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~ Introduction

e Thereis me uncderlyingided image f(x,y)
 Noisen(x,y) Is alded
« Weobsavel(x,y)

1(X,y) = f(X,y) + n(x,y)

 Wewant to fit some model M(Q') where g’ are some
parameters

Thesewill differ fromtheideal gi.e. we have arors
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~ Introduction

e S0, we nedl to characterisethe arors aswell asthe
parameters. without them, we canna

— fully characterisethe result

— combine the reault with aher realltsin alarger vision
system

 AIM: to provide practical examplesof error evaluation for
madine vision algorithms
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~ Introduction

e Four levels of complexity:
— disaete functions: error propagation
— hypahesis teging: testing the distribution
— maximum likelthoad:  minimum variance bound
— empirical evaluation: testingthe model fit
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~ Introduction

 Four examples
— Image aithmetic and data transformation
— Image differencing
— mutual information registration
— medical Image s@mentation
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~ Aside: Noise Estimation

 We may nead an estimate of image noise

— S.1. Olsen, “Estimation of Noise in Images: An Evaluation”,
Graphicd Models and Image Processing 55, pp.319-323, 1993.

« Noiseishigh-frequency spatial variation
— but so are structure and texture
o Subtract afil tered image from the original

s =(1(xy)- I(x,Y)AG)

s =(1(xy)- medl (x y)])
— susceptible to image dructure
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~ Aside: Noise Estimation

e Findstandard deviation d a dructure-freeregion
— find minimum over multiple blocks
— susceptible to texture

___________

Intensity Histogram
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~ Aside: Noise Estimation

o Gradient histogram hasRayleigh distribution

Jaé“ (xy)& &l (xy)6
“ o & T o
— standard deviation = peak

Intensity Histogram
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~ Example 1: Error Propagation

o Simple agorithms (e.g. image aithmetic) may be
amenable to error propagation: for independent x, y...

f=f(x,y..)

e S0, drectly from caculus of variations

2 2
st =aé[—fgsf+€6[—fgsz+
&Mx elyg
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~ Example 1: Error Propagation

¢« Simple examples

— Image aldition a subtraction
97 (X, Y) = 9a (X Y) +9u(XY)

sT(xy)=s2(xy)

— product or ratio
91 (X,Y) = 9a (X, Y)9p(X, )

.2 2
(o)

%

& ¢

o,

SERTe
S -1-0;

&S | C

df (X, Y) =9a(X ¥)- 9p(XY)

+SE(%,Y)

Ja(X,Y)
Jp(X Y)

gf (X’ y) =

2

QIO
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~ Example 1: Error Propagation

Magenta (1,0,1)

Blue (0,0,1)

* Error propagation may be needed in pre-procesing
o Classc example: colour spacetransformations

&

T White

(1,1.1)

o Cyan (0.1,1)

-

Elaclk
0,0,0)

F%ed(1,0,ui{,y’

-
Hyfffﬁngzareen(D,1,D)
& Yellow (1.1.0)
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~ Example 1: Error Propagation

o HSI (hue, sauration, intensity)
— asocaled HLS
— hue =“colour”
— sauration = “contrag” —
— Intensity = “brightness”  #,
+ Soif R=G=B, S=0, 0 His |/
undefined and s |, =¥
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~ Example 1: Error Propagation

e E.g.colour segmentation

— convdve image datain colour spacewith akernel to
find density

P
Pl

— find peaks
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~ Example 1: Error Propagation

e Data acetransformations dnange the meaning of P(x)

Fi)

P

PFea)

f (3
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Example 1. Error Propagation

* No transformation can change information content
— s0 notransformation should change s@mentation reault

e SO0 either:
— kernel should represent data location acairacy
— or, awayswork in equal variancedomain (seeThadker)
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~ Example 2: Hypothesis Tests

e Hypothesstedsrepresent an urder-usead areaof statistics
In algorithm desgn (seeThadker)

e Thereallting hypdhesis probability isin some sase
Intrinsically correct (honed)

— the implementation can be dhecked drectly viathe
distribution
— the probability definesits own acairacy

2004005
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~ Example 2: Hypothesis Tests

o Example: image differencing

2002004




~ Example 2: Hypothesis Tests

e Simple sibtractionleares behind much o the image
structure
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~ Example 2: Hypothesis Tests

2002004

* Hypothess: voxel pair isdrawn from the same distribution

O

astherest of the data

O1

P(9,/91)

O



~ Example 2: Hypothesis Tests

e Thisis anintegral transform: the result must have a
uniform distribution (honed probabil ity)
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~ Example 2: Hypothesis Tests

e 50, thredholdingat 0.1gives10% of the pixels

 Thredhold viaROCcurves(seeThader)
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Example 3: Maximum Likelithood

« Measirements X=X._, .

