood

e Minimum Variance Bound (MVB)

v(A)2 !

(@inL/dAy)
— also called Cramer-Rao bound,Fréchet inequality
— MVB is adieved wherelog L is quadratic
* |t can bewritten in various forms using

d’InL\ _d*InL _ [adnLg
d? [T A, & dA g

— thisis @lled the Fisher Information
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Example 3: Maximum Likelihood
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» Example: Mutual Information registration
— linked to Shannonentropy and information theory
— commonly used with multi-modality medical images

* Canit be expressé as a M. edimator?
— apply the MVB to find the arors
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Example 3: Maximum Likelihood

* Mutual informationis the Kull badk-Leibler divergence
between p(i,j) and (i).p(j) for imagesl| andJ

B
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Example 3: Maximum Likelihood
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e p(i, i)

I(1,3)=a p(, j)log——"—

(:9) i P 7 p)-p(J)
= — sum performed over ajoint image histogram =
? — maximiseit to maximise the dependence (ai gnment) of ?
S the images S
N N
N N
S s
& & -Ml
o o
o o
N AN

- Example 3: Maximum Likelihood -. Example 3: Maximum Likelihood

- . A. Roche, Proc. MICCAI 1999 - . Boatstrapped from the histogram

1(1,3)= & p(i, j)log F_J(h J)_ - Iog.P(.I|J).changes eg. with bi.n size

i p(i)-p(j) — optimisation will produce abiased result

PR PR - ()
= — if image | isfixed (target) image andis onstant = p(i.j) o
g logP(l | J) = N[I(I;J)] +const g (LA p(1.)
& — N =no. d voxels 8 p(j) p()2 p(i)2
S S . .
: g P(112)=PED pg)=2P0D)
S S p(i) p(i)
N N
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Example 3: Maximum Likelihood
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Example 3;: Maximum Likelihood
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» Consider an arbitrary PDF e For GausdanlL (i.e. at MVB) thisgives

L(A) = aexp8 L(a- a)ci(A- Ab)

IogL(A)—-—(A A)CAH(A- A))+loga

p(x)=Norm” Shape
log p(x%) =logShapeHog Norm

— sd norm=1: thisis Fisher’soriginal definition

= — derivationof MVB remainsvalid = - 2logL = ¢?

g * likelihood normali sed to any constant, not just unity g * So (seeThacker)

Q — normali sation to distribution peak I~ _1£1.ch 1?1 732

N N AL o aA | o

S S 4TAn 1Ay, 29AGTA
h h

o o

o o

(qV AN

i Example 3: Maximum Likelihood i Example 3: Maximum Likelihood

« Or * Imposethe F? style normalisationto Ml
=&(c,) . . o
v Nl(l ,J) - |Og p( J) = 2 |0g p(l I J) _ é |Og p(l)p(J)
— v represents the individial data (voxel) terms v ()p(J) v Plmax 1) v Plima 1)
* Then, in matrix form o Firstterm=F2
a S| ° Sewmndterm= bias assimethisvaries sowly (see
-1 o o~ T ~
8 CA £2a (NACV) A (NACV) 8 Thadker)
S v S
(qV AN
N o
o o
— =)
h h
Q =)
o o
N N
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Example 3: Maximum Likelihood

« SO

_ | pGli) 1_08 (R ~\T A (K
c,= |———"~ Cy=2a(N,c,) A(N,c,)
P(imax | 1) A v A A
» Expand wsing the chain rule and substitute

('ITIO(L . PG ) TP(max, j))z

Wy Plmac D) W " (g 57 AR,,)
2p(i, j)?log- P+1)
P(imax | 1) Ao

CA]':_

< Qo

B
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Example 3: Maximum Likelihood

[ ]

T1 and T2 weighted (simulated) MR volumes
Gausdan noise alded at 1% of the dynamic range
9 parameter affine registration

1000iteration Monte-Carlo simulations
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Example 3: Maximum Likelihood

e Text

Trandationin x Trandationiny

Trandationin z
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Example 3: Maximum Likelihood

o Text

Rotation about x

Rotation about y

Rotation about z
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Example 3: Maximum Likelihood
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e Text

Scdinginz
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Scdingin x Scdinginy
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- Example 4: Empirical Techriques

» Example: medical image s@mentation

Example 4: Empirical Techniques

» Several methodk:

— image Yace
* manual
* edge detection
» edge +model: snakes AAMs
* region gowing

— feaure pae
* threshalding
* region gowing/ split-and-merge
* classfiers

2002006 2004009
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Example 4: Empirical Techniques