* Hypothegsed data generation model m(A), where A are
parameters

— for independent X; (seeThadker)
P(X]A) =0 P(X; |A)

o Asf(X), thisis ajoint probabili ty
o Asf(A), thisis alikelihood (R.A. Fisher, 1929




~ Example 3: Maximum Likelihood

« Thelikelihood equation gvesthe estimator of A, E(A)
8ﬂAﬂA:E(A)
e Equivaently
logL(X|A) =a logP(X; | A)

adlogL o
TA éA:E(A)




~ Example 3: Maximum Likelihood

 Minimum Variance Bound (MVB)

~ 1
V(A3
A (dinL/dAY)
— also called Cramer-Rao bound,Fréchet inequality
— MVB Is adieved wherelog L isquadratic

It can bewritten in various forms using

<d2InL>:d2InL :_<a§IInLc')2>
a2 | amk ., & dAg

— thisis @led the Fisher Information
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Example 3: Maximum Likelithood
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Example 3: Maximum Likelithood

COVA m,An
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Example 3: Maximum Likelithood

« Example: Mutual Information registration
— linked to Shannonentropy and information theory
— commonly used with multi-modality medical images

« Canit be expressé as a M. edimator?
— apply the MVB to find the erors



~ Example 3: Maximum Likelihood

« Mutual informationisthe Kullbad-Lelbler divergence
between p(i,}) and Qi).p()) for images! and J

p(Q, j)
p()-p(])
— sum performed owver ajoint image histogram

— maximiseit to maximise the dependence (alignment) of
the Images

1(1,9) =4 p(i. j)log
]
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~ Example 3: Maximum Likelihood

-MI
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~ Example 3: Maximum Likelihood

e A. Roche, Proc. MICCAI 1999

1(1,9)=4 p(i, )log—PU-))
()=a P00 ) o)

1 p(, J)
1(l,J) = a p(l)logm+ﬁ p(i, j)log o()

— 1f image | |sf|xed (target) image and is constant
logP(l [J) = N[I(l;J)]+const
— N =no. d voxels
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Example 3: Maximum Likelithood

« Boadtstrapped from the histogram
— log P(I1|J) changes eg. with bin size
— optimisaion will produce abiased result

p(1.))/4]p(1,))/4

p(i.))/4|p(i.})/4
p() p(i)/2 p()/2

(] 1] _ p(, J) (I 1] _ P01, ])
(l)p() (1) P(])



~ Example 3: Maximum Likelihood

 Consider an arbitrary PDF

p(x)=Norm” Shape
log p(X;) =log Shapetlog Norm

— sd norm=1: thisis Fisher’s original definition
— derivation of MVB remainsvalid
* likelihood normalised to any constant, not just unity

— normali sation to distribution peak
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~ Example 3: Maximum Likelihood

 For GaussanlL (i.e. at MVB) thisgives
L(A) =a exps (A A (A- Ab)“

logL(A) =- E(A' AJCx(A- A))+loga

- 2logL = ¢?
e S0 (seeThacker)
1-19¢c%9c? 1 T%c?
Cille™ ==
498, TA, . 2TAJA,
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~ Example 3: Maximum Likelihood

e Or

c*=a(c,)
Vv

— Vv represants the individial data (voxel) terms
e Then, in matrix form

Ca£28 (Nuc,) ANyc,)
Vv
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~ Example 3: Maximum Likelihood

* Imposethe F2 style normalisationto M|

pd, |) pll]) o p() p())

NI(1,J) =4 log =alog— —- alog—727=
v pMp) v o PUmaxl)) v T Plmaxs J)
e First term = F?2

e Seowmndterm = bias assame thisvaries sowly (see
Thader)



~ Example 3: Maximum Likelihood

e SO

Cy :\/ L Ca =24 (Npc,)' A(Nyc,)

p(imaxl J) Ao

e Expand wsing the dhain rule and substitute

(ﬂp(|1 J) _ p(|1 J) ﬂp(imax’ J))Z
C;A\l — é ﬂ‘JV p(lmaw J) (I ﬂ;]v (NA\]V)T A (NA\JV)
v 2p(i,j)?log PV
P(imax | 1)
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Example 3: Maximum Likelithood

T1 and T2 weighted (simulated) MR volumes
Gausgan noise alded at 1% of the dynamic range
O parameter affine registration

1000iteration Monte-Carlo ssimulations



~ Example 3: Maximum Likelihood

e Text

Trandlationin x Trandationiny

2004001

Trandationin z




~ Example 3: Maximum Likelihood

e Text

Rotation about x Rotation about y

Rotation about z
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~ Example 3: Maximum Likelihood

e Text

Scdingin X Scdinginy

Scdinginz

2004001




~ Example 4: Empirical Tedniques

« Example: medical Image s@mentation
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~ Example 4: Empirical Tedniques

o Severa methodks:

— Image Jace
e manual
 edge detection
* edge +model: snakes AAMSs
* region goowing

— fedure gace
e threhalding
 region gowing/ split-and-merge
 classfiers

2002006 2004009
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Example 4. Empirical Teahniques

« MR image formationislinear, so we have
— puretissues convdved with noise

— partial volumes linear combinations of pure tisales
convdved with noise

o Multi-dimensional segmentation
— aquire seeral MR images
— fit nD model to scattergram using EM
— producetissue volume fractions for eadh voxel



~ Example 4: Empirical Tedniques
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~ Example 4: Empirical Tedniques

e Compareto gdd-standard data

— takes aongtimeto prepare

— ISit accurate?
 Wewant modd fit fallures na model parameter esimates
« OR smply test how well the model fits the data

— likelihoodusdl in the fitting: not available for testing.