* MR imageformationislinear, so we have
— puretisuues convdved with noise

— partial volumes linear combinations of pure tissues
convdved with noise

* Multi-dimensional seggmentation
— aqquire severa MR images
— fit nD model to scattergram using EM
— producetissue volume fractions for each voxel
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Example 4: Empirical Techniques

2005013

- Example 4: Empirical Techriques

e Compareto gdd-standard data

— takes adongtimeto prepare

— isit accurate?
* Wewant model fit failures na model parameter edimates
* OR: simply test how well the model fits the data

— likelihooduseal in the fitting: not available for testing.
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Example 4: Empirical Techniques

e 4D data

* 6 tissie model
— GM, WM, CSF, air/bone, skin/musde, fat
— segment

» Use sgmentationreault + mean tisxue grey levelsto
regenerate noisefreeimages

— compare to arigina images
— findfit failures

2004009

Example 4: Empirical Techniques

IRTSE VE (PD)

VE (T2) FLAIR
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Example 4: Empirical Techniques

IRTSE VE (PD)

VE (T2) FLAIR
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- Example 4: Empirical Techriques

* Two measires

— Monte-Carlo Stability
» add Gaussan noiseto input image
« find propational change on ouput image
* measire noiseremoval

— Resdual Outlier Measire
» edimate noise
« find no. pxels moved by >3 s.d.
* measiresmodel failures

2004009

Example 4: Empirical Techniques

» For comparison, apply to nasefil tering techniques
— Gaussan smoothing
— Median filtering
— Tangential smoathing
* (smooth acossthree pixels dongtangent to
maximum local slope)

2004009

Example 4: Empirical Techniques
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Summary

* Image = sene +noise

» Noise alditionis arandom processdesaibed by
probability theory

¢ Quantitative statisticsis the inverseprocess

* You haveinvented a new algorithm: either
— itis equivalent to existing statistical procedure
— you have invented awhole new theory of probability

- Summary

2001-007 2002005 2005009

* Image = sene +noise

* Noise aditionis arandom processdescibed by
probability theory

* Quantitative statisticsis the inverseprocess

* You have invented a new algorithm: either
— itis equivalent to existing statistical procedure
— you have invented awhole new theory of probability
(your Nobel Prizeisin the post)
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Summary

 If youfindthelink to quantitative statisticsyou can:

— get error estimatesusing standard techniques
* characteriseyour algorithm
e combineit into alarger vision system

 Or, it might be better to start from the quantitative
statistical approadh.

* R,G,B must be s@ledtolie betweaen Oand 1

_R+G+B
3
— in(R,G,B)
S_l_ min :

16 05(R-G)YR-B)] U

H =cos g(R- GY +(R- B)G- B)2}
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A1 RGB to HSI Error Propagation

» Sothe error propagation equations ae

1 2 2 2
Sy —§4/3R+s(3+sB

__ 3
(R+G+B)2

— b minimum \/(G+R)252+BZ(5623+5§€)
(R+G+BY 2 (B+Ry'sZ+G?(sg +s})

3 2 2 2(.2 2
= -  /(B+G R
Ss= (R+G+B)2J( +G)'sa+ (SB+SG)

Ss=

— gminimum Sg¢=

— rminimum

| —7 A1l: RGB to HSI Error Propagation

» Sothe error propagation equations ae

:;Jb(czséﬁ D?’s?+ Ezs,i)

QR HRCFre-0f 07 . - v
B ¢1 (B-R)2B-G-R)y
C‘(G' R)g\ﬁ' 2415 H
B ¢l (G- R)(2G- B- R)y
D=(B- R)Ai' 2aL5 B
e-R-B_R- G . (G- R)(B- R)B+G- 2R)
Ja  a 2a'®
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- A2 Derivation d the MVB

» The expectation value of afunction of the datais given by

(f0q-%,)) = ofLdX
* What isthe variance of an unbaseal edimator?

(A)=pALdX = A
— diff w.rt A (Ais afunction d X, nat A)

~dL
SASEAX =1 1
A A ]

2003002

A2 Derivation o the MVB

* Now, L must be normalised
oldx =1

dinL
LdX =0 2
CTA (2]

* but thisisjust the expectation value of

<d|n L>:O
dA

* N.B. thelikelihoodcould be normalised to any constant!




- A2 Derivation d the MVB

* S0[1]-A[2] gives

dA' A)dlnL

dA
* Now usethe Shwarz inequality

2dX 2dX 2 (guvdX)

dinL
—_ A_ = |_
us(A- AVL  VES Y

ldX =1
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A2: Derivation o the MV B
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» Thisgives

"2 .
(A~ APLax @?’””LQ LdX 23 1
dA g o

(el
v(A): !

(@inLraAy)
« MVB is ahieved wherelog L is quadratic
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