2005013




~ Example 4: Empirical Tedniques

e 4D data

e 6 tissie moded
— GM, WM, CSF, air/bone, skinfmusde, fat
— segment

o Use sgmentationreault + mean tissue grey levelsto
regenerate noisefreeimages

— compare to ariginal images
— findfit fallures

2005013




~ Example 4: Empirical Tedniques

IRTSE

VE (T2)

2004009

VE (PD)

FLAIR



~ Example 4: Empirical Tedniques

IRTSE

VE (T2)

2004009

VE (PD)

FLAIR
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Example 4. Empirical Teahniques

e TWO measires

— Monte-Carlo Stahility
» add Gausgan noiseto input image
 find gopational change on ouput image
e measire noiseremoval

— Resdual Outlier Meagsire
e edimate noise
e find no. pxels moved by >3 s.d.
e measiresmode fallures



~ Example 4: Empirical Tedniques

e For comparison, apply to nasefil tering techniques
— Gausdan smoathing
— Median filtering
— Tangential smoaothing
e (smooth aaossthree pixels dongtangent to
maximum |local slope)

2004009




~ Example 4: Empirical Tedniques
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Summary

* |Image = sene +noise

 Noise aditionis arandom processdescibed by
probability theory
o Quantitative statisticsisthe inverseprocess

* You haveinvented a new algorithm: either
— 1t IS equivalent to existing statistical procedure
— you have invented awhole new theory of probability
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Summary

* |Image = sene +noise

 Noise aditionis arandom processdescibed by
probability theory
o Quantitative statisticsisthe inverseprocess

* You haveinvented a new algorithm: either
— 1t IS equivalent to existing statistical procedure

— you have invented awhole new theory of probability
(your Nobel Prizeisin the post)
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Summary

o |f youfindthelinkto quantitative statisticsyou can:
— get error estimatesusing standard technigues
e characteriseyour algorithm
e combineit into alarger vision system

e Or, it might be better to start from the quantitative
statistical approad.



~ Al: RGB to HSI Error Propagation

e R G,B must be s@edtoliebetween Oand 1

_R+G+B
3

— min(R,G,B)
S=1- M

H—oosté  O5(R-G)R-B)
d(R- G +(R- B)G- B4




~ Al: RGB to HSI Error Propagation

« S0 the error propagation equations ae

L2 2,2
SH _é\/SR+SG+SB

. 3 2.2  p2f.2 L .2

— bminimum s_= G+R)'sg+B7Ilsg +s
S (R+G+B)2\/( ) ( G R‘)
— gminimum S = (R+G+B)2\/(B+ R)ZSG +Gz(5é+5é)
— rminimum S = 3 \/(B+G)25§z+R2(SE23+Sé)

(R+G+BY




~ Al: RGB to HSI Error Propagation

« S0 the error propagation equations ae

S :%Jb(czs§+Dzs§+Ezsé)

1
2 2 2 b =
2 :(R- B) +(R-ZG) +(B- G) . (B- R)Z(G_ R)z
43
_(~ ¢l (B-R)2B- G- R)y
C_(G R)% 2415 H
m_ el (G- R)2G- B- R)y
D=(B- RS -

_R-B_ R-G_(G-R)B-R)B+G- 2R)

E=
\/5 \/g 2a1.5




~ A2: Derivation d the MV B

* The epectation value of afunction of the datais given by

< f (xl...xn)> = ofLdX
 What isthe variance of an unhasal egimator?

(A)=pALdX = A
— diff w.r.t A (A is afunction d X, na A)

~dL
NM—dX =1 1
OAdA [1]

2003002




~ A2: Derivation o the MVB

e Now, L must be normalised

oLdX =1

* but thisisjust the expectation value of

<dmL>:O
dA

e N.B. thelikdihoodcould be normalised to any constant!

2003002




~ A2: Derivation d the MV B

e S0[1]-A[2] gives
~dinL
YA- A
d ) dA
* Now usethe Shwarz inequality
p2dX 3/%dX 2 (guvdXx)’

R dinL
u=(A- AL V= A JL

ldX =1

2003002




~ A2: Derivation d the MV B

e Thisgives

(‘ A- Af LdX O?“”LQ LdX 2 1

B AP

A\ 1
VA (dInL/dAY)

« MVB is atieved wherelogL isquadratic
